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Learning; which is a compendious * 425 


May of acquiring 4 moderate Skill in St1- 


it it + juſtly obſerved, that the 


ence, to the — of many, without the Tou- 


ble of fludying Syſtems, and examining their 
fundamental Principles. Such a Diſpofition the 
Warts Pope has beautifully deſcribed in theſe 

0ras, 1 4 


Now . . no Student pale, 
"Mat holds the Ecl of Science by the Tail, 


refs fear OW 4 
E 33 N [os 
e a cation are more commenſurate 
to Manuals and Pamphlets. In Compliance, there- 
fore with the Times, the Editors hereof have © 
ws the Oe and minute Size of a Miſcel- 
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fer once, of - this Kint have - already #ppe 
one of "which wat ſtiſled in its g 
bauing been — ns the Country, where 
per Support couragemtut were not to | 

—ů— in the Land Litera- 
ture, but fo deformed, mut ilated, monſtrous, 
through FM Want of Ability in their Parents 
and Guardions,, that their End: is defeated, the 
Publick receiving no Improvement\ or "Emolu-. 


Moy thereby. 1 a 
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PREFACE. 1 


Mag þ this Work is to be mi :eellonoms, - 
the Defon of the Editors is to 1 methodical, 
' without Confufion and fumble ; though. they avoid 
being Hiſtemal ical, yet they would be us penſti- 
cuous as Ze, endeavouring to preſerve a (. 
nexion, as much as the, Nature gf 'their Mate- 
rials will permit, even in the Prublemt, tbe moſt 
. anomalous. A 9 WO . _— . 
properly... | 


In the — Part of this 1 $I 


the introduttory Diſſertation, is an Extra from 


Mr. Steele's Conic * Sections, 4 Trratiſe very 
gearce, but very: 7 dferviag, being not to le bad 
in England. The, ingenious Author: bas therein 
demonſtrated the. Goodie Properties analytically, 
with great 225 * Perſpicuity; payne aubere 
the Editors haue a more cuident \ Proof, 
or drawn from more unemc arab Principles, 
they have not ſcrupled lo inert it. According to 
the Reception this meats * * ſucceeding 
Number will contain ſome: 5 ne 
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. The utmoſt. ne 8 8 
nr be propoſed here, but ſuch as are to | 
ww rational, and, as far as may" be, appli- 

cable to ſome. Uſe. or Purge 9s (ag — 
, any erroneous Anſwers be inſerted : However, 
it is hoped, that. our Exacineſi in this Barth 
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| Leh contributing ; for the moſt ti 7 * my : 1 
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10 interferes. | 


future: Numbers our Zeal for Truth, 


vi PREFAGCGE 
be aſſured, nothing _ ever appear to his Dif- 
by e 


J is allowed, that whatever is — and 
publiſhed, is expoſed to the Antmadver fins of 
-all; and every Man is in Duty — fo vin 
dicate Truth, and undeteive the Publicb, when- 
ever 1 hey find Falſehood obtruded on it, under 
tbe. Poe © Appearance of Science ; and "the 
rather, becauſe in thoſe Points no Man's In- 
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- Neither Vanity nor „ e Hook we: 155. 
tives t0-this Undertaking, but the pure Love 


S genuine Truth; Jo evince this, we bave 


cbeſen Magna eſt Veritas et prevalebit,” 


the” Marte gf our Frontiſpiece: And if in 


Algnation 16 fee the Publick impoſed on by Pa- 
 ralogifins, "ſhould prompt ut to criticiſe upon 


ſome lute mathematical Performances, wherein, 


of wwe, o any 67 our Correſpondents,” "ſhould 


iadubirabiy point out their Errors and Imper- 
fettions, and diſcover the true Soluttons, we 
the candid World will approve the At- 
tempt; and that theje precipitate Authors, "who 
Jo eagerly. ruſh on to Fame, will deem it a 
-falutary (Sc ah for tbem ſus it will really 


be ates Yo bave'a more catitious Regard 


.to Truth, by adbering to -the true Principles 
of Sinne, and preſerving a juſt. and logical 
ae en 1 bein Deductions therefrom.” Hi 

N e e 
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the Interim, we recommend to their Confider a- 
tion raſh Phaeton's daring Attempt and dire 
Dija after and alſo this Adage, Ne Sutor _ 
crepidam, 
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ADVERTISEMENT. 


LL Perſons, who are pleaſed to be Con- 
tributors to this Undertaking, by an- 
ſwering or ſending new Problems, Paradoxes, 
Diſſertations, Eſſays, Experiments, or any other 
Subjects ſuitable to this Deſign, are deſired to 
direct their Letters, Poſt paid, to Mr. Joun 
PeLAH, at the Angel i in Bunbill-Fields, near 
Moergate, Londen, (where the Society meets 
every Saturday Evening) before the Firſt of 
January, 1746: And to prevent Miſtakes, and 
Ambiguity of Terms, they are alſo deſired to 
give the Solutions” along with the Problems, 
Sc. they me. 


POPE νν 


A DissERTATION wþon the ORIGIN, 
PROGRESS, and IMPROVEMENT 


Y GEOMETRY. 


| NE Mod thoſe Arguments produced 
Ly | againſt the Opinion of Ariſtotle, to 
. Y. prove that the World was not eter- 
nal, but had a Beginning; that 
which is drawn from the late In- 
vention of Arts and Sciences, ſeems . 
to be of great Weight, and almoſt 
contlubire for not only theſe, but the neceſſary - 
Affairs of Life, ſuch as Agriculture, Building of 
Houſes, &c. had their Beginning within theſe 
4000 Years, or the Compaſs of Hiſtory. "ID; 
What Soil firſt produced each Science is not 
quite clear, for the ſame Diſcoveries have 


peared in different Parts of the World, without 
| * r 


5 The MATHEMATICIAN: 


their having had any Communication ' with a 
another; for Inſtance, the Uſe of the Loadſtong; 
the Invention of Printing, and Gunpowder, were 
diſcovered by the Chineſe as well as : by” the 1 1 
ropeans.. 

As to the Methematical Sciences, it ſeems that 
the Preference therein ſhould be given to the Eu- 
ropeans; and tis generally allowed that the Chal- 
deans were firſt poſſeſſed of them, eſpecially Aſtro- 
nomy, which muſt imply Geometry. Whether 
Abraham taught theſe Sciences firſt to the Egyp- 
tians, when he went from Ur of the Chaldees, as 
ſome learned Men aſſert, is not clear; but on this 
we may depend, that the Egyptians were the firſt 
People that cultivated Geometry, being compelled 
thereto by Neceſſity, the Mother of Inventions, 
in order to aſcertain to every Man his legal Pro- 
perty and Eftate, in a Country where Boundaries 
and Land-Marks were ſwept away and confounged 
by yearly Inundations *, 

That the Egyptians, in their antient, free, mo- 
narchical State, were acquainted with ſome of the 
ſimple Elements and eaſy Problems in Geometry, 
is not denied; but we cannot believe they made 
any great Improvements i in the abſtruſe Parts there- 
of, ſince to Pythagoras (the famous Philoſopher of 
Samos, who flouriſhed ſo low as about five . 
dred and twenty Years before Chrift, and who had 
lived twenty-two Years in Egypt) was attributed 
the Invention of the thirty-ſecond and forty-ſeventh 
Propoſitions of the firſt of Euclid; for the latter of 
which he conceived ſo N Joy, that he is ſaid 


* Geometry, like many other Sciences, has ou 1 its 
Name ; it -originally meant no more than meaſuring apo Earth, 


or ſurveying Land, as is plain, both from its Etymology, and 
the prineipa | Uſe that. was made of it ; whereas now, it means 
the —"% op Science of Extenſion and 1 and con- 
templates the Nature and Properties of all Kinds of Fi igures, 

abſtractedly conſidered, without | any Regard to Matter. 
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to have offer'd an Hecatomb. A Diſcovery of 
this Kind, in later 'Times, would have been en- 
titled but to a ſmall Share of Honour, and the 
Want of knowing theſe Propoſitions muſt needs 
make their Geometry very coarſe and imperfect *. 
Upon this Account, therefore, it may be con- 
cluded, that the Learning of the E Egyptians, for 
which their Priefts were ſo famous, and Moſes fo 
celebrated in holy Writ, for having —— it, 
did not ſo much conſiſt in Mathematics, 
the Arts of Legiſlation, and civil Polity, and Ma- 
gic. Their Magicians or wife Men thought that 
the Sun, Moon, Stars, and Elements, were ap- 
ted to govern the World; and thoꝰ they ac- 
that God might, upon extraordinary 
Qccafions, work Miracles, reveal his Will by au- 
dible Voices, divine Appearances, Dreams or Pro- 
2 yet they thought, alſo, that generally 
Oracles were given, Prodigies cauſed, 
— Things to come occaſioned by the Dif- 
poſition of the ſeveral Parts of the Univerſe to 
influence upon one another, at the proper Places 
and Seaſons, as —_— and as neceffarily as the 
heavenly Bodies performed their Revolutions; and 
they imagined their learned Profeſſors, by a 
deep' Study of, and profound Inquiry into, the 
Powers of Nature, could make themſelves able to 
work Wonders, obtain Oracles and Omens; and 
interpret Dreams, either from Fate, (meaning the 
natural Courſe of Things) or from Nature, which 
was when they ufed any artificial Aſſiſtance by 
Drinks, Inebriations, Diſcipline, or other Means, 
which were thought to have a' natural Power to 
i _ the on Inftuence, or prophetic 
e „ e 


* Neither was thei Knuledge in Aſtronomy carrie 


great Perſection, fince they were ignorant of 
_ of the Year, taking hey wen ynorant of he te Leg 


above a thouſand Years after the Flood, 
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Frenzy : And in all theſe Particulars they thought 


the Deity not concerned, but that they were the 
mere natural Effects of the Influence of the Ele- 
ments and Planets, at ſet Times and critical Junc- 
TUrTes. 

From Egypt Geometry travelled into Greece ; 
for Thales the Milefian, who flouriſhed five hundred 


and eighty-four Years before Chriſt, was the firſt 
of the Greeks, who, coming into Egypt, transferred 
Geometry from thence into Greece: He is reputed, 


— beſides other Things, to have found out 
the fifth, fifteenth, and twenty - ſixth Propoſitions of 


Euclid's firſt Book; and the ſecond, third, fourth, 


and fifth, of the fourth Book. The — Perfon i im- 


proved Aftronomy, for he began to obſerve the 
Equinoxes and Solſtices, and was the firſt Who 
foretold an Eclipſe of the Sun. | 

After him was ' Pythagoras, of Samos, before: 
mentioned: This Man much improved and adorned 
the mathematic Sciences, and ſo attached was he. 


to Arithmetic in particular, that almoſt his whole 
Method of Philoſophizing was taken from Num- 
bers: He firſt of all abſtracted Geometry from 


Matter, in which Elevation of Mind he found 
out ſeveral of Euclid's Propoſitions. He firſt laid 
the Matter of incommenſurable Maguntudes,' | 


— the five regular Bodies. 

Next flouriſhed Anaxagoras, of Clazomene, and 
CEnopides, of Chios: Theſe were followed by Briſa, 
Antipho, and Hippocrates, of Chios; which three, 


for attempting the Quadrature of the Circle, were 
reprehended by Ariſtotle, and, at the fame Time, 
celebrated: Then came Democritus, Theodorus, Cy- 
reneus, and Plato, than whom no one brought 
greater Luſtre to the mathematical Sciences; he 


amplified Geometry with great and 8 Addi- 
tions, beſtowing incredible Study n it, and, 


Aa. 


above all, the Art Analytic, or a Reſolution, 4 
vas 


* 


be! 
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was found out by him; the moſt certain Way of 


Invention and Reaſoning. Upon the Door of his 
Academy Was read this Inſcription, & is a yew 
renl@- dier. Thirteen of his familiar Acquain- 
tance are commemorated by Proclus, as Men by 
whoſe Studies the Mathematics were improved. 
After theſe were Leow, and Eudoxnus, of Cnidos, a 

Man great in Arithmetic, and to whom we owe 
the whole fifth Book of the Elements; Xenocrates; 
and Ariſtotle, To Arifteus, Jſidore, and Hypficles, 
moſt ſubtile Geometricians, we are indebted tor the 
Books of Solids. . Afterwards Euclid gathered to- 
gether the Inventions of others, diſpoſed them into 
Order, improved them, and demonſtrated. them 
more accurately, and left to us thoſe Elements, by 
which Youth is every where inſtructed in the Ma- 
thematics. He died two hundred and eighty- 
four Years before Chriſt. Almoſt an hundred Years 


after followed Eratoſthenes, and Archimedes ; the 


Writings of the firſt are Joſt, but we have many 
Remains of the latter. The very Name of Ar- 
chimedes gives an Idea of the Top of human Sub- 
tilty, and the Perfection of the whole mathema- 


tical Sciences; his wonderful Inventions have been 


delivered to us by Polybius, Plutarch, Tzetres, and 
others. He was the firſt who was able to give the 
exact Quadrature or Menſuration of a Space, 
bounded by the Arch of a Curve and a right 


Line, which he did by demonſtrating; that the Seg- 


ment of a Parabola is to its inſcribed Triangle, as 

4: 3. Cotemporary with him was Canon; and at 
no great Diſtance of Time was Apollonius, of Perga, - 
another Prince in Geometry, called, by Way of 
Encomium, The great Geometrician. We have 


extant four Books of Conics in his Name; tho? ſome 


think Archimedes was the Author of them: We 
have alſo three Books of , Spherics by Theodeſtus 


wp Ti ** In the Year ef after Cbrit, 


*,. ap» 
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tocius, Cigſibius, Proclus, Pappus, and Theon. Then 
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appeared Claudius Ptolomens, the Prince of Aſtro- 
nomers, a Man not only moſt ſkilful in Aſtro- 
nomy, but in Geometry alſo, as many other Things 
by him written do witneſs, but eſpecially his 
Books of Subtenſes. After theſe flouriſhed Eu- 


enſued a long Period of Ignorance ; Arts and Sci- 
ences, Liberty and Learning, being driven away 
and over-run by that brutiſh Herd of Northern 
Barbarians, whoſe whole Excellence was in their 
Bones and Muſcles, and Feats of Chivalry their 
higheſt Ambition. During this diſmal Night of 
Ignorance, doubtleſs, many curious Diſcoveries, 
and uſeful Pieces of Knowledge were totally loſt, 
and the Remainder buried, as it were, in Ruins, 
till the late Reftoration of Learning, upon the 
taking of Conftantinople by the Turks, in the 
Year one thouſand four — and fifty · one 
after Chriſt; whereby the Reſidue of Greet and 


Roman Learning was driven, for Refuge, into 


Laß, and the other en Countries: of 
Europe. 

Geometry has alert heen valued for its exten- 
ſive Uſefulneſs, but has been moſt admired: for its 
true and real Excellence, which confifts in its Per- 
ſpicuity and perfect Evidence: It may, therefore, 
be of uſe to conſider the Nature of the Demon- 
ſtrations, and the Steps b which the Ancients 
were able, in ſeveral Inſtances, from the Menfu- 
ration of right - lined Figures, to judge of fuck as 
were bounded by curve Lines; for as they did not 
allow themfelves to reſolve curvilinear Fi igures into 
rectilinear Elements, it is worth While to er. 
amine, by what Art they could make a TOs 
from the one to the other.. 

They found that — are to cock; 
other in the duplicate. Ratio of their ho 
Sides; and by ſimilar: „ lar 
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ſimilar Triangles, the ſame Propofition was ex- 
tended to theſe Polygons alſo. But when they 
came to compare curvilineal Figures, which can- 
not be reſolved into rectilineal Parts, this Method 
failed. Circles are the only curvilineal plain Fi- 

res conſidered in the Elements of Geometry. 
If they could have allowed themſelves to have 
confidered theſe as ſimilar Polygons of an infinite 
Number of Sides, (as ſome have fince done, who 
pretend to abridge their Demonſtrations) after 
proving that any ſimilar Polygons inſcribed in 
Circles, are in the duplicate Ratio of their Dia- 
meters, they would have immediately extended 
this to the Circles themſelves, and would have 
conſidered 2 Euc. 12. as an eaſy Corollary from 
the firſt: But there is Reaſon to think they would 
not have admitted a Demonftration of this Kind, 
for the old Writers were very careful to admit no 
precarions Principles, or ought elſe but a few ſelf- 
evident Truths, and no Demonſtrations but ſuch 
as were accurately deduced from them. It was a 
fundamental Principle with them, that the Diffe- 
rence- of any two unequal Quantities, by which 
the greater exceeds the leſſer, may be added to it- 
ſelf till it ſhall exceed any ſed finite Quan- 
tity of the fame Kind: And that they founded 
their Propoſitions concerning curvilineal Figures 
upon this Principle. in a particular Manner, is 
evident from the Demonſtrations, ' and from the 
expreſs Declaration of Archimedes, who acknow- 
ledges it to be a Foundation upon which he eſta- 
bliſhed his own Diſcourſes, and cites it as aſſumed 
by the Ancients in demonſtrating all the Propo- 
ſitions of this Kind: But this Principle ſeems to 
be inconſiſtent with the admitting of an infinitely 
little Quantity or Difference, which, added to it- 
{ſelf any Number of Times, is never ſuppoſed to 
become equal to any finite: Quantity ſoever. 
Wet ha They 
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They proceeded, therefore, in another Manner, 
leſs direct indeed, but perfectly evident. They 
found that the inſcribed ſimilar Polygons, by ha- 
ving the Number of their Sides increaſed, conti- 
nually approached to the Areas of the Circles; 3 
ſo that the decreaſing Difference between each 
Circle and its inſcribed Polygon, by ſtill further 
and further Diviſions of the circular Arches, which 
the Sides of the Polygon ſubtend, could become 
leſs than any Quantity that could be aſſigned; and 
that all this while the ſimilar Polygons obſerved 
the ſame conſtant invariable Proportions to each 
other, viz. that of the Squares of the Diameters 
of the Circles. Upon this they founded a De- 
monſtration, that the Proportion of the Circles 
themſelves could be no other than that ſame in- 
variable Ratio of the ſimilar inſcribed Polygons. 
For they proved, by the Doctrine of Proportions 
only, that the Ratio of the two inſcribed Polygons 
cannot be the ſame as the Ratio of one of the 
Circles to a Magnitude leſs than the other, nor 
the ſame as the Ratio of one of the Circles to a 
Magnitude greater than the other; therefore the 
Ratio of the Circles to each other, muſt be the 
ſame as the invariable Ratio of the ſimilar Po- 
lygons inſcribed in them, which is the Duplicate | 
of the Ratio of the Diameters. | 
In the ſame Manner the Ancients baye demon- 
ſtrated, that Pyramids of the ſame Height are to 
each other as their Baſes, that Spheres are as the 
Cubes of their Diameters, and that a Cone is the 
one third Part of a Cylinder on the ſame Baſe, 
and of the ſame Height. In general, it appears 
from their Way of Demonſtration, that when two 
variable Quantities, which always have an inva- 
riable Ratio to each other, approach at the ſame - 
Time to two determined Quantities, ſo that they 


may differ leſs from them * by any elne; 
ure; 
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Meaſure ; the Ratio of theſe Limits or Alters. 
Quantities muſt be the ſame as the invariable Ra- 
tio of the two variable Quantities : And this may 
be conſidered as the moſt ſimple and fundamental 
Propoſition in this Doctrine, y which we are en- 
abled to compare curvilineal e in ſome of 
the more ſimple Caſes. - 

The next Improvement 10 the Way of demon- 
ſtrating among the ancient Geometricians, ſeems 
to be that which we call the Method of Exhau- 

ſtions, which, for the further 3 of this 

Subject, may be repreſented thus. | 

Suppoſe there are two curvilinegl Spaces, ACB 
and MON, wherein are drawn - Parallelograms, 
whoſe Breadth may be continually-diminiſhed ; it 
is then obvious; that the firſt circumſcribing, and 
laſt inſcribing Figures, may be made to differ 
from that curvilineal Space ACB, and from each 
other, by leſs than any Space, how minute ſoever, 
that ſhall be named ; 5. e. the circumſcribed. Fi- 
gure can be made leſs than any Space that exceeds 
the Curve, and the inſcribed Figure greater n 
any Space that is leſs than the Curve. 

If by conſidering the Properties of theſe ins 
ſcribed and circumſcribed. Figures, which ariſe 
from the Nature of the Curve they. are adapted 
to, a right-lined Space LMN may be aſſigned, that 
ſhall be greater than every inſcribed Figure, and 
leſs than every circumſcribed Figure, this right - 
lined Space LMN may be — Veen wy 
lie > al: 00 mie 
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For were it greater, a circumſcribed Figure 


might be made leſs; and if it were leſs, an in- 
ſcribed Figure might be made greater. 


M 


Oo N 
if, therefore, Parallelograms, whoſe eas may 
be any how diminiſhed, are drawn inſcribing and 
circumſcribing theſe Curves; and if they are de- 
fcribed in ſuch a Manner, that the circumſcribed Fi- 

re of one Curve to the circumſcribed Figure of 
e other, and the inſcribed to the inſcribed, has 
one and the ſame conſtant Proportion in every De- 
ſcription : I fay, that the curve Figure ACB, is 
to the Curve MON, in the ſame Proportion which 
the infcribed and circumſcribed Figures $69 rao 


bear to each other. 
For no Space greater than ACB can have to 


MON this Ratio, ſince if it could, a Figure might 


be circumſcribed about ACB- leſs than this ſup- 
pofed greater Space; and this circumſcribed Fi- 
gure, to the correſponding Figure 'circumſcribing; 
MON, would be in the ſame Ratio as the ſup- 
poſed greater Space to the Curve MON; i. e. 
tour Quantities being in the ſame Proportion, the 
firſt would be leſs than the third, and the ſecond 

than the fourth. Nor can any Space leſs 
than ACB have to MON the conſtant Ratio of 


— in one Curve Wes 


— 


— 
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other. For if it could, a Figure might be in- 
ſcribed within ACB, which would be greater than 
this ſuppoſed leſſer Space; and this inſcribed Fir 
gure, to its correſpondent Figure inſcribing MON, 
would be in the ſame Ratio as this imagined leſſer 
Space to the Curve MON; i. e. four Quantities 
being in the ſame Proportion, the firſt would be 
greater than the third, and the ſecond leſs than 
the fourth. Thus no Space but ACB can be to 
MON in the conſtant Ratio of the circumſcribed 
and inſcribed Figure. 
In the Manner here deſcribed did the antient 
Geometricians demonſtrate whatever they diſco- 
vered relating to the Dimenſions er Proportions of 
curve Lines, curvilineal Spaces, and Solids bounded 
by curve Surfaces ;- and of which, Sir Jaac Nero. 
ton's Doctrine of prime and ultimate Ratios, is no 
—— than an Abbreviation or Improvement in the 
Archimedes, indeed, takes a different Way for 
comparing the Spheroid with the Cone and Cylin- 
der, that is more general, and has a nearer Analogy 
to the modern Methods. He ſuppoſes the Terms 
of a Progreſſion to increaſe conſtantly by the ſame 
Difference, and demonſtrates ſeveral Properties of 
ſuch a Progreſſion relating to the Sum of the 
Terms, andi the Sum of their Squares; by which 
he is able to compare the parabolic Conoid, the 
Spheroid, and hyperbolic Conoid, with the Cone; 
and the Area of his ſpiral; Line with the Area f 
the Circle. There is an Analogy betwixt what he 
has ſhewn of theſe Progreſſions, and the Propor- 
tions of Figures demonſtrated in the Elementary 
Geometry; the Conſequence of which may alluſ5-- 
haps, ta ſhew; that 


trate his Doctrine, and ſerve, per 
it is more regular and compleat in its Kind than 
ſome have imagined. The Relation of the um 
Ann a * | 1＋ 8 
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the greateſt of them as often as there are Terms, 
is illuſtrated by comparing the Triangle with a 
Parallelogram of the ſame Height and Baſe; and 
what he has demonſtrated of the Sum of the 
Squares of the Terms compared with the Square 
of the greateſt Term, may be illuſtrated by the 
Proportion of the Pyramid to the Priſm, or of 
the Cone to the Cylinder, their Baſes and Heights 
being equal; and by the Ratios of certain Fruſ- 
tums or Proportions of theſe Solids deduced from 
the elementary Proportions. . 

He appears ſolicitous, that his Demonſtrations 
ſhould be found to depend on thoſe Principles 
only, that had been univerſally received before his 
Time. In his Treatiſe of the Quadrature of the 


Parabola, he mentions a Progreſſion, whoſe Terms 


decreaſe conftantly in the Proportion of four to 
one 3 but he does not ſuppoſe this Progreſſion to 
be continued to Infinity, or mention the Sum of 
an infinite Number of Terms; tho' it is manifeſt, 
that all which can be underſtood by thoſe who 
align that Sum, was fully known to him. He 

pears to have been more fond of preſerving to 
tke Science all its Accuracy and Evidence, than of 


advancing Paradoxes ; and contents himſelf with 


demonſtrating” this plain Property of ſuch a Pro- 
greſſton, That the Sum of the Terms continued 
at Pleaſure, added to the third Part of the laſt 
Term; amounts always to 4 of the firſt Term: 

Nor does he fo poſe the Chords of the Curve to 
be biſected to Infinity; ſo that after an infinite 
ion, the inſcribed Polygon might be ſaid to 


| inte lets: the Parabola, Theſe Suppoſitions 
hid" bag” new to the Geometricians in his Time, 


ſich he appears to have carefully avoided. 


400 "Tins't is a ſummary Account of the Progreſs that 


the Ancients in meaſuring and com- 


ilineal — and of the Method by 


203 4 which 
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which they demonſtrated their Theorems of this 

Kind. It is often ſaid, that curve Lines have 

been conſidered by them as Polygons of an in- 

finite Number of Sides; but this Principle no 

where appears in their Writings: We never find 

them reſolving any Figure or Solid into infinitely - 

| ſmall Elements: On the contrary, they ſeem to 

have avoided ſuch Suppoſitions, as if they judged 

them unfit to be received into Geometry, when it 

was obvious, that their. Demonſtrations might 

have been ſometimes abridged by admitting them. 

They conſidered curvilineal Areas as the Limits of 

1 or inſcribed Figures, of a more ſim- 

— Kind, which approach to theſe Limits (by a 
ifection of Lines or Angles, continued at Plea- 

ſure) ſo that the Difference between them may be- 

come leſs than any given Quantity. The in- 

cribed or circumſcribed; Figures were always con- 

ceived to be of a Magnitude and Number that is 

aſſignable; and from what had been ſhewn of 

theſe Figures, they demonſtrated the Menſuration, 

or the Froportions — the curvilineal Limits them- 

ſelves, by Arguments ab Abſurdo. They had 8 

made frequent Uſe of Demonſtrations of this Kind 

from the Beginning of the Elements; and theſe 

are, in a particular Manner, adapted for making a 

Tranſition from right: lined Figures, to ſuch as are 

bounded by curve Lines. By admitting them on- 

ly, they eſtabliſhed the more difficult and ſublime 

Part of their Geometry, on the ſame Foundation 

as the firſt Elements of the Science; nor could 


— — propoſed to themſelves a more e 


But as theſr anden ng hut determining 
diſtinctly all the ſeveral Magnitudes and Propor- 
tions- — 2 inſcribed and circumſeribed Fi- 
gures, requently extend to very great Eengths, 
other Methods of of demonſtrating; have been con- 


trived 
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trived by the Moderns, whereby ty avoid theſe 
circumftantial Deductions. The firſt Attempt of 
this Kind known to us, was made by Lucas Va- 
lerius; but afterwards Cavalerius, an Italian, about 
the Lear one thouſand ſix hundred and thirty five, 
advanced his Method of Indiviſibles, in which he 
propoſes, not only to abbreviate the antient De- 
monſtrations, but to remove the indirect Form of 
Reaſoning uſed by them, of proving the Equality 
or Proportion between Lines and Spaces, from the 
Impoſſibility of their having any different Rela- 
tion; and to apply to theſe curved Magnitudes 
the ſame direct Kind of Proof that was before 


applied to right- lined Quantities. 

This Method of comparing W ne in- 
vented by Cavalerius, ſuppoſes Lines to be com- 
pounded of Points, Surfaces of Lines, and Solids 


of Planes; or, to make uſe of his own Deſcrip- 


tion, Surfaces are conſidered as Cloth, conſiſting 
of parallel Threads; and Solids are conſidered as 


formed of parallel Planes, as a Book is compoſed 


of its Leaves, with this ' Reſtrietion, that the 
Threads or Lines, of which Surfaces are com- 
pounded, are not to be of any conceivable Breadth, 
nor the Leaves or Planes of Solids of any Thick- 
neſs. He then forms theſe Propoſitions, that Sur- 
faces are to each other, as all the Lines in one to 
all the Lines in the other; and Solids, in _ 
Manner, in the Proportion of all the Planes. 

This Method exceedingly ſhortened the — 


edis Demonſtrations, and was eaſily perceived; 


ſo that Problems, which at firſt Sight appeared 
of an inſuperable Difficulty, were afterwards re- 


— and came, at length, to be deſpiſed, as 


5 — and eaſy: The Menſuration bf Para- 
W 


perbolas, Spirals of all the higher Or- 


ders, ad: the famous Cycloid, were among the 
ny” P roductions of _—_ Period. The -Diſcove- ; 
ries 
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ries made by Torricelli, de Fermat, de Raberval, 
Gregory, St. Vincent, &c. are well known.” They 
who have not read many Authors, may find a Sy- 
nopſis of this Method in Ward's Young Mathema- 
 tician's Guide, where he treats of the Menſuration + 
of Superficies and Solids. dies” 10 
Notwithſtanding, as this Method is here ex- 
plained, it is manifeſtly founded on inconſiſtent 
and impoſſible Suppoſitions; for while the Lines, 
of which Surfaces are ſuppoſed to be made up, 
are real Lines of no Breadth, it is obvious, that 
no Number, whatever, of them, can form the leaſt 
imaginable Surface: If they are ſuppoſed to be of 
ſome ſenſible Breadth, in order to be capable of 
filling up Spaces, i. e. in Reality to be Parallelo- 
grams, how minute ſoever be their Altitude, the 
Surfaces may not be to each other in the Propor- 
tion of all ſuch Lines in one, to all the like Lines 
in the other; for Surfaces are not always in the 
ſame Proportion to each other with the Parallelo- 
grams inſcribing them. - | | 
The ſame contradictory Suppoſitions do obvi- 
ouſly attend the Compoſition of Solids by parallel 
Planes, or of Lines by ſuck imaginary Points. 
This heterogeneous Compoſition of Quantity, 
and Confuſion of its Species, ſo different from 
that Diſtinctneſs, for which the Mathematics were 
ever famous, was oppoſed at its firſt App 
by ſeveral eminent Geometricians, particularly by 
Guldinus and Tacquet, who not only excepted to 
the firſt Principles of this Method, but taxed the 
Concluſions formed upon it as erroneous. But as 
Cavalerius took Care, that the Threads'or Lines of 
which the Surfaces to be compared together were 
formed, ſhould have the ſame Breadth in each (as: 
he. himſelf expreſſes it) the Concluſions deduced 
by his Method, might generally be verified\ by: 
ſounder Geometry; lance the Compariſon of theſe: 
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Lines was, in Effect, the comparing — the: 
inſcribed Fi igures. 

As in the Application of this Method, ria 
by proper Caution, might be avoided, the Aſ- 
ſiſtance it ſeemed to promiſe in the analytical Part 
of Geometry, made it eagerly followed by thoſe 
who were more deſirous to diſcover new Propo- 
ſitions, than ſolicitous about the Elegance or Pro- 
priety of their Demonſtrations. Yet fo ſtrange 
did the contradictory Conception appear, of com- 
poſing Surfaces out of Lines, and Solids out of 
Planes, that, in a ſhort Time, it was new mo- 
delled into that Form, which it ſtill retains, and 
which now univerſally prevails among the foreign 
Mathematicians, under the Name of the differen- 
tial Method, or the Analyſis of infinitely Littles. 

In this teformed Notion of Indiviſibles, Sur- 

faces are now ſuppoſed as compoſed not of Lines, 
but of Parallelograms, having infinitely little 
Breadths and Solids, in like Manner as found of 
Priſms, having infinitely little Altitudes. By this 
Alteration it was imagined, that the heteroge- 
neous "Compoſition of Cavalerius was ſufficiently 
_ evaded, and all the Advantages of his Method 
retained. But here, again, the ſame Abfurdity 
occurs as before; for if by the infinitely little 
Breadth of theſe Parellelogra ms, we are to under- 
ftand what theſe Words literally import, z. e. no 
Breadth at all; then they cannot, any more than 
the Lines of Cavalerius, compoſe a Surface; and 
if they have any Breadth, the right Lines bound- 
ing them cannot' coincide with a Surface bounded 
a curve Line. 
The Followers of this new Method grew bolder 
than the Diſciples of Cavalerius, and having tranſ- 
formed his Points, Lines, and Planes, into infi- 
nitely little Lines, Surfaces, and Solids, they — 
nn wa no longer compared together hete- 


rogeneous 
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rogeneous Quantities, and inſiſted on their Princi- 
ples, being now become genuine; but the Mif- 
takes they frequently fell into, were a ſufficienf 
Confutation of their Boaſts;; for, notwithſtanding - 
this new Model, the ſame Limitations and Cau- 
tions were ſtill neceſſary : For Inſtance, this Agree- 
ment between the inſcribing Figures and the curved 
Spaces to which they are adapted, is only partial; 
and in applying their Principles to Propoſitions al- 
ready determined by a juſter Method of Reaſon- 
ing, they eaſily perceived this Defect; both in 
Surfaces and Solid, it was evident, at firſt View, 
that the Perimeters diſagreed. And as no one In- 
ſtance. can be given, where theſe indiviſible or in- 
finitely little Parts do ſo compleatly coincide with 
the Quantities they are ſuppoſed to compound, as 
in every Circumſtance to be taken for them, 
without producing erroneous Concluſions, ſo we 
find, where a ſurer Guide was wanting, or diſre- 
garded, theſe Figures were often imagined to 
agree, where they ought to have been ſuppoſed 
tao 5-745 - . | 

Leibnitx, in two Diſſertations, one on the Re- 
ſiſtance of Fluids, the other on the Motion of the 
heavenly Bodies, has, on this Principle, reaſoned 
falſly concerning the Lines intercepted between 
Curves and their Tangents. Berneulli has, like- 
wiſe, made the ſame Miſtake in a Differtation on 
the Reſiſtance of Fluids, and in a pretended So- 
lution of the Problem concerning iſoperimetrical 
Curves. Nay, Mr. Parent has had the Raſhnefs 
to oppoſe erroneous Deductions from this abſurd 
Principle, to the moſt indubitable Demonſtrations 
of the great Huygens. Thus it appears, that the 
Doctrine of Indiviſibles contains an erroneous Me- 
_ thod of Reaſoning, and, in Conſequence thereof, 

in every new Subject to which it ſhall be applied, 
is liable to freſh Errors. 5 8 
2 h rug 
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It is alſo manifeſt, that the great Brevity it gave 
to Demonſtrations, aroſe entirely from the abſurd 
Attempt of comparing curvilineal Spaces in the 
ſame dire& Manner as right-line Figures can be 
compared; for, in order to conclude directly the 
Equality or Proportion of ſuch Spaces, no Scruple 
was made of ſuppoſing, contrary to Truth, that 
rectilineal Figures, capable of ſuch direct Compa- 
riſon, could adequately fill up the Spaces in Queſ- 
tion; whereas, the Doctrine of Exhauſtions does 
not attempt, from the Equality or Proportion of 
the inſcribing or circumfcribing Figures, to con- 
clude, directly, the like Proportions of theſe 
Spaces, becauſe thoſe Figures can never, in Re- 
ality, be made equal to the Spaces they are 
adapted to: But as theſe Figures may be made 
to differ from the Spaces to which they are 
adapted, by leſs than any Space propoſed, how 
minute ſoever, it ſhews, by a juſt, tho* indirect 
Deduction from theſe circumſcribing and inſcribing 
Figures, that the Spaces whoſe Equality is to be 
proved, can have no Difference ; and that the 
Spaces, whoſe Proportion is to be ſhewn, cannot 
2 a different Proportion than that aſſigned 

em. | h 
The Avithmetica Infnitorum of Dr. Wallis, was 
the fulleſt Treatiſe of this Kind that appeared be- 
fore the Invention of Fluxions. Archimedes had 
conſidered the Sums of the Terms in an arithme- 
tical Progreſſion, and of their Squares only, (or 
rather the Limits of theſe Sums only) theſe being 
ſufficient for the Menſuration of the Figures he 
had examined. Dr. Wallis treats this Subject in a 
very general Manner, and aſſigns like Limits for 
the Sums of any Powers of the Terms, whether 
the Exponents be Integers or Fractions, poſitive 
or negative. Having diſcovered one general The- 
orem that includes all of this Kind, he then com- 
5 : poſed 
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poſed new Progreſſions from various Aggregates 
of theſe Terms, and enquired into the Sums of 
the Powers of theſe Terms, by which he was 


enabled to meaſure accurately, or by Approxima- 


tion, the Areas of Figures without Number : But 
he compoſed this Treatiſe (as he tells us) before 
he had examined the Writings of Archimedes; and 
he propoſes his Theorems and Demonſtrations in 
a leſs accurate Form: He ſuppoſes the Progreſſions 
to be continued to Infinity, and inveſtigates, by a 
Kind of Induction, the Proportion of the Sum 


of the Powers, to the Production that would ariſe 


by taking the greateſt Power as often as there are 
Terms. His Demonſtrations, and ſome of his 
Expreſſions, (as when he ſpeaks of Quantities 
more than infinite) have been excepted againſt ; 


| however, it muſt be owned, this valuable Trea- 
tiſe contributed to produce the great Improvements 


whith ſoon after followed. 

But Sir 1ſazc Newton has accompliſhed what 
Cavalerius wiſhed for, by inventing the Method 
of Fluxions, and propoſing it in a Way that ad- 
mits of ſtrict Demonſtration, which requires the 
Suppoſition of no Quantities, but ſuch as are 
finite, and eaſily conceived 3 by his Doctrine of 
prime and ultimate Ratios, he has found out the 
proper Medium, whereby to avoid the impoſſible 
Notion of Indiviſibles on the one hand, and the 
Length of Exhauſtions on the other. The Com- 

utations in this Method, are the ſame as in the 
Method of Infiniteſimals, but it is founded on 
accurate Principles, agreeable to the antient Geo- 
metry ; in it the Premiſes and Concluſions are 
equally accurate, no Quantities are rejected as 
infinitely ſmall, and no Part of a Curve is ſup- 
poſed to coincide with a right Line: But as 


the Explication of their Nature and Uſe has 
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employed ſome of our greateſt Mathematicians 
to write expreſs Treatiſes thereon; and as the 
Invention can never be ſufficiently applauded, 
we will conclude with Mr. Ditton, that the next 
Improvement muſt be the Science of pure In- 


* 


telligences. 


Of te PARABOLA. 
The GENESIS. 


LF from a Point V, in any inde- 
YZ finite right Line, there be taken 
Ws Js VD=VK, and from the Point 
ERK, as a Center, with the Diſtance 
5 DG, you interſect CM drawn 

ndicular toDG, thoſe Points 
will be in the Curve of a Para- 
bola ; and proceeding in this Manner, an inde- 
finite Number of Points may be found, thro? 
which, if a Line be ſuppoſed drawn, the Space 
(CVM) comprehended thereby, and any right Line 
drawn at right Angles, to the above indefinite 
Line, will be a Parabola. 
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1. The Point V is the Vertex, and K the Fo- 
cus of the Parabola. 

2. The right Line DG, paſſing thro' the Fo- 
cus, is called the Axis. 

3- A right Line drawn perpendicular to the 
Axis, terminating in the Curve, is called an Or: 
dinate to the Axis, as GC. 

4. The Diſtance, in the Axis, from the Vertex 
to the Interſection of the Ordinate, is called the 
Abſciſſa, correſponding to that Ordinate, as VG. 

5. A right Line drawn from any Point in the 
Curve, and parallel to the Axis, is called a Dia- 
meter, as CY; and the Point in the Curve, from 
whence it is drawn, the Vertex of that Diameter. 


PRRAOPHGOSITION I. 


The Square of any Ordinate, is equal to the 
Rectangle of the Abſciſſa of that Ordinate, drawn 
into quadruple the Diſtance of the Focus from 


the Vertex; that is, GC* =VG x AKV. 
DEMONSTRATION. 
Let KV=VD=g, VG = x, and GC=y; then, 
by the Geneſis, GK = q x, and DG CK = 
x; but (by Eu. 1. 47.) KT. =KG* + GT; that 
is, 7 Fagzix* =qf —2gx+x* +5*, or 
4qx=5*; that is, TT: =VGx4KV. QED. 
Cn oli I. 


The Squares of the Ordinates, are to each 
other, as their reſpective Abſciſſas; becauſe Y* — 
49%, and Ax; therefore, Y* :y* ir 4X: 
44: X: . ets 

| % 
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Definition. Quadruple the Diſtance of the Fo- 
cus from the Vertex, is called the Parameter of 
the Axis, and is a third Proportional to any Ab- 
ſciſſa, and its correſponding Ordinate. For by 
putting 49 = p, we have px =y*; therefore, x: y 
Coxollary II. 


The Ordinate paſſing thro the Focus, is equal 
to Half the Parameter of the Axis. For in this 
Caſe x =q; therefore (by the Propoſition) 4 g * 
Sy z; whence y=249== 4p. 


PROPHBOSIT ION II. 


As the Parameter of the Axis, is to the Sum of 
any two Ordinates, ſo is their Difference, to the 
3 of their Abſciſſas; that is, p: IN:: NO 
2 | + f 


MY 


"5 FE 
. 
Dr MoxsT RATIO. 


Let HO=Y, GC=y, VH=X, and VG=x; 
then (by Prop. 1.) X T, and/px==y* ; there- 
fore, PX -p I-; conſequently, 2:X 

+39: Y-: X-; that is, p: IN ;: NO: NC. 

QED. 2 5 


Rap > 47 Pao- 


24 The MATHEMATICIAN. 


Pxoros1T1ioN III. 


If from the Vertex a right Line be drawn, ſo 
as to cut the Curve, and continued till it meet 
any Ordinate produced, it will be, as the Para- 
meter of the Axis, 1s to the Ordinate drawn from 
the Interſection with the Curve, ſo is the produced 
— to its Abſcifla ; > that is, p: GM. +220: 


e — 


1 74 


a K 8 q * 
E „A*: a „ EE EET TIES B r l 5 2 e ian wo | a 
4 3 - Ke K b DT i N 6 q > — 1 F 1225 „ 5 — — — 
e — Aw ces * 4 4 „ , ‚ . ** * 
— n m 
24 . 4 » Y. L 
q * N x2 — 1. i . — 4 — - 


DEMONSTRATION. 
Let HS =, VG=x, VH=X, HO=Y, and 
GM y; then (by Prop. rn: Xo by 
ſimilar Ta 9:6; therefore, -— = ==X * 22 . 
or by=pX; that is, p: GM: *HS: :HV. QE.D. 


PrRoPOSITION IV. 


If from any Point D, in the Axe produced, a 
right Line be drawn interſecting the Curve in 
two Points C and I, and the Ordinates CP, IH, 
be drawn from the ſaid Interſections; VD will be 
a mean Proportional between VP and VH. = 


DxEzmonx- 
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DrmonsTRATION. 

Let VD , 2 Wan then PD= 25 
+ x, and HD= DX; but from ſimilar T rian- 
gles BD* : HH 25 DCs: :TH >: (by Prop. 1.) 
PV: H; that is, 3 Lo bx+x* :3 F2abX 
＋ X=: :*: X; therefore NX X 5 = x 
xX; or b* RX; that is, &: b: % X; or VP: 
VD::VD: HV. QE. D. TE 


PRO POSITION V. 


If any right Line touch the Curve, and an Or- 
dinate be drawn from the Point of Contact; then 
the Abſciſſa correſponding that Ordinate, will be 
equal to the Diſtance, in the Axe produced, from 
the Vertex of the Curve, to the Interſection of the 


Tangent; that is, GVS VT. 


T 


F,. 
TA 
/ 
Ramm 


Let r F be an indefinitely ſmall Part of the 
Curve, and continued to 1 draw 74 parallel to 
the Ordinate, and F 5 parallel to the Axe, and let 
Ff 72 = , VT a, and the other Sym- 

E bols 
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bols remaining as uſual ; then VS = x, and 


r whence, by ſimilar Triangles m: n 

727 ax; therefore 2 Ke; but (by Prop, 
1. pxVS=Sr* . and pxVG = Fs; that is, 2 
ern + 2my+g*, and y = 3 there 
fore y* + 2 my —pn=px . that is, 22 


2 my — 2 my 2 FR 
.and conſequent! x + a = —— M D 
'7 7 P?P 


= — =2xz therefore n e 
7 8 | F 


PrxorosITroN, vI. 


If from che Point of Contact, a right Line 6. 
drawn to the Focus, it will be equal to the Diſ- 
tance, in the Axe ced, from the Focus 
to the Interſection of the Tangent; that is, KF 
A KIT. 5 | | 


DEMONSTRATION. 

By the laſt (Propoſition) GT = 2 x, and by the 
firſt, KG=x=—+; conſequently KT=GT — 
KG = 24 —x+4p =x+4 . * the Gene · 
ſis to K F. QE. D. 


ProrosiTION VII. 


* to 140 7 gent, = the » 3 dS X* — 8 i 
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tat; a Porficndiciar” be drawn, and produced to 


meet the, Axe; then the Diſtance — fr 
that Point, to the 2 1 from the Poiny 5 


-mve wie $03 = 


£:00d 4 


of Contact, that is, the Subnorma, is equal to 
half the Parameter of the Ie that is, _ 


1 ' — "1 
x * #£ ® ; 7 ; ths 
4 1 ” 3 $4 K 4 152153 7 7 ©; 2 7 9 
- 
F * F. 4 " ol » P 
FER * : © 1 nn 78 o , ; {+ F; | . , 1 A FE = 7 441 
ones * £ * „ 4 „ — 2 £44 # * _— 4 1 1 * 4 8 14 ; 4 
* 2 . A 
* * 5 F * 
” L I TIS : Z7#$E8S +, 3+ 
” 13 1 „ TRS 
+ _ F* 
* 0 * >. 
"#7 # 
{ # $5544} 
„ 
* N 
* 
* 1 7 4 21 
* \ * U ww +.5 * 
* = 
7 : 
. © 4 * 
ks _- 


DY #647743 +56 x. 
Tet QGE de (by Ex. 8. 6,) GT: 'GE:: 


4 1011 11 # 87 NN 


Ge 2 2 x:93iy263 derber. 263 
e 2 - whence. +: . N . 42, 


3 = 


QED ei rl: f c Ved eee CES 


— 


2 ** Toh 
P G8 ien VIII. 15 


The Diſtünde ffoth tlie Focus to the Point of 
Contact; from the Focus to the Interſection of the 
Tangent with the Axe, and from the Focus to the 
End of the Subnormal, are equal to nr 
that is, FC=] 2 . 


- A Tow b * 8 . F 
by "> * a + ay VE EF? 5 


„ Ab F we © ww SSH „ 4.4 


15 \Dz 1 * 10 U „ 
N80 the Geneſis GF r 1 , and by Pp 
th) QG = therefore FG F 


F 7 "3 < 


wh. $2 = (by the Geneſis) FC= (by Pa. Sth) 


bd 
* 1 I £ 1 * 
FT 31 CCC EZ 


FT. QE. D. e * L 10 3 * £3 
10 E 2 | far 
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Conortant 4 


Henee F is the Center of a Cirele, the Pe- 
riphery of which will 10 through the Points de- 


noted by Q: C, and T. 


co II. 


The Angle formed by the Tangent and Axe, is 
equal to half the Angle formed be the Axe, and a 
right Line drawn from the Point of Contact that 
is, the Angle & TI TONE Angle CFG, by Eu. 


ä i N 


- 


Poros IT Io IX, 


If from the Vertex, a ri ine be drawn 

-allel to an Ordinate, an m the 8 
Contact, to meet che Tangent; the Squate of that 
Line, will be equal to the Rectangle of half the 
Parameter of the Axis, drawn into half the Ab- 


| ſciſla correſponding that Ordinate; that is, VR” = 


Sx + GV. 


/ 13 "$ f . 
* + 1 -. 1 W - wt & 2 


Mans TTY RAT 10 U. 7 Ar 
"LEVR=S; then, becauſe che Triangles VR 
Tec ae fimitar; and VT 2 GT'(by Prop. 5) 


g % 


b* Ry eg 1.) PNA erbe, 2 


* 


: athens QE. D. 1 £11551] 301 nor 


# 'F 


; T2 Moe” ; JT 7 2x 
val Psi 1% X. 2 


\ is FEE 4 


"if — the Fragen, Ga to * 1 — Fe, any 
Diameter, a right Line be drawn * z the me 


„ 


* 


therefore, VR = GC; that is, by; whence 


3 
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of that Line which lies within the Curve, will be 
diſſected why that FIG that is, the Ordinate 
XI IE. 1 Me « ; 0 4 56 5 43) 


* — * - * 
7 * . W 7 8 *7 * 3 £% 1 % : ? 
3 £A @THEGTDET 772M 


bas N Ada 


* 
* 
> * * * 

2 : 

* 1 a . L 

- 
m 
An arr * 1 4 x £ 3 


2 -N l 
DEO ONSTRATION,, 
als} Haid mon IHA Ho 
Fg at KR, VS parallel to the. Ordinate FC 
meeting the Diameter FL p in R and 
through F, where that Diameter interſects the 
Curve, draw the Tangent F T, and through Z, 
where K R interſects the Curve, draw PX el 
to hs. Ray er os i; des, e 


\ 
Fs 


12 44 


1. Becay E GT is double VG (by Prop. 5.) the 
Triangle Fürstase, and ſince Px is parallel 
to T F, the Triangles KZP, FGT are ſimilar 


wherefore AGF T, or DOGS: KZP:: :; 


: (by Cor. 1. Prop. 1.) V KV:: (by 


Eu. 1.6.) s OKs, therefore SK ZP = 


OKs. 1 EL Ck 


—— — 


2 K ˖ ˖C OR oo PR Wee, 


PP ·1A A 4s oo eter OS * * 


* — PPP 
ou re — — a9 ah 


l i 
— a — —— 
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Tu The Triangle GFT, or cs AH x P:: 


TF> : HX* :: (by Cor. 1. vs I) GV: HV +: 
MAGS: DHS; therefore AHXPS AHS; 
from which taking the common Figure HYbZK, 
there remains ar XB and ſimilar to the Trian- 


gle 5 RZ, and conſequently * 52. QE. D. 


. 


5 


con > 
The Fi ;gpre S FTPS ATX, becauſe the Tri- 


angle GFT=QHS; therefore the Figure HY 
FT=OHF+AaGFT= HPO 


tis : T2380 M4 
OHS=AHXP; from which raking the. com- 


Ry #*. witli 


mon Figure HI P. chere remains the Figure 
SFTPARYXY, 180 eee A — 
9 ; | v 


LF! 13 DLL3 by ge 21g 1 41 wah 

4 £ FR 01433; AX d 
SUE * 1g THAW 
* eee 


4 % N 03 9 ns T ad 01 


If FT be : parallel to by, and the Triangle 3; rx, 


an {.> en 


equal ti to the Trapezium F þ Tp. then will e 


W — 9 44244 S+* 1 9 


e to N 1 1 T 07 


| «þ 4 2 L 3 £5 LOS TILES * 


« 4 . * . 1 *;, ag * PM | . 
82 a „ 2101 77361 vo 


Aer 
1 + * £ % #4 
$ * » © aa £3 
Fl 


5 
. i 
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211 10 64 ; A 


= EM. 0 Ns 7 RAT 995 8 uc: 10 

185 by Hypotheſis, FR 

therefore, FT ＋ bp: 25 2:91 p:: (by ſimilar Tri- 

angles) 1: F; en 3 F= 
brxb2. EN | ir 5 z 

Definition, Let FS: Font. 

meter belonging to the e Diameter F. 


7 {) 


erbten AL. 


The > gs th ſo obtained, drawn into an Ab- 
ſeiſſa of that Diameter, is equal to the Sg —.— of 
the Ordinate te correſponding that Abſciſſa; that is. 
PxbF=65X* SEE. Gee Fig. preceding WE 


Laune. he”! . FM nn +19 rmailh 933 07 n 


+ W774 tally 
Dzuons't rar: hag 3 


2 5 * 2 * 
Pp ——— 1 7 
oy A = 0 31 F | at 


Since, by the . Ea 1 -F Fr by 
Gmilar Triangles 2% "3 ay (by the preceding Lem- - 


ma) AA SL x4Ls cherer FT 1 


rab Frörxöx G Pub F= Re . 


RR & 


* | "WE + 


Phovosirion 1 N 
„ l Ram 2117 va 
The 8 of any 2 is equal t to the 
n the W to Yuadruple the 
Abtei | 
$74.4 © 
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Abſciſſa of the Ordinate, drawn from the Vertex 
2 that —— — pts | 


A 


Fim the Vertex hn ps parallel 2o'the Ten- 
gent FT, which (by Prop. 10.) will be an Ordi- 
nate to the Diameter FV; thee by Wb of: Pa- 
rallels 5 F VT = (by Prop. 5.) GVS YA; and 
by the lat P * = FT * = FG: + GT 
=4x*+5* =4x* +px; conſequently ow 
9 D BL, a 


Dao ost ron XIII. L As um 


The Diſtance from the Focus, to the Vertex of 
any Diameter, is equal to one Fourth of the Para- 
meter of that Diameter; that is, KF=4P; 1.0 


Wt 


DzxMonsSTRAT ION: . 


By the laſt Propoſition, P=p+4VT, and, by 
the fk, i xv. therefore P = 4KV+2VT, 9 


41 


and 


. MATHBMATIGIAN. 33; 
and e eee SKVHVT=KT= (by 


1 „ ; Wo - v 
2 v1 7 
. . > of E. N 18 ** 1 ” 3 
5 * 


„ XV. > x 


cr * £ 


Pee © 166944 
* 


If from the Focus, a Perpendicular be drawn to 
any Tangent; then the Square of that Line, will 
be equal to the Rectangle under the Eocal - diſ- 
tance, and the Diſtance of, the Point of Contact 


from the Focus: that is, KO: = = K „KF. „ 27 


8 £7 
&k of #4 2 210 5 la z 4 - 33 21 43313 7 got 


Duos AA 10 K. 9 LE 


—— 


Doo: F -GV=VT ai Gy Eu. 6760. TO 
= OF; alſo becauſe the Angle KOT is right-(by 
Eu. 8. 6, TK:KO::KO:KV; conſequently 


4 9 4 ©. X 


: nk =KV-xKF.. ns A IK 


ProposiriON, xy; 9 .. es * 


"If an | Ordinate to any Diameter paſs Gaga 
Focus; then the Abſciſſa correſponding to that or 
dinate, will be equal to one Fourth, and the 
nate . to one Half of the Paramexer r core 


LS 4A c* 4 AS8443 1.3 


Dx MONSTRATION. 


Becauſe 5 C is parallel to FT, and BF parallel to 


| KT; therefore FK by Frop. 6.) Kr 
. 5 


(by Prop. I 3.1/4 SE. A 
e F — 2. Since 


3 ao 


34 The e 
2. Since B F P, and (Þy Prop. 11.) PxBF 


N; eee e and conſequently 


$P=3C. QE. p. 
Faeroeer % XVI. 


The Diſtance i in the Axis, from the wean 
4 the Tangent, to the End of the Subnormal, 

ho N to xn, Wok Parameter of that Diameter, 
whole Vertex e e 
2 1P . & 


| 1 5 = EMONSTRATION,. , 
Since {by Prop. 13) FKK P, and (by Prop. 8.) 
FK=QK =KT; conſequently N QK+ 
KT= ner r. KED. 


W Xv. 


If a double Ordinate be drawn from the Point 
of Contact, and another double Ordinate be drawn 
below to meet the Tangent produced; then as the 


double Ordinate paſſing through the Point of Con- 


tact, is to the Sum of the two Ordinates, ſo is 
their Difference, to the external Part of the lower 
Ordinate added to the Difference of the Ordinates; ; 
that is, MF: OL: IL: * 8 


DzmMoONST RA'T'TO N. 


Let VG=x, then (by Prop. 30 GT=2%, 
FG=y, OL=c, IL=m, and LBS A then 
(by Prop. 20 P. . F, and by fimi- 


lar Triangles, 2x:y:2 : :d; therefore 254 


mcy; but becauſe px = 5*; (by Prop. 1.) 2dy= 
mc, or 2: 6d, chat is, MF: OL: : IL: BL. 


4 


a” 95 a ; - o J : 1 
- J k ” F R * * * 4 s 55. 4 2 . ts "y 
l * * 34 4 J 4 F 

; * . * Py a 


8 vn 


The ſame Thi bei fappaſed as ez ; 
the Difference of NT is a Mean-propor- 


tional, between the Double of the at r Ordinate, 
and the external Part of the lower; is, FM: 
 IE3: 3%; * o $378 


DMG TAT 10 K. 


Let BI e, IL=m, and FM=2; they ol. 
n 23, and (by Prop. 17.) 2y:mF2y:%: 
m: . therefore 4== — and conſequently | 


IN? awed 2 2 8 9 . 
Is L: r. QE. p. 
5 0 F 2 
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| PROPOSITION XIX. 


The ſame Things being ſtill ſuppoſed; as the 
Double of the lower Ordinate added to the exter- 
nal Part, is to the Sum of the two Ordinates, ſo 
is the external Part of the lower Ordinate added to 
the Difference of the Ordinates, to the Difference 
of the Ordinates chat is, OB: LB.: OL: IL. 


Dr Mons T NATION. 


Let OL =, LB=4, IL=m; then OB 
c+4, and MF=c—m; but (by Prop. 13.) 
MF: OL: IL: BL; that is, — 2d; 
therefore 9 dm=cm;, and conſequently cm + 
L an cd or e d: 622d: n; that is, OB: :LB:: 
OL: 1 QED. 


rr — 


Still ſuppoſing the ſame Things ; having OI, 
and BI given, it is propoſed to find IL. 


. 


So . 


. 


Let KI. 5, IL=#, BI, and OI=e; then 
(by Prop. 18) KL: (MF) IL: IL: BI; 4 5: 
1:43 therefore za =m* and 5 2 alſo c 


4 


=þ+ 2 #25 " +2h=® e ae 


0 
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fore ieee and, conſequently, by Re- 
duction, m = e a, QE. 1. 


Cokortany. 


Hence from a Point B, without the Curve, and 
not in the Axe produced, may be drawn a Tan- 
gent. For if from the given Point B, the right 

Line BO be drawn ndicular to the Axe, 
meeting the Curve in O; let à G be taken equal to 

2 BI=OT, about which as a Diameter, let a Circle 

be deſcribed ; in that Diameter, take 4 equal to 

BI, and from the Point i, erect the Perpendicular 

i k, meeting the Periphery in & ; from & as. a Cen- 

ter, with the Int BI,” deſcribe nc cutting i 

in C; laſtly, in 10, take IL equal to ci, and 
draw LF parallel to the Axe, and the Point F will 
be determined; through which if a right Line be 
drann from the given Point B, terminating in 
. r 
ane 105 

r . vv SO OEOTRI 
Prxorosrmion XXI. g 
ik FP touch! the Curve-in F, e eee two 


Points M, S in that Tangent, the right Lines BM, 
SD be drawn * to the Axe, meeting 8 


4 "> Cat? 
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TOE” 
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DEMONSTRATION: 

Let Mo = FB=, SR=9, and FD g. 
alſo GV=VT=x; then (by Prop. 11.) *: 575 
Fr · Fu · :2 : (by fimilar Triangles) 5 : c* ; 
and v: d:: FT *:FS* :: (by ſimilar Triangles) y 
4 therefore, by Equality, ö: 4: :c it's ana 

. FD*. AN 


Es F 8 


PrororrniOn XXII. 


enn the Finn, a tight Line 
be drawn FC EET 
nate; the ectangle of the Parameter of the Axe, 
into the external Part of that Line, will be equal 


to the of the Segment of the Ordinate, in- 
between that Line and the Point of "Con- 
Dr e nnn n. | 


Tie MATHEMATICTAN: by 


Pr * 
_— font # 3 : 


"SS WE. 
v7 Cy 


DzmoOnSTRATION | _ - 


By the laſt Propoſition, — 2 S (by Prop. 1.) 
we” 40 Lf =y* p therefore pb = +, 
and 4 that is, 9xMO =FÞ?, e 


7 


» a * 2. # b 4 4 
= FDB. QE. D. 4 © Eb boos tu 2 a 
, * + 9 % 4 
#% * . * 
5 of CL ES >. 


PrxoreoOSITION XII. 


2 1 the Parabola in F, and if from 
Po int S, in the Tangent, a right 1250 8 * 
drawn parallel to the Aue, cutting another right 
Line FC, dnn from the Point of Contact any 
how within the Curve; then the Curve will cut 
the firſt Line, in the ſame orion as the feſt 
DE. cuts the ſeed; "lr. by 2555 
D 


D* i RATION. 
— Draw parallel to M, and let C RSC, 
then cr :: 4 *: IH z: (by fimilar Triangles) 
2 17, alſo (by fittiilar Triangle) 7 2E +6 


1 Leite therefore OE 
. ES and conſequently cg l 


e r 


4 Te MAT HEMATICIAN. 
xg-++; therefore ch pg, orc: p 2g: bh; that 
is, SR: M:: FD: DC. QE. D. 


oer Ne. 


As the Abſciſſa, is to any Diameter terminated 
by the Ordinate, ſo is the Square of that Ordinate, 
to the Rectangle of the Parts of the Ordinate 


made by that Diameter; that is, 5 OB of ; FG» 

: FBx BC. * IM 
dz Ar Ton. 

Let OB =, FB e, BC=r, MO =I, 
then (by Prop. 21) „227% and. (by. the 
P 35 2c: V therefore —— — 7 2 
77 2, and rer - or &: 7255 ven that ve 

: OB::FG*:FBxBC. QE. D. 20 


uebi 0 
Hence it is manifeſt, OB: RD::FBXBC:FD x 
del Nen ara ren 
FG*, and RD:VG: FD BO: conſe- 
We wh nenn _ r 


12 * 1 | a ++ 
Proboriricn XXV. 


b cut — — 2 and 
from the Point of Congact, l 


8 to that Diameter; then the Diſtance (in the 
i Diameter 
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Diameter produced) between the Vertex and Inter- 
ſection of the Tangent, will be equal to the Ab- 
n, the 1 that! is, RS = RO. N 


— 


D100 


2 


Let Os , Cr=OP=2n, tree, RS 4 
OC =y, and then Pr, which is ſuppoſed to be in- 
definitely near to OC, will be y. and SP= 
„ Ee; whence, by | ſimilar Triangles, W: 1229 
e; therefore 6+ x =" , and (by Prop. 1x.) 
SN, alſo ps =P; ; that is, px=y* 
and s u amg; o therefore pr 
„ + 2my—pn3 conſequently q = + amy— 
pn, or 2 my =p, and === 3 let this Value 
be ſubſtituted /for * in the firſt Equation, and 
it will become e E Sr Ry 


Ts 8 | 8 a” > 


* 
5 r 
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=2X3 conſequently CSE = TSS. or RS= 
SO. 


Parese XXVL 


If a — be iran from the Interſection of 
any two Tangents, it will biſect the Line, which 
Joins the Point of Contact. 


DEMONSTRATION. 

. From the Points of Contact *. C, draw the 
Ordinates VO, Co; then by the laſt RS 80 
and RS=SO,; therefore SOS 80, and conſe- 
quently YO and CO being Ordinates to the ſame 
Diameter and Abſciſſa are __ __ in the ſame 
right Line. QED. | 


con r. 


Hence another Method of drawing 8 to 
a Parabola; from any Point without the Curve, 
may be deduced; for from the given Point R, 
draw the Diameter RP, and take therein, from 
the Vertex 8, the Abſciiſa SO: equal to the exter- 
nal Part RS; then through the Extremity of the 
Abſciſſa O, draw the right Line CY parallel to 
the Tangent XY, at the Vertex of that Diameter; 


and the Extremities of that Line will be Points in 


the Curve, in which Lines drawn from the "en 
Point, will touch the Curve. 8 | 


l "PROPOSITION: XXVII. 


6 from the Extremity of any Ordinate ith) 
* a 9 a right Line (as XY) be drawn at 


right 
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right Angles to the Diameter; then the Diſtance 
(XY) in that Line from the Extremity of the 
Ordinate to the Diameter, will be a Mean- propor- 


tional between the Parameter of the Axe, and the 
Abſciſſa of that Ordinate; that | is, * XT I: XT: 


1 3 
3 AE: 

= R 

0 HL 1 


XY 


DzmonsTta * x OT TD A 

Put XY =, Fb=RX; then (by Prop. 1.) FG* 

S px, and (by Prop. 5.) GT* =4x*; therefore 

| (by 47. E. 1.) © of has = px +ax* =p Ix 
x x3 but (by Prop. 12.) D. =P Hax. and 

(from ſimilar Triangles): FT>: F 1.05 Y 

that i is, F eu P:: xx: a 2; therefore 

a* =px and p: 67: 6: X, e XI: XT: FG. 


* 
2 * 1] - 
2 — 8 wa at <:* 
8 S 4 : 1 L 
4 x 
” ti A T : 2 2 5 ? of 
* SO LP 


Sa 5 ps. 1 2 
W 8 : "RY \ ö 


2 N = L 2 

SO BRITT 8 i 
. 1 8 

e 


Yo 
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Fog 
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* 

28 
Is 
ad 1 
js 


IR, 1 
o b N 4 
SLIT Pa. b 


COLLECTION 


6, 
wy ROBLEM l. 
9 


== Chae Number of Perſons agreed 
to give Sixpence a- piece to a Wa- 
terman, to carry them from Lon- 
don to Graveſend, on Condition, 
that if others were taken in by 
the Way, they ſhould pay the 
9 ame Price, and that of the Mo- 
ney thence ariſing, one Half ſhould go to the 
Waterman, and the other Half to be equally di- 
vided among the firſt Perſons; now they hap- 

ned to take in, one fourth Part of their Num- 
bh and three over, by Means wheteof they only 
paid Fivepence each ; What Number were there in 
"Company at firſt? 4 


o 2 
. * 
ö O 
e , F 
TY 
Fi 21 ; A : 
27IY n 4 % 4 
4, - - 
2 . : l — N . 
2x4 | 2 - l . " 2 
1 2 * 
14 ; 
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| N MET, 1 T 8 O B E 
; i 
„ 5 8 
14 
=. 
. { * 
i A niwered in next UMBER. 
. - * * - 4 1 - . 3 * 
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: 1 1 — — 
. 2 £ # — 
1 5 E Kun 
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4a 0 
n 1 


If a Cubic Foot of dry Engliſh Oak be pes intq 
a ſufficient Quantity of feln Water, how much 
of it will be immerged, and how much emerge, 
and what Weight muſt be laid on it, to male ir 
level with the Water" s Surface? ; 


PROBLEM II. . 


Haw high muſt an Eye be clement above the 
Earth's Surface, to ſee two fifth Parts thereof; 
allowing the Earth to be —_— and its 5 
ference 25020 Miles? _ | 


PROBLEM IV. 7. 


Having Occaſion to take the Declination of wal, 
and not being provided with proper Inſtruments 
for taking Altitudes, I had Recourſe to the follow- 
ing Method: I obſerved, by laying my Eye cloſe 
to the Edge of the Wall, the exact Time that the fixed 
Star Pollux came into the Plane of the Wall; and 56" 
100 after (according to the Time ſhewn by a good 
Pendulum Clock) obſerved Sirius to paſs through 
the Plane. From . theſe Obſervatioris the Plane's 
Declination may be determined, and is here re- 
Nom. the Ltitude of the Place een 2 5 10 

Orth. Ry 2 


a PrxoBL E M V. e ay 


In what Latitude North may an erect declining 
Dial be erected South Eaſterly; the Stile's Hei he: 
the Diſtance of the Subſtile from the l 
and the Plane's Declination whereof are equal 
to each other? *Tis alſo required to know Shar 
Hours on May the 1oth, 1745» the " comes = 
and goes off * Plane, 3 : 
. | P R o 
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PROBLEM VI. 2 B——, 


At a certain Place in North Latitude, the Sun 
vas obſerved to riſe exactly at 3 H. 58 Min. and 
at Six o Clock his Altitude was taken the ſame 
Morning, and found to be 13: 20', his Declina- 
tion being then North; — 'the Latitude 
where, and Day of the Year when, theſe Obſer- 
vations were made. 


PrxoBLEM VII. N. 

Two Cireles touching each other inwardly being 
given; to deſeribe a third Circle, that ſhall touch 
both the former, and alſo the right Lane pom 
through their Centers. | 


PRORLEM VIII. X. 


To draw a Chord, through a given Point, with- 
in a given Circle; the Parts whereof intercepted 
by thar Point and the Periphery, may obtain a given 


Ratio. 
Tavostn a TE IL 
"The two Sides of any plane Triangle, and a 
right Line drawn from the Vertex, to the Middle 
of the Baſe being given; to determine the Triangle. 


Paco'sts wx. iN 


The Perpendicular, the Line biſecting the verti- 
cal Angle, and the Line bifecting the Baſe of any 
plane Triangle peg given; to determine the Tri- 


* PROBLEM XI. N. 

The Line biſecting the Baſe; the vertical 1 
and the Angle which the ſaid biſecting Line makes 
wo the Baſe being given; to deſcribe the Triple 


PROBLEM NII. Jobn Turner, London. 


To find a Point, in the Side of a given Square 
ry from whence if a Line be drawn to the 


oppoſite 
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oppoſite Angle, the Part thereof intercepted be- 
tween that Point, and the neareſt Side of the 
Square, ſhall be of a given Length; to be con- 


PROBLEM XIII. X. 
To determine a Point C, in a given right Line 
DF, from whence if two other right Lines AC 
and BC be drawn, to two given Points A and B. 
they ſhall comprehend an Angle ACB equal to a 
given Angle D. N . 


If from the Extremities of the Baſe of any plane 
Triangle, two right Lines be drawn, interſecting 
each other in the Perpendicular, and terminating - 
in the. oppoſite Sides; right Lines drawn from 
thence, to where the Perpendicular meets the Baſe, 
will make Angles with the Baſe equal to each 
other; ere, the Demonſtration, . 


PR O B L EX M 4 . — 


Let ABCD repreſent a given cect· Pony" 
angular Billiard Table; it is required: þ «PÞ E? 
to find in what Direction, a Ball from. . .- 1-4. 
the given Point P muſt be ſtruck; ſo RB lai 
that after. three Reflections, it hal! 
fall into the Purſe at the Angle 83. 


cw”; 2 
* 7 7 S . E ot: 4tnt's - 
o 5 9 % 
1 7 * # i AY 7 La * 6 
6 * - * bi 7 4 
P p ; * 4 
: 2 , a bo” + 
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The Difference of the Diameters of two Circl 
(ABE and BCD) touching each other inwardly 
(in B) being given; it is required to draw from 
(A) the other Extremity of the greater Circle, a 
Tangent to the leſſer, terminating in the Periphery 
of the greater; the Part whereof (DE) intercepte 
between the Point of Contact (D) and that Peri- 
phery may be of a given Length. RD 
| ; R o- 
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2? -Poaw ay nx MI. TI. 
To draw a right Line through a given Point; 


terminating: in two right Lines gen by 7 
ſo as to be the ſhorteſt poſſible. 


PROBLEM XVII. D. 


The Sum of the Diameters of two Circles touch- 
20 each other outwardly being given, alſo the 
Length of the mixed Line circumſcribing them 
both; to find the Diameter of each. (Fic £2085 
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PROBLEM XIX. obn Turner, Londen. 
If upon the principal Axe of any Curve, defined 


by de Equation 9 = 277] * 30" > © Semi. 
circle be deſcribed;; it is required to exhibit” in fi- 
nite Terms, the exact Ratio between that Semi- 


circle, and the whole curvilineal Space 8 ; 
between the ſaid Curve and its Axis. 


"PrRoBLEmM 7. 


If the Earth be ſuppoſed to revolve round its 
Axis in 38 Minutes, and by Means thereof be pro- 
jected two Bodies from off i th Surface; the one in La- 
titude 52 Degrees, and the other ander the Equa- 
tor, with Veloeities reſpectively as the Places from 
whence they are projected; it is required to deter- 
mine the Trajectory of the former; and if it re- 
turns, its periodic Time, and where its Revolution 
will end; and likewiſe how far the latter will be 
ſtom the Earth's Center in 6 Hours Time, al- 
lowing the Earth to be ſpherical, its Cirumference 
25020 Egli Miles. 

N. B. This Problem was propoſed in a 226 Dh Bi hs | 
Year 17363 þ the fetuthe wheres! ſeveral attempted, en, 
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DissERTAT ION II. 


Upon the Progreſs and Improvement 
E 4 Gr EOMET RT. 


— HE former Diſſertation in No I. 
2 having been concluded a little too 
. Publica becauſe at the Time of its 
Publication we thought to ſay no 
more of it; but its having met with 
a candid Reception, has made us 
dink } it expedient to reſume and purſue the Sub- 
Jet more minutely ; and particularly with a Re- 
gard to the Improvements that Geometry has re- 
ceived from thoſe its illuſtrious Sons, Wallis, Bar- 
tow, Newton, &c. 

Since the hiftorical Part of the Invention of 
Fluxions has been treated of by ſeveral Hands, we 


hal 1 in the e Pages, after mentioning the 
** va⸗- 


: 
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various Steps previous and preparatory thereto, en- 
deavour to give as plain and clear an Account of 
that admirable Doctrine as the Nature of the Thing 
and our Abilities will admit, in order to evince, 
that it is truly and properly ſcientific; as will a 
ar from the Accuracy and Reaſonableneſs of its 
Principles, and the Juſtneſs of its Rules, notwith- 
ſtanding it has been of late ſo much controverted. 
To what has already been ſaid of Dr. Wallis's 
Improvements may be added, that he found his 
Method of ſumming up Series's, to fail him in the 
Caſe of thoſe Progreſſions, whoſe Terms were 
the Roots of the Sums or Differences of ſimple 
Terms, called Roots univerſal, ſuch as vr * — , 
Vr*—1a?7, Vr* —4a*, Vr* 94, 
1 — 1643, Kc. vVr* — xr „ which he calls 
a Series of Terms in the ſubduplicate Ratio of a 
Series of Equals, leffened by a Series of Secundans 
or Squares: Where, if r ſtand for the Radius of a 
Circle, and à for any of the indefinitely ſmall and 
equal Diſtances of the Ordinates in the Quadrant 
of the Circle, beginning at its Center, ſuch Qua- 
drant is equal to the Sum of all the Terms of this 
Progreſſion ; as he ſhews in Prop. 121 Aritb. In- 
init. They being the right Sines of which: the 
Quadrant is compoſed ; each of which are known 
to be a mean Proportional between r Fog and 
7— , and between r +14 and r—14, and 
between r +28 and r—24, and ſo on. The 
fame Series with the Sign of the ſecond 
Term under the Vinculum, changed into its Op- 
polite, that is, Vr* too? Vr"' +12, 
Et 44, 4 r 08% Bc EF, 
being ſummed up, would give the Quadrature of 
the equilateral Hyperbola, ſuppoſing r to ſtand for 


the ſemitranſuerſe Diameter, and à any of the in- 
definitely 
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definitely ſmall and equal Diſtances on the Aſſym- 
ptote, from the Center of the tranſverſe Diameter, 
then, as is evident from Conics, the Ordinates 
compoſing the hyperbolic Space will be expreſſed 
by the laſt Progreſſion. He likewiſe ſhews two 
other Series's in Prop. 165, of the ſame Book; by 
the ſumming up of whoſe Terms, the Quadrature 
of the Circle and Hyperbola would be found, but 
labouring under the ſame Inconveniency. Here 


the Doctor ſtuck, and owns Hic Labor, boc Opus eft. ® 


However, being very ſolicitous to do ſomething 
towards the Quradrature of the Circle, which was 
his principal View when he engaged in the Proſe- 
cution of theſe Enquiries, (as he tells us in the 


Preface of that Work) he thought upon ano- . 


ther Method, which he calls the Interpolation of 
Series; by which he means, a Method of diſco 
vering certain intermediate Terms of a regular Se- 
ries or Progreſſion, by conſidering the Properties 
of the Progreſſion, and the Relations of the ＋ | 


erms 


to each other, Of this he gives ſeveral Inſtances 
for finding the Area of the Circlez whereof this 


is one: In the Progreſſion 1, 1, , , Cr, 
Whoſe Terms are produced by the continual Mul 


tiplication of 1 * AXN 7, Sc. to find the inter- 
mediate Term betwixt 1 and :. But the Reſult. 


146 


in that Way: But ſince the Value of / 2, Ot A 


other Surd, may be expreſſed approximately by the 
common Notation; ſo likewiſe he found, that the 
approximate Value of the Square, or the Circles 


Area, was 1 * LANC Sec e 
i 5 1 2 


2X4X4x0x0x8,&c. 


Notwithſtanding this Diſap ointment, Dr. Wallis 
by 5 2 


opened 
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opened the Gate into a wide Field of geometrical | 
N For, in his arithmetical Works, pub- 
liſhed in 1657, he firſt reduced the Fraction 


Lr by a perpetual Diviſion into an infinite 
Series A+ AR+AR*+AR*' + AR, Ge. 


Mr. James Gregory, in his True Quadrature of 
the Circle and Hyperbola, publiſhed in the Year 


1667, gave a converging Series, or at leaſt ſhewed 
the Conſtitution of a converging Series, which 


proceeds by Pairs of Terms; ſuch, that the Dif- 
ference between any Pair 1s greater than the Dif- 
ference between the next ſubſequent Pair; and that 
after the ſame Manner that the ſecond Pair is 
formed by analytical Operation from the firſt, in 
like Manner is the third forn.+1 from the ſecond, 
and ſo on; by which the Difference continually 
leſſening, becomes leſs than any given Quantity; 
and the Series being ſuppoſed to be continued in 
inſinitum, that Difference quite vaniſhes, and the 
two Terms become equal, either of which is the 
Quantity ſought; whereby you may approach to 
the Area of the Hyperbola, as well as that of the 
Circle, as near as you pleaſe. : 

In April, next Year, Lord Viſcount Prounker 
publiſhed an infinite Series for the ſame Purpoſe, 
which 1s that called the Newtonian, being now ge- 


nerally uſed ; where the Aggregate of all the 


Terms, infinite in Number, 1s equal to the Quan- 
tity ſought; and the greater the Number of them 
taken from the Beginning, is, the nearer doth their 
Aggregate approach to the Quantity ſought. The 
ſame Year Mr. Nichoias Mercator, an Holſatian by 
Birth, but who had ſpent a great Part of his Life 
in England, publiſhed his Logarithmotechnia; in 
which he ſhewed how Lord Viſcount Brounker's 


Series might be found, by reducing a complex 


Fraction, to an infinite Series of ſimple Terms by 
EEE Dis 
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Diviſion. ; which was but a ſmall Improvement 
upon what Dr. Wallis had ſhewn in his Math. 
Univ. cap. 33. with reſpect to Diviſion. Mer- 
cator then had no more to do but to apply the 
ſame Perſon's Method of Quradratures in his 
Arith. Inf. for ſquaring .thoſe ſeveral ſimple 
Terms. Upon the Publication of the Logarithmo- 
technia Dr. Wallis illuſtrated the Diſcovery ;- and 
gave another infinite Series for the ſame Purpoſe, 
in the Philoſophical Tranſactions for Auguſt 1668. 
Towards the End of the ſame Year, Mr. James 
Gregory publiſhed his Exercitationes Geometrice ; in 
which he promoted and enlarged Mercator's Diſco- 
very, and gave a geometrical Demonſtration of 
it, by Means of ſumming up the Secants of a cir- 
cular Arch. i | 
We muſt not omit to obſerve a very remarkable 

Concluſion that Dr. Wallis obtained in his Arith. 
Inf. by his gradual Method of Induction. He 
conſidered thoſe Progreſſions as conſiſting of an in- 
finite Number of Terms; and having adopted 
Cavalerius's Method of Indiviſibles, the Elementa 
of which geometrical Figures were by that Method 
compoſed, were naturally repreſented by the Terms 
of thoſe Progreſſions, viz. the laſt Term, which re- 
preſented the loweſt Ordinate of a Curve, being 
ſtill finite; and the intermediate Terms from o to 
the laſt, being infinite in Number, repreſented 
Ordinates applied to the Axis at infinitely ſmall 
and equal Diſtances, betwixt the Vertex and loweſt 
Ordinate; or, perhaps, theſe Terms repreſented 
any other Lines, right or curved ; or any plain or 
curved Surfaces, in the Caſe of Solids, which were 
proportional to them: Now nothing was wanted 
but a Method of ſumming them up. At laſt, the 
Doctor found this moſt general and comprehenſive 
Propoſition, which contains the Subſtance of his 

whole Book, viz. The Sum of all the Terms of 
any 
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any Series of the (m) Powers of Quantities, in 
arithmetical Progreſſion from o, is equal to the 
Product of the laſt Term, by the Number of 
Terms; and this divided by the Index (m) plus 1. 
Which amounts to this; ſuppoſing o, 1, 2, 3, 4. 
&c. x, to be an arithmetical Progreſſion, conſiſt- 
ing of an infinite Number of Terms, in the natu- 
ral Order of Numbers, having the laſt Term x; 
and let: 0%: 27, 2% 43% . wn, be.a Pro- 
greſſion of Terms, which are any the ſame Power, 
Root, or Dimenſion, whatſoever of the former 
Terms, whoſe Exponent 1s denoted by (m); then 
ſhall the Sum of this laſt Series or Progreſſion of 


K mr 1 


Powers, Roots, &c. be equal to — Here 


Dr. Wallis may be ſaid to end, and Sir Iſaac New- 
ton to begin his Improvements; for this is in Sub- 
1 ſtance the ſame with his firſt Rule in his Analyſis, 
20 and upon which he builds his Quadratures of 
Curves. Vallis demonſtrated this general Propo- 
fition by an Induction from ſeveral particular ones, 
collected at laſt into one by a Table of Caſes: But 
Sir Iſaac reduced all the Caſes into one, and de- 
monſtrated it univerſally by Means of an indefi- 
nite Index, which he firſt introduced into analyti- 
28 When theſe Diſcoveries of Dr. Vallis (which 
|» were indeed very noble and uſeful, and, in Point 
of Generality and Extent, far exceeding every 
Thing that had been before done by others in the 
| Geometry of Curve Lines) were made public, it 
| was objected to him by Mr. Fermat and others, 
that however valuable his Diſcoveries were, and 
true in themſelves, yet the Demonſtrations of them 
iin the Way of Induction, did not come up to that 
Accuracy which: a geometrical Subject required, 
and which the ancient Geometricians had all along 
obſerved in their Performances. To which Dr. 
13 : | W: allis 


- 


p * 
3 \ 
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Wallis made Anſwer, (even as he had remarked in 
the Arithmetic of Infinites itſelf) That he did not 
ſo much deſign to demonſtrate his Diſcoveries, as - 
to lay open to others the Method he uſed in 

making them, which the Antients purpoſely con- 
cealed ; that, notwithſtanding, he thought the 
Proof, by Way of Induction, was fatisfying and 
convincing ; that it would be an eaſy Matter for 
any Perſon, moderately ſkilled in Geometry, to 
demonſtrate theſe Things, with all the Pomp and 
Apparatus made uſe of by the Antients ; but that 
was a Labour he never deſigned to undertake. 
However, to give ſome Satisfaction in this Matter, 
he ſhews, by ſome Examples, in the 78th Chapter 
of his Algebra, how the Propoſitions he had diſco- 
vered might be demonſtrated after the Manner of 
the Antients, in Imitation of what had been done 
by Archimedes in the 1oth and 11th Propoſitions of 
his Treatiſe of ſpiral Lines; wherein Arebimedes 
demonſtrates what is the Sum of all the Terms of 
a Progreſſion of Squares, whoſe: Sides conſtitute 
an arithmetical Progreſſion of Lines, having the 

common Difference equal to the firſt Term, when 
compared with ſo many Times the greateſt Square; 
and the Limits betwixt which the Sum of the 
Terms of ſuch a Progreſſion is contained, although 
the common Difference of their Sides be not the 
ſame as the firſt of them; which he applies to the 
finding the Relation of the ſpiral Spaces to the 
circular Sectors; even as Dr. Wallis, by proſecu- 
ting this Affair to a much greater Length, ſhews 
how to find not only the Sum of all the Squares, 
but the Sum of any Powers or Roots whatſoever 

of an arithmetical Progreſſion ; and thereby to 
compare infinite Numbers of curvilinear Areas with . 
right-lined Figures, and with one another, And 

truly, when one attentively conſiders this elaborate 

Treatiſe of Archimedes, and the other 5 


ou 
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that ſubtle and penetrating Genius, one cannot help 
ſeeing Dr. Wallis's Arithmetic of Infinites, Mr. Gre- 
gory's Method of Inſcription and Gircumſcription of 
Polygons, and even Sir Iſaac's Method of prime and 
ultimate Ratio s, beginning to diſcover themſelves, 
as it were, in Embryo, in order to be brought 
forth afterwards to open Light and Perfection. 
If it ſhould be here objected, that ſince all the 
Terms of an infinite Series are unaſſignable, it is 
impoſſible to determine their Sum; to obviate 
this, let it be conſidered, that a Number actually 
infinite, (i. e. all whoſe Units can be actually aſ- 
figned, and yet is without Limits) is a plain Con- 
tradiction to all our Ideas about Numbers; for 
whatever Number we: can actually conceive, or 
have any proper Idea of, is and muſt be always 
_ determinate and finite; ſo that a greater after it 
may be aſſigned, and a greater after this, and ſo 
on, without a Poſſibility of ever coming to an 
End of the Addition or Increaſe of Numbers aſ- 
ſignable; which Inexhauſtibility or endleſs Pro- 
greſſion in the Nature of Numbers, is all that we 
can diſtinctly underſtand by the Infinity of Num- 
| bers; and therefore to ſay, that the Number cf 
| any Things is infinite, is not ſaying, that we com- 
prehend their Number, but indeed the contrary ; 
| the only Thing poſitive in this Propoſition being 
| this, viz, that the Number of theſe Things is 
n greater than any Number which we can actually 
conceive and aſſign. We eaſily conceive, that a 
finite Magnitude may become greater and greater 
without End, or that no Termination or Limit 
can be aſſigned of the Increaſe which it may ad- 
mit; but we do not therefore clearly conceive 
Magnitude increaſed an infinite Number of Times. 
Mr. Locke, who wrote his excellent Eſſay, that we 
might diſcover how far the Powers of the Under- 
ſtanding reach, to what Things they are in 5 
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Degree proportionate, and where they fail us, he 
acknowledges, that we eaſily form an Idea of the 
Infinity of Number; to the End of whoſe Addi- 
tion there is no Approach: But he diſtinguiſhes 
between this and the Idea of an infinite Number; 
and ſubjoins, that how clear ſoever our Idea of the 
Infinity of Number may be, there is nothing more 
evident than the Abſurdity of the actual Idea of 
an infinite Number. He likewiſe obſerves, that 
whilſt Men talk and diſpute of infinite Magni- 
tudes, as if they had as compleat and poſitive Ideas 
of them as they have of the Names they uſe for 
them, or as they have of a Yard, an Hour, or any 
other determinate Quantity, it is no Wonder, if 
the incomprehenſible Nature of the Thing they 
diſcourſe of, or reaſon about, leads them into Per- 
plexities and Contradictions, and their Minds be 
overlaid by an Object too large and mighty to be 
ſurveyed and managed by them. Mathematicians, 
indeed, abridge their Computations by the Suppo- 
fition of Infinites; but when they pretend to treat 
them on a Level with finite Quantines, they are 
ſometimes led into ſuch Doctrines as verify the 
Obſervation of this judicious Author. 

Me cannot apply to an infinite Series the com- 
mon Notion of a Sum, viz. a Collection of ſeve- 
ral particular Numbers, that are joined and added 
together, one after another; for this ſuppoſes, that 
theſe Particulars .are all known and 3 


whereas, the Terms of an infinite Series cannot be 


all ſeparately aſſigned, there being no End in the 
Numeration of its Parts, and therefore it can have 
no Sum in this Senſe. But again, conſider, that 
the Idea of an infinite Series conſiſts of two Parts, 
vi. the Idea of ſomething poſitive and deter- 
mined, in ſo far as we conceive the Series to be 
actually carried on; and the Idea of an inex- . 
hauſtible Remainder oe behind, or an endleſs 


Vw 
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Addition of Terms that can be made to it, one 
after another; hence we may conceive it as a Whole 
of its own Kind, and therefore may be ſaid to have 
2 real Value, whether that be determinable or not. 
Now, in ſome infinite Series, this Value is finite 
or limited, i. e. a Number is aſſignable, beyond 
which the Sum of no affignable Number of Terms 
of the Series can ever reach, nor indeed ever be 
equal to itz yet may approach to it in ſuch a Man- 
ner, as to want leſs than any aſſignable Difference; 
and this we may call the Value or Sum of the Series; 
not as being a Number found by the common Me- 
thod of Addition, but as being ſuch a Limitation 
of the Value of the Series, taken in all its infinite 
Capacity, that if it were poſſible to add them all 
one after another, the Sum would be equal to that 
Number. Again, in other Series, the Value has 
no Limitation; and we may expreſs this by ſayin 
The Sum of the Series is infinitely t; whic 
indeed ſignifies no more than that it has no deter- 
minate and aſſignable Value; and that the Series 
may be carried ſuch a Length, as its Sum, ſo far, 
ſhall be greater than any given Number. In ſhort, 
in the firſt Caſe, we affirm, there is a Sum; yet 
not a Sum taken in the common Senſe; in the 
other Caſe, we plainly deny a determinate Sum in 
any Senſe. 3 Sew _ e Rule for 
ſumming up a finite Progreſſion of a geometrit 
e lee 


* 


Term, and A the leaft, the Sum is = 11 -A. If 


1—1 
we ſuppoſe A the leſſer Extream actually decreaſed 
to o, then the Sum of the whole infinite Series 
is = For it is demotſirable, that che Sum 
of no aſſignable Number of Terms of the Series 
can ever be equal to that Quotient; and yet no 


. - 
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Number leſs. than it, is equal to the Value of 
Series. And whatever po follow n 


che Suppoſition of LL, being the true and ade- 


quate Value of . 8 taken in all its infinite 
Fas jours 6 as if the Whole were actually determined 
ed together, can never be the Occaſion of 


any aſſignable Error, in any Operation or Demon- 


ſtration, where. it is uſed in that Senſe ; becaule, if 
you ſay it exceeds that adequate Value, yet it is 
demonſtrable, that this Exceſs muſt. be leſs than 
any. aſſignable Difference, which is in Effect no 
Difference; and ſo the conſequent Error, will be in 


Effect 5 Error: For if any Error can happen 


from —— l being greater than it ought to be, to 


repreſent the compleat Value of the infinite Series, 
that Error depends upon the Exceſs of . over 


Aae pie ee, 


ſignable, that conſequent Error muſt be ſo too; 


becauſe ſtill the leſs the Exceſs is, the leſs will the 
Error be _ ee it. ie oct 
fon, v 


— the digs te Value of che infos Saile, 
But we are farther her faGabed of the Reaſonableneſs 
of this, by finding, in Fact, that a finite Quantity 
does actually convert into an infinite Series, as . 
| pears in the Caſe of infinite Decimals. E. g. + = 
6 IGG, £9c. is lainly a geometric Series in the 
Decimal Sele om r in the continual Ratio of 


10 to 1; and may very juſtly be expreſſed by an 


anfinite Series of the Reciprocals of the Powers of 
10, which is the Root of the Scale; and if 10 be 
denoted by x, will be 6x 6 *®Fr6x * 
„ 6x54, Se. er TY a 
e e „ tw 


/ 
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this Series, and find its Sum by the 8 Ex- 
preſſion, it comes to the ſame 3; for I 6x— * 
= 77, rx = io, therefore r{=453=6; and 
r—1=9, whence ey = i. By the ſame 


Artifice, uniformly carried on, may all Decimals, 
ſimple or mixed, be expreſſed, provided we aſſume 
the Co- efficients o, 1, 2, 3, 4. 3, 6, 7, 8, 9, as Occa- 
ſion ſhall require, to its proper Term in the Series; 
thus the mixt Number 830. 384, becomes 5 x + 
2% Kern 3x” * +80 i. 
The like may be done by any other Scale as well 

as the Decimal Scale, or by admitting any other 
Root beſides 10, to be the Root of our Arithme- 
tic; for the Root 10 was an arbitrary Number, 
and, at firſt, aſſumed by Chance, without any pre- 
vious Conſideration of the Nature of the Thing. 
Other Numbers, perhaps, may be aſſigned, which 
would have been more convenient, and which have 
a better Claim for being the Koot of the vulgar 
Scale of Arithmetic. The Sexagenary or Sexage- 
ſimal Scale obtains among Aſtronomers; and ex- 
preſſes all poſſible Numbers, Integers, or Fractions, 
rational or ſurd, by the Powers of bo; and certain nu- 
meral Co- efficients, not exceeding 39. Any Num- 
ber whatever, whether Integer or Fraction, may be 
made the Root of a particular Scale of Arithme- 
tic, and all conceiveable Numbers may be expreſ- 
ſed or computed by that Scale, at leaſt, by Ap- 
imation, admitting only of integral and affir- 
mati ve Co- efficients, whoſe Number (including the 
Cypher o) need not be greater than the Root. 
And it appears by the Inſtance above, that ſome 
Numbers may be expreſſed by a finite Number of 
Terms in one Scale, which in another cannot be 
expreſſed but by Approximation, or by a Progreſſion 
of Terms in inſnitum. It further appears, that a 
Number computed by any one Scale, is _ al 

| . duce 
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duced to any other Scale aſſigned, by ſubſtituting 

inſtead of the Root in one Scale, what is equiva- 

lent to it expreſſed by the Root of the other Scale. 

Thus to reduce Sexagenary Numbers to Decimals ; 

| becauſe 60, or X is =6x10; of X='6x there- 

fore X = 36#*, X =216x3, Se. by the 
Subſtitution of theſe we ſhall eaſily find the equi- 

valent Decimal Number. All vulgar Fractions, 

and mixed Numbers, are, in ſome Meaſure, the 
Expreſſions of Numbers by a 1 — Scale; 

or making the Denominator of the Fraction to be 

the Root of a new Scale; thus + is in Effect o x 3 1 
＋2 & 3 , and 8 J is the ſame as 8x 9 ＋ 3 > 
* 5 , and ſo of ee 55th 7-48 

The Co-efficients in theſe Scales are not neceſſa- 
rily confined to be affirmative integer Numbers leſs 
than the Root, (though they ſhould be ſuch, if 
we would have the Scale to be regular;) but as 
Occafion requires, they may be any Numbers what- 
Toever, affirmative or negative, Integers or Frac- 
tions. And, indeed, they generally come out pro- 
miſcuouſly in the Solution of Problems. Nor is it 
neceſſary, that the Indices of the Powers ſhould be 
always integral Numbers; but may be any regular 
arithmetical Progreſſion whatever; and the Powers 
themſelves either rational or irrational. For, ſup- 
poſing the Root of the Scale to be an indefinite or 
general Number, repreſented by & or 5, &c. and 
aſſuming the general Co- efficients a, 6b, e, d, &c. 
which are Integers or Fractions, affirmative or ne- 
gative, as it may 1; we may form ſuch 

a Series us this, a Pe Or SRI -- 
+ ex*; which will repreſent ſome certain Number 
expreſſed by the Scale, whoſe Root is x. If ſuch 

a Number proceeds in inſinitum, then it is truly and 
properly called an infinite or converging Series; 

.x being then ſuppoſed greater than Unity. Such, 
for Example, is Y / ee 5 


56. 
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Sc. And it may have any deſcending arithmeti- 
cal Progreſſion for its Indices, weld + 
x2 S873, Ir... - 

And thus we have been led by proper Grade 
tions, that is, by arguing from what is well known 
and commonly received, viz. the Doctrine of de- 
cimal Fractions ; to what before appeared to be 
difficult and obſcure, viz. the Knowledge of an 
univerſal or infinite Series. The great Similitude 
between the Nature and Operations of them, occa- 
ſions the former to be a convenient Illuſtration of 
the latter; for the chief Difference between theſe 
infinite Series's in decimal Arithmetic, and thoſe 
in the literal or ſpecious, is, that in the former 
there is only one Scale or Progreſſion of Terms, 
which varies in a decuple Ratio; and the Co- effi- 
cients are all poſitive Integers below 10 3 Whereas, 
in the latter, which is of a more general and inde- 
finite Nature, the Scales or. Progreſſions ma 4 
infinitely varied, in a decuple, or any other 
whatever; and the numeral Co- effcients may = 
any Numbers integral or fractional, poſitive or ne- 
gative, .25-hath been before obſe It is like- 
wiſe evident, that the Operations in decimal Arith- 
metic, by which the Quotient or Quantity ſought 
is diſcovered, correſpond to the Operations relating 
£0-.1nfinite- Series in ſpecious Arithmetic; in this 
| ReſpeR, that every new Step af the Operation, in 
both Caſes, by which the conſtituent. Parts of the 
Quotient are. found, makes as great an Advance 
towards the Supply of what the Quotient is yet 
deficient; as the Nature of the Progreſſion will ad- 
mit. But all general Series, which are commonly 
the Reſult in the higher Problems, muſt paſs by 
Subſtitution to lar Scales. or Series; and 
theſe, when ap ied to Practice, muſt have their 
indefinite and rminate Characters, in order to 
be finally redueed to the Decimal Scale, And te 


* 


Reduction to — Scales, and laſt of all to 
the common Decimal Scale, is almoſt the Whole 
abſtruſer Parts of Analytics. WEE 
Our having dwelt ſo long upon the Nature of 
Series's here, will have its Uſe, by contracting what 
is hereafter to be ſaid, when we come to treat of 
Sir Iſaac Newton's analytical Improvements, which 
were the Keys of his Operations in the ſublime. 
$@ much for Dr. Wallis. The next Promoter 

of Geometry, with reſpe& to Time, among our 
Countrymen, was Dr. Barrow, a Man'of a pene- 


trating Genius, and very indefatigable: He had 


amaſſed a large Magazine of Learning; and his 
eral Character was, that whatever Subject he 
treated on, he exhauſted : He was a perfect Maſter 
of the ancient Geometry ; and has obliged us with 
compendious, yet clear Demonſtrations of what is 
left of the geometrical Writings of Zuclid, Archi- 
- medes, Apollonius, and Theodofius. But the Advances 
he made in curve-lined Geometry, his own parti- - 
cular Improvements, are contained in his 22 
He begins with treating on the Generation of Mag- 
nitude, which comprehends the Original of mathe- 
matical Hypotheſes. Magnitude may be produced 
various Ways, or conceived ſo to be; but the pri- 
mary and chief among them is that performed by 
Local Motion, which all of them - muſt in ſome 
Sort ſuppoſe ; becauſe, without Motion, nothing 
can be generated or produced: So true is Ariftotle's 
Axiom, viz. He that is ignorant of Motion, is 
neceſſarily ignorant of Nature. What Mathema- 
ticians chiefly conſider in Motion are theſe two 
Properties, viz. The Mode of Lation, or Manner 
of Bearing; and the tity of the motive Force. 
From theſe Springs the Differences of Motions 
How ; but becauſe the Quantity of motive Force 
83 5 | can- 
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cannot be known without Time, the Doctor gives 
a long metaphyſical Account of the Nature 

Time; which he defines to be, abſtractedly, The 
Capacity or Poſſibility of the Continuance of any Thing 
in its own Being. Towards the latter End whereof, 
he agrees with Ariſtotle, that we not only meaſure 
Motion by Time, but alſo Time by Motion; be- 
cauſe they determine each other : For in like Man- 
ner as we firſt of all meaſure a Space by ſome 
Magnitude, and declare it is fo much; and after- 
wards, by -Means of this Space, compute other 
Magnitudes correſpondent with it: So we firſt aſ- 
ſume Time from ſome Motion, and afterwards 
judge thence of other Motions ; which, in Reality, 
is no more than comparing ſome Motions with 
others, by the Aſſiſtance of Time; juſt as we in- 
veſtigate the Ratio's of Magnitude by the Help of 
ſome Space. E. g. He who computes the Propor- 
tion of Motion by the Proportion of Time, 5 
no more than get the ſaid Ratio of Motions from 
Clocks, Dials, or from the Proportion of ſolar 
Motions in the ſame Time. Again, becauſe Time 
is a Quantity uniformly extended, all whoſe Parts 
correſpond, either proportionally to the reſpective 
Parts of an equal Motion, or to the Parts of 
Spaces moved through with an unequal Motion; 
it may therefore be very aptly repreſented to our 
Minds, by any Magnitude alike in all its Parts; 
and eſpecially the moſt ſimple ones, ſuch as a ſtrait 
or circular Line; between which and Time there 
happens to be much Likeneſs and Analogy: For 
as Time conſiſts of Parts altogether ſimilar, it is 
reaſonable to conſider it as a Quantity endowed 
with one Dimenſion only; whether we imagine it 
to be made as it were, either of the ſimple 
Addition of riſing Moments, or of the continual 
Flux of one Moment; and for that Reaſon aſcribe 


only Length to it, and determing its ETOP 
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the Length of a Line paſſed over. As a Line is 
looked on to be the Trace of a Point moving for- 
ward, being in ſome Sort diviſible by a Point, and. 
may be divided by Motion one Way, viz. as to 
Length; ſo Time may be conceived as the Trace. 
of a Moment continually flowing; having ſome. 
Kind of Diviſibility from an Inſtant, and from a 
ſucceſſive Flux, inaſmuch, as it can be divided 
ſome Way or other. And like as the Quantity of 
a Line conſiſts of but one Length following the 
Motion, ſo the Quantity of Time purſues but one 
Succeſſion ſtretched out, as it were, in Lengrh ; 
which the Length of the Space moved over, ſhews 
and determines. Time may therefore always be 
expreſſed by a right Line; firſt, indeed, taken or 
laid down at Pleaſure ; but whoſe Parts will ex- 
atly anſwer to the proportionable Parts of Time, 
as its Points do the reſpective Inſtants of Time, 
and will aptly. ſerve to repreſent them. | 

The Doctor next proceeds to the effective Force 
of Time, being the ſame as what he before called 
the Motive Force by which Magnitudes are gene- 
rated. He conſiders this as a Kind of Quantity, 
capable of Computation, like other Quantities: 
For it is plain Experience, that when two 
moveable Bodies depart from the ſame Place along 
the ſame Line, the one moves a greater Space than 
the other in the ſame Time; the Reaſon of which 
can only be this, that that Body which moves 
ſwifteſt, is acted upon by a greater Force or mo- 
tive Power; this Force therefore admitting of 
greater and leſſer Modifications, may be juſtly con- 
ceived as diviſible into any infinite or indefinite 
Parts; the leaſt of which is called Reſt, or the 
loweſt Degree of Velocity: Conſidering therefore 
the Thing abſolutely, in order to repreſent the 
Quantity of this Force juſtly to the Mind, we need 
only lay down ſome regular Magnitude in its Stead. 
De | D 
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As a right Line is the moſt ſimple and perſpicuous 
of any, it is therefore the fitteſt to repreſent any 
Degree thereof. When this Force comes under a 
mathematical Conſideration, it is called Velocity; 
which is defined to be That Power by which a 
moveable Body can paſs over a given Space in a given 
Time; whence it follows, that every particular Quan- 
tity of any Velocity cannot be known, neither by 
the Space moved through only, nor by the Time. 
ſingly, but may be found by Calculation from the 
Quantity of Space and Time together; as on the 
contrary, the Quantity of Time may be obtained 
from the Quantity of the Space and Velocity to- 
gether : Nor does the Quantity of Space (ſo far as 
it can be known this Way by Motion) depend 
wholly upon the Quantity of a definite Velocity, 
or upon any aſſigned Time, but upon the conjoint 
Ratio of both. The Quantity of Space is found 
after the ſame Manner as we do that of a Super- 
ficies, by its Dimenſions; but the Quantities of 
Velocity and Time are found exactly after the ſame 
Manner as when a Superficies and one of its Di- 
menſions are given, we thereby find the other: 
For to every Moment of Time there anſwers ſome 
Degree of Velocity, which a moveable Body is 
then conceived to have; to which Degree ſome 
Length of the Space moved over anſwers. When 
Time flows equally, it will be moſt aptly repre- 
ſented by a right Line; and the ſeveral Degrees of 
Velocity, whether — 25 or unequal in each Inſtant, 
may be alſo expreſſed by right Lines; and becauſe 
theſe Degrees of Velocity do in every Moment of 
Time paſs over one another independently, and 
without Mixture; therefore, if right Lines parallel 
to each other, and horizontal, be drawn through 
all the Points of the perpendicular Line repreſent- 
ing the Time, the plain Superficies thence reſult- 
ing, will exactly repreſent the Aggregate of _=— | 
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Degrees of Velocity; which Superficies having its 


Parts proportionable to the reſpective Parts of the 
Space moved through, may very well repreſent. 
that Space. If the Velocities anſwering to each. 
Inftant of Time are equal, this Superficies will be 
a Parallelogram; if unequal, a Triangle: From the 
Properties of the former Figure are deduced all the 
Theorems of equable and uniform Motion; and 
from the latter, all thoſe which concern equally, 
accelerated Motion. Moreover, if the Degrees of 
Velocity, in a continual Succeſſion from Reſt, 
throughout every Inſtant of Time, to a given De- 
gree, be conceived” to increaſe to it, or decreaſe 
from thence to Reſt, in the Progreſſion of the ſquare 
Numbers, the aggregatical Velocity, as well as the 
Space moved through, may moſt conveniently be 
repreſented by the Semiparabolaz whoſe Vertex 
denotes Reſt, the ſeveral equal Parts of the Abſciſs, 
the given equal Times, and the Ordinates, the re- 
ſpective Degrees of Velocity, from a well known 
Property of the Parabola. In like Manner, any ſup- 
poſed Degrees of Velocity, any how increaſing or de- 
creaſing continually, or interruptedly after any ima- 
ginable Way, may be truly and conveniently ex 
preſſed by right Lines applied to that repreſenting 
the Time, keeping whatever Proportion any one is 
leaſed to aſſign; fo that knowing from thence the 
eaſure of the: repreſeritative Space, the Quantity 
of Space moved-through will be eaſily had, and 
the contrary; 0 at; 1s eaſy to deduce Theorems, 
if any one knows rightly.and congruouſly how to 
reduce Quantities of any Kind ſoever, ſubject to 
his Contemplation, to analogous Magnitudes. 
Perhaps, this dry Account of theſe metaphyſical 
Subjects may ſeem tedious ;. but if it be conſidered, 
that hereupon are founded the Theories of the De- 
ſcent of heavy Bodies, of Pendulums, and of Pro- 
ctil 35 590 which to geometrical 2 
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Demonſtrations raiſed the famous Galileo to ſo high a 
Reputation, that he was ſaid to haye added two new 
Sciences to the Mathematics ; and when we further 
conſider, that the Doctrine of Fluxions is compri- 
ſed in two mechanical Problems, and that Mecha- 
nics, or the Doctrine of Motion, depends upon 
Computation of the Quantities of Time, Veloci- 
ties, and Forces, it will then appear, that theſe 

pp Fluxions, and 
that it cannot be Time ill ſpent to conſider their 


Nature abſtractedly; unleſs we could be content 


to know the Manner of operating by them only, 
without contemplating the Reafon of them in 
Theory, and knowing whether ef are "OY; 18 
entific or no. 
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In like Manner an indefinite Number of Points 
may be found ; through which, if a Curve Line 


be ſuppoſed drawn, it will comprehend a 8 
called an Elte. 8 4 wy 


S 


„ re ves 


. The Points H and K are called the Foci. 
2. A Diameter is a right Line which paſſes 
through C, the Middle of AB, and biſects all 
Lines within the Curve, that are lel to the 
Tangent touching its Vertex, and the Lines ſo bi- 
ſected are called Ordinates to that Diameter; ſo 
F is a Diameter; XO g OZ are Ordinates, being 
llel to the Tangent touching the * in F, 

the Vertex of the Diameter, 3 8 


3. The Point of Interſe&tion C, of all the Dia- 
meters, is called the Center. > 
4. That Diameter on which the Ordinates ſtand 
at right Angles, is called the tranſverſe Axe, as 
AB; ot that which paſſes through the Center, 
cutting it at * — is called the conjugate 
Axe, as ED 
5. The Point, There the U interſect 
alle che ae of nnen 


1 8 FH 
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6. The Segment of the Diameter, intercepted 0 
between the Vertex and the Point of Application, 
is called the Abſciſſa; as FO, OY; or BG, AG. 


PROPOSITION 1 


A=. the Square of any Ordinate to the ES. 
Axe is to the Rectangle of the Abſciſſas which it 
divides, ſo is the Square of the  Conugate to the 
Square of the tranſverſe Axe. 


EF. 


DxzMONSTRATION. | 

Let Ac, CE=c, KC=3, CG=s, FG 
=y, and z equal to the Difference. between the 
Line KF and the Semi-tranſverſe Axe AC; then 

KH = 2, KGS, and GH =x—5 or 
3 —x, according as the Point G falls on this or 
that Side the Focus H; alſo, by the Geneſis, KF 
Sz and FH =. - z; whence (by Eu. 47. 1.) 
HF = HG* +GF*; or- 2 T 
anale and KF? = KG* + GF?; 7 
150 r 
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or 1 TaLͤ T H zT ＋ 1 
hence, the former of theſe Equations taken from 


the latter gives, 412 4M; therefore 2 
22 7 which being ſubſtituted in Place of 


E i either of the foregoing Equations, there will 
come out r x* =#* b* + 7? „* +12 g's 
but þ* =#* —c?, by the Geneſis; therefore 7 
xc ti which reduced to an Analogy, gives y 2, 
PIO t that is, FG* : AG x GB 
2: BE: AB*.. QE. D. 

COROLLARY. 


Let any Abſciſſa be x, and its Ordinate y, the 


tranſverſe Axis 1, and the Conjugate c; (which 
Symbols repreſent the ſame Things in all the fol- 


lowing 9 then by this Theorem, 
#*1 *:: AM :59*;O0rtf* y* (c t — cr; 
which generally is called the Equation of the 


— DzF1N1TION. 


A third Proportional to the tranſverſe and con- 
jugate Axis, is called the Parameter of the Axe; 
that is, if for the Parameter be put p, then c 
220: 3; therefore ?p=c*. 


Pxorosrrion II. 


As the tranſverſe Axe, is to its Parameter, ſo i is : 
the Rectangle of any two Abſciſſas, to the — 


of the Ordinate which divides them, ka 
E- 
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DEMONSTRATION. 


By the Definition of the Parameter i242 c?, 
and by putting tp in the Equation of the Curve 
for c, a new Equation of the Curve will be pro- 


duced in Terms of the Parameter, c. viz. ty* 
= inn %, - xx -x; therefore 


t:p:t—xxx:59*, Q. E. D. 


en 


As the Rectangle of any two Abſciſſas, is to the 
Square of the Ordinate which divides them, ſo is 
the Rectangle of any other two Abſciſſas, to the 
Square of the Ordinate which divides them. For 


2 this * XxX y 121: p:: TN xX: 


n 


The tranſverſe Axe into one fourth of its Pa- 
rameter, is equal to the Rectangle of the greateſt 
and leaſt Diſtance of either Focus from the Vertex; 
that is, + Px AB wAH x HB =BK x KA. & 


DEMONSTRATION. 5 

Let HB=g, then HA g, and CH=2}=q: 
But HE * SHE, that is, 17 24 
7 2＋ 45 ＋ or Tg e 711 ot 
+pxAB=AHxHB. QE. D. 3 


\ | th . 
E. Co- 


24 Me MATHEMATICIAN. 
CoRroOLLARY. 

The ſemi-conj jugate Axe, is a mean Proportional 
between the greateſt and leaſt Diſtance of either 
Focus from the Vertexes: For ſince T—qxq= 
; therefore t—g:3c:$c:9; — AH: CD 
220 D: HB. 


PRO POSITION IV. 


The Parameter of the Axe, is double the Ordi- 
nate applied to the Focus. 


D IMO T AAT Ion. 
Let the focal Diſtance be g, and the Ordinate 
pabing._ the through the Focus y; then 9 2.) 
$:p3:i—qxq:3*; but (by Prop. 3.) F—qxq= 
213 therefore :: P:: 12˙tt 2 27 and 17 
Si or pr. QE. D. 5 
8 | W 
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PrxoroSITION „ 


The Diſtance between the Foci, is a mean 
Proportional between the Sum and Difference of 
the Tranſverſe and conjugate Axe; that 1 is, 3 
DE : KH:: KH: AB—DE. 


DzMONSTRATION. 


For KH put 4; then KD* — The N., chat 
is, 42˙— — 4c =40*; or * =*; therefore 
te: bt 522-4 or AB DE. : KH: KH: 
AB DE. QE. P. 75 


Pr0P0s1T10N VI. 


A fourth Proportional to the Ca Tran: a 
verſe, and any Ordinate, is equal to a mean 
Proportional between the Abſciſſas of that Ordi- 


nate. 
55 es gs Sad 

Let the fourth Proportional be b; then c: 7 
y: b; therefore 3=2; but (by Prop. 1.)#* To 
:: T XN Se ( E 28. 6) fic 


75 . and e 


oz D. 


Prxoposr Tron VII. 


men En ER 


. between the tranſyerſe Axe, and the Dif- 
E 2 ference 


56 The MATHEMATICIAN. 
ference of the tranſverſe Axe and the Parameter; 
that 1 * 2 4 Ki : Ki KH: AB . 


Duos ra 10 w. 

Becauſe 5. C · KC*; that is, 47. — 
4c*=46*, or t-; but pr=c*; there- 
fore 25 ps, and 2: 52251 9 or, AB: 
KH: KI AB—LR. QED. a 


#4 
Prorosztion VIII. 


As the ho of any Ordinate, is to the Reck 
angle of the Abſciſſas, ſo is the Square of the 
Conjugate, to the Square of the Conjugate added 
to the Square of the Diſtance of the e Foct ; that 


is, FG*:; AG x GB:: EB. ED* wh KH. 


DuEMONSTRAT10 . 


Becauſe . Nc. CE-, that is, 17¹ 
1514. 3 Or 7 4 + '3 but (by Prop. 1.) 


tht 


Fx [—ax#52es: le . or, FO. AG x 
on:: EB. ED* + NZ. Sk. p. 


ITY Pxoros1T ION IX. 

As the Square of any Ordinate, is to the Reftan- 
gle of its Abſciſſa into the Parameter, ſo is the 
Differenee between the Square of the conjugate 
Axe, and the Rectangle of the Abſciſſa into the 
Parameter, to the Square? of the conjugate Axe 
9 FG*:BGxLR*! {ED*—BG xLR: EPDP. 
N D B= 
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| 1 
DEMONSTRATION. | 


From the Egon of the Curve, fo 17355 by 


— u but 7 == ; therefore, by Subſtirution, 


4 a 

2 and c 79 =e px - 153 
Pp Pr 5-1 | 

that is, y* : px eo gt —px: cf, or, FG. BG x 


LR - ED* — BGxLRABIY. QED. 


Po nia X. 


As the Square of the conjugate Axe, is to the 
Square of the tranſverſe Axe, ſo 1 is the Rectangle 

of any two Abſciſſas of the conjugate Axe, to the 
Square of the Ordinate which divides them ; that 


is, DE*: A *:: DbxEb: Fb. 


— 


ll” 


DEMONSTRATION, 


Let E r and Fh=y; then (by Prop. 1.) 


AB* : EP ;: AGB FG*; but (by Ev. 5. 2) 
AG x GB = CB. — Fb, and Che = FG*=TE* | 


| —DbxEb; therefore, by Subſtitution, AB*: 


FD* :: BC. F;: . — Db x Bb; that is, 


G :: T —$* 14 *'= cx + which redu- 


cedꝰ to an Equation, produces c* y* = #8 cx — 


t* x*; that is, 4: 1:7 =* 575 b 5E. 


IB: DEU. FD. QE. D. 
D x- 
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Dzr1NnN1TION. 


A third Proportional to the Conjugate and tranſ- 
verſe Axe, is a Parameter to the conjugate Axe; 
that is, 2. being put for the Parameter, : f: f: 
Ls therefore cp = 7*. 


ProPosITION » 4 


As the conjugate Axe, is to its Parameter, ſo is 
the Rectangle of any two Abſciſſas of the conju- 
gate Axe, to the * of the Ordinate 1 di- 


vides them. 


DzmMonSTRATION. 


3 Boe: *y in the laſt Equation, put its Equal P3 
1 cy* =epx —Px*1 that is, : Pite—x 
9 QE. D. | 


ProrosITION XII. 


As the Square of any Ordinate of the Conjugate, 
is to the Rectangle of the Abſcifſas which it di- 
* 81 o is the Sum of the Squares of the Diſtance 
of the Foci, and the conjugare Axe, to the . 


. of the comiugate AXE. 
eth- 34 DEN titration, 
/ Byte eepth Prop ers Uf Ng e 


(by Eu. 47: .) 1* =b* He“; therefore, by Sub- 


FD: Db x Eb :: NH- +ED* E 2 D. 
| | | PR o- 
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PROPOSITION XIII. 


In any Tangent to the Ellipſe, if, from the 
Point of Contact. an Ordinate be drawn to the 
Axe, and the Tangent continued meet the Axe 
produced, then it will be, as the Diſtance (in the 
Axe) between the Center and the Ordinate, is to 
the Abſciſſa of that Ordinate, ſo is the Remainder 
of the Axe, to (the Diſtance between the Ordinate 
and the Interſection of the Tangent with the Axe; 
that 255 the n viz. CG: GB:: A8: GT. 


L 
 DzMoONnNSTRATION. 

Let FP, an indefinitely ſmall Part of the Curve, 
be continued to meet the Axe produced in T; draw 
the Ordinate FG, and parallel to it pq; draw alſo 
Fr parallel to the Axe, and for Fr put , pr, u, 
and BT, a; then is Bq=x-tn, Ag = t-, 
pn, and GT=a+x; but, by ſimilar 


Triangles, pr: Fr:: FG: GT; that is, 1:2 
514 ＋ x; therefore 12. 42 ＋ x, 1 
2.) g: 0 e aakteds % n 
n'; alſo, .::: —x*:y*; therefore pt x — 
a * 
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px*Fptn—2pnx=ty*+2tmy, and 215 
pt - px'; conſequently p —px*+pin— 


2pnx —2tmy=ty*=ptx -&; or, 51 — 


ey r 
2 21. and therefore 
ke roi 2207 $7 ee ES, as = 


m PI—20x mw 2 EAT 
(becauſe by the ſecond. Prop. 7x — * = hy 


21x —2x* tx—x* 


- therefore 1 — &: : 


4 — 2Kͤ«K 21 — K 
t—x:x+a; or, CG: GB:: AG: GT. 
QE. D. 


Pa or os frTIoN XIV. 


As the Diſtance from the Center to the Ordi- 
nate drawn from the Point of Contact, is to half 
the tranſverſe Axe, ſo is half the tranſverſe Axe, 
to the Diſtance from the Center to the Concurring 
of the Tangent with the Axe produced; that is, 
CG: CB::CB:CT. 


| DzmMonsSTRATION. 
Becauſe, CT = CG GT, and CT 17 ＋a, 
CG &; whence (by Prop. 13.) GT = 


S 60. ' 11 
phe PREG 3 therefore 1 LEA 1 „„ - 
11 —xX 4 — 


25 


= x emmy that is, 1 $40 $1: 11143 
ner. QED. 
PF | Pa 0- 


1 6 
. SS IRIS... SSS 


a — 


PrRoyOSITION XV. 


As the Diſtance. from the Center to the Ordinate 
drawn from the Point of Contact, is to half the 
Tranſverſe, ſo is the Abſciſſa of that Ordinate, to 
the external Part of the Tranſverſe; that is, CG: 
CB: 2 GB : BI. 


 Donepesviceiud 


By Prop. 14. 4:8 = 7a; therefore 4 7 


ei ar 7 25 and 9 — ; that 
— X 


| is, 4 1—#: 272221 a; or, CG: CB:: GB: BT 
Q. E. D. 


PRO TOS IT IO XVI, 


As the Diſtance from the Center to the Ordi- 
nate drawn from Point of the Contact, is to half 
the tranſverſe Axe, ſo is the greater Abſciſſa of 
that Ordinate, to the tranſverſe Axe added to the 
external Part; that is, CG: CB A AT. 


DzxonsTRATION, i 
2 
By the 13, r n bed * 


21 in YES =, 
2 1—« 27— 


<1 His or, CG: en ab; Ar. QED. 


* p : * 15 . * 
* 8 . Ss 
nw * ' Ss 4287 : 1 0 ta 
+ WS: 4 9 Mg 
F | P 0 
i * 


% 1 17 
4 
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4 7 8 


— ́ꝙ —— — — — — on Soar — 


_— 


| 
| 
i 


82 The MAT HEMATICIAN. 


Pror0s1TI1ON; XVII. 


As the greater Abſciſſa of the Ordinate drawn 
from the Point of Contact, is to the Sum of the 
Tranſverſe and external Part, ſo is the leſs Abſciſſa 
of that Ordinate, to the external rk 1 =o 
AG: AT:: BG: BT. | 


DEMONSTRATION. 8 
„By the 15, 1 — 717 16, and by the. 16, 
1 K* 2 Le :- : therefore, by Equa- 
lity, — 2 TEE a; or, AG: AT :: BG 
8 ee + £ 


PrzoeoSITION XVIII. 


As the Diſtance from the Center to the Concur- 
ring of the Tangent, is to half the Tranſverſe, ſo 
is the external Part, to the Abſciſſa of the Ordi- 
nate drawn from the Point of e ; Gig i, 
GT CB 3 BT: BG. 


Den e 0 
By the 15, 2 4 = * + xa; "therefore a = = 
ad, 2 and 1:17 42A or, CT. CB: 5 


Ti 
BT: BG, - 


— 5a es a 


1 K. . 
2 4 142 


= half the Tranſverſe added to che 3 


uh, is to the TREES added to the 2 
art, 
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Part, ſo is the external Part, to the Subrangen ; 
A n n BT ITGT.„ 2 0 


. z 


FI 5 1 S 3 
. D I Tu Pf 0 N — Sh EY + 
| z if 1 10 *. 


gd 
wo 
2 


7 * 
; A 5 
e 1 


By t the ts, e therefore TK 


AS. * 5 4 T A 10 29 3 
745 Ont 


r TI f nd tra: i+8:3s 


1x 2% * 91 2 © 


2 La; on CT: AT: : BT : GT. E. D. 


Steno I to ve A 507 mt IO > 
-ouO 5 1 Q3 1 La FL ei n heres * re 59 $6.4 17 
N Hag P:1-0 2057 To XX. 2 to 7215 
ve, te 1 171 ert „Mani £1.90 F< (9473 5; I? dp: . 


- As the greater Abſciſſa of che Ordinate n 

from the Point of Contact, is to half the Tranſ- 
verſe, ſo is the n to the al r ; 
that is, AG: CB: : GT: BT. 


LOTT A & T 2 OM, x { 


DeMonsrT RAT 10% üâ/ 


7 
* * #7 : 7 * 4 
7 } Dffs £ iy : * 14 


N 


| * Hy he 155 147 eee (= 


'q 
1 4 Lens and tei 
e od 0 *. 

<Q EFT 9 wb 


N 
* 


ar 


g e XXI. 

161 0 0 

As the Tranfyerſe added to the external Pars is 
to half the Tranſverſe; ſo is che St N 
e ny 6 egg! wn 


£ {4 you Om 


® £4% 5 gt F 2 D E 


|| 
| 


| 
| 
| 
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| Dao ior is n 


By the 18, . e; Warn 


Lip . e and erte; S 


1 or, AT : chr. GB. Ak. D. 


. 
Preres irie XXII. 5 


G | 1212 la 
The Grate drawn Von the Point of * 
divided by the Subtangent, is equal to the Quo- 
tient of the Diſtance between the Center and that 
Ordinate divided by that Ordinate, multiplied by 
the Parameter divided by the * 21 rhat 
1/GF » e 2 Denno To wind nit med 
is, TT Mas. 3 0 222 nc. 123 „ Of a b 


: s * ; * L 1 * 1 os. 
* A "+1 * a LK. 9 * * of * * ** * * „ „„ 


DPuον ff ˙οn. 
By che 13, * — * ,, and (by 


Prop. 2.) -t : Þ $3 48 — * 77 = X +a 
TA therefore 75 =p XEFDIX FER, whieh 


being divided by 5 a x 1, it produces += . 
— 41 3 ; 
2 —— 4. QE D. 


Peres 10 * n 


Nr 
> A of: the Tranſverſe; and fram the Center, meet- 
ing any Tangent, and alſo if from the Point of 
20 2 1 Con- 


e MATHEMATICIAN: 35 
Contact be drawn an Ordinate, theſe four Lines 
vill be mn that i, 405 CP: BG 


_ 
' - 1 3 we > Sg GP o S W% 


By the 19, TA: TOA TG: TB; thereforg 
g pag —_ Joke r GE 


XJ ibn - 0 
f . c 4 as We > VA! 1 1. Dam Dy 8575 

| Jn 15 0 D105 

don nc R. £05 to dea 5 

; J 254 + 


ih prefer ron N. 


1 8 be drawn from the * 
ties of the Tranſverſe, meeting any Tangent; 
then the Rectangle of theſe Perpendiculars, will be 
equal to the Rectangle of the greateſt and leaſt 


Diſtance of either of the Foci from the Vertices : 


that is, Wa =BK x AK. 


DzamonsTRATION. 


Let BQ=m AO =, and AK = BH fi 
then, by ſimilar Triangles, f 722tö :: 


__ 


> — ey he Leena 
. — — c ˙ emer re nn ny OOO — 


$6 9 MATHEMATICIAN> 
(by Prop. 26.) iat and 55: 121 
a Au 2: (by Prop. 21.) 37: x; therefore. 


. and 2 = == hence, if the * Sides 


of the two Bhi be multiplied bye other, 
; therefore, mn: n * 
7: (by ver pert 7 725 UL LES 8 


er : AT: 4 5 262M ALD £1 506 vÞ 


AE bst Maren lc? 4% Sudrnls*o#-; 
Circle, as AB, the Perpendiculars AD, BC be 
erected meeting the Periphery in the Points D, C; 
and from theſe Points to the oppoſite Extremities, 
B and A, of that Subtenſe, We two right 
Lines DB and CA, they will interſect each other 
in (O) the Sirele's Genter; thraughavhich, alſo, 
if a right Line be drawn any how, it will make 
tho atteriard Segments of the Nee e e 
mens ne ni r un e 967 Ty 2575 
oc How awliniba: 2: 15. 25 lo ige n nach 


He: F # n 1518 . FF +1 2151 G3 — ge, 
F Sn 73 4 * any 11064 $2 # i af — Rick 
"A x 14 2 x { ts 
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* 

K 1 ; 1 My 7 i 28 . 343 Ho 
5 cy 0 * 

HUEY Dre . 2 

54 ; — $70 38 q 


By Hypotheſis the Angles B and A are rigbt 3 
therefore (by Eu. 31. 3.) BD and AC are Diamwd 
ters, and conſequently the Point of Interſectian 
the Center of the Circle ; but the Triangles OPD) 
OQB are ſimilar ; therefore BO : 0; DO : DP, 
and conſequenty, ſince BOS DO n DP. 


Q. E. D. 2 L f - * e Fo 1 
I 1 1 3 S 1 4 4 4 I 


Pnordaurion ine. 2 7 

If from the Interſections (P, S] of a 9 
whoſe Diameter is the tranſverſe Axe, with any 
Tangent, Perpendiculars Pk, Ss be drawn, they 
will cut the tranſverſe Axe in the: facal Teint 
that is, the Points &, þ coincide with K, H. 


DAs TRATION, | 
- The e Triangles TBQ, ATO are ſimilar to the 


# "of 


Triangle TY "TR each en a right nd 


«#.Þ% 4 5 : 
1 1 
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and the Angle T common; therefore AO : Pk 
$: Sh: BQ, and AO x BQ = Pk x Sh = (by the 
precedent Lemma) Pk x kt; or, br x Sh = (by 
Ex. 35. 3.) Ak x Bk, or Bbx Ah; but AO x 
BQ= A+xBK or AH x HB (by Prop. 24.) ; 
therefore the Points H, + and K, & are coincident. 
4 COROLLARY. . 

It is manifeſt that, K Px HS = 4 pt ; becauſe 
KPxHS=—= AK x BK =?—9 x q=(by Prop. 3.) 
251 n 


PROC IT Io XXVI. 


If to any Point of the Curve right Lines be 
drawn from the Foci, and one of the Lines be 
continued; then a right Line biſecting the external 
Angle, will touch the Curve in the angular Point. 


0 


DEMONSTRNAT TON. 


Take FX = FH; then (becauſe by Hypotheſis, 
the Angle TFX = HFT) if you take any Point 
S. in the Line FT; HS = SX (by; Eu. 4. 1.). 
Draw KS; then KS + SX = KS + HS is greater 
than KX; or its Equal AB, and therefore the Point, 
S, is without the Curve; for if it were in the 

Curve KS+HS (by the Geneſis) = AB. 
| . 


the MATHEMATICIAN. 2 


P-z0p081Tron XXVII. 


Lines drawn from the'Foci to the Point of Con- 
eat, make equal Angle with the Tagge. 


A w © 


4 


Dpponsruar 22 


By the precedent FRE, the Angle HFT = 
F (by Eu. IG Sogn yea * 25 


Prorotinieon XXVIE. 588 


A right Line perpendicular to the ee at 
this Point of Contact, biſe&s the Angle formed by 
Lines drawn from the Foci to the ſame Point; 
that is, if FV be perpendicular co OT; then the 
Angle KF 1 = HFY. | 


I . © bk 


DEMONSTRATION. 


* £5 


The Angle PFY = TFY, by Hyporheſis, fro 
which if there be taken the Angie KFPS HFS 
E. 15. 27.) there" woe, remain "ihe 5 KFT 


5 r 
3 


\Pagronyr row XXX.” „ 


oY on the Tang nt, at the Point of Contatyia 
Perpendicular be drawn meeting the Axe, it will 
divide the Diſtance between the Foci, in the ſame 
Proportion, as Lines drawn from the Foci to the 


ſame kind 9 FK: FH". 17 9 * 
2 AS Ys 


- . 8 
e — 
a P-545#Fi&&# 7 4 4 


* 
Q 
1 


_ D#- 


go Tie MATHEMATICIAN; 


DEMO T NATION. 


nds Triangle HK, the Angle Ty Her | 
ro _—_ " } 
KY AY. : QE. * 1 


ProPosrTION XAT. 


If, on the Tangent, ar the Point of Cong a 
Perpendicular be drawn, and if, from the Point 


3 — Perpendicular meets the Axe, Lines be 
3 lar, to 5 4210 flom the Foci 


aj” Contact; then the ey Ho * 


Lines, from the Point of Contact, to 
diculars, will be equal to balf the Parameter 
the Axe ; that is, Fq=Fr= . 


eie eee 


From the Points 8, P, where à Circle on the 
Tranſverſe cuts the Tangęnt, draw the I. hah SH, 
PK to the Foci, which will be 2 eng rp 
PT, by 28. and conſequently parallel, to F. 
continue KF, HS, till they concur in X; 238 
KX =I, and HX=2HS by the 26. and be- 


cauſe the ngles K F, KPF ar ſpectivel 
ſimilar 8 Trian gles KXH, BY; PER 
RX: HX; FK: EY : «KP: 2 55 Xx Fg 
= HNXX KP; ge 1H xXx Fa = a 
-chat 5s, 1 KKK Sx F= (oy Prop. HE 
-$'pt ; therefore TELLS by 5 7 2 


Angle Y Fq = X Fr, Fr = 
Fg; therefore Fq=F 7 = 


Ti 0 be continued. 


* 


0¹ 4 of ly 1 oingime uu ent 5 1633 


' I * "+ : 5 7 me 
540 «4 9 ; 4 ' : 2 & : + : *% * 7 83 So 4 2 7 | + > 3 
1 22 5 ET, * * : 3 1 43 1 _ 4 * 7 1 # .# 


, 
| * * 


E. 2 Waterman; ay wif be 


ie Number of Perſons taken in 
a N F by che Way, and — ＋ 18 the 
Pence? they paid} | J half of which divided by *% 
will be 4 2 whateach of the firſt Perſons guned, 

by ue of thoſe taken in afterwards, which by 


the Conditions of the P roblem 11 therefore 


* 


— nee — Car 


—— k»c— — ——— A wr DA es — ̃́ —ꝑ—— — — 


. ² » NESS PANOOS 
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PROBLEM II. 4 verd. . 2 


DzFr1N1TION. 

3 of a Body compared with that of 
another Body of Hua? Magn de, is called its 
ſpecific Gravity. *— Ja i N 

Now the ſpecific 8 of Bodies may be 
thus determined by Experiment: Let the Body 


whoſe ſpecific Gravity is required, be firſt weighed 
in Air, afterwards in Water; then the ſpecific 


Gravity of the Body, is to ater, 
Wei ge oFthe Body in 2 of Fs ch the 
Wee: For (by the ! Definition) the Weigße of Wa- 
ter of the ſame Magnitude with the Body, is 5 
the Weight of the Body, as the Ge Boe Gravity 
Water, to the ſpeeific Gravity eee "Hence 
it follows, if the Water be eb cificall 
the Body ; that the ſpecific Baier of the — 
to that of Water, as the i of 
Body, to the Magnitude of the — But the 
ſpecific Gravity is as the Denſity; therefore it may 
very juſtly be as Mr. Turner expreſſes it: iy 
Denſity of Water, to the Deut of the Body, ſo 
is the Magnitude of the Body, to the Magnitude, 
of the Space which the Body poſſeſſes in the Wa- 
ter, and ſo is one Foot, the Side of the Cube, 
to the Part thereof immerged; Theref Oe let 4 
(21728 * 0. 527458, Gunces-Troy) be the 
Weight of à Cubic- Foot of Water, and ( 
1728 x 0.489008 ſuch Ounces) that of .Oak ; 
then 4—p (= 66. 4416x4=5. 5308 Pounds) 


: the Weight to be laid on, and 4152: 17 5 * 


Part thereof ines; conſequently - 1 4 — —1 


* 


a= + 2:48g088 „ n es 0 
0.527458 0.527458 N 
the Thickneſs of the Part above the Water. 


PR o- 
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pagkinks III. Tha Mr. John Turnes 


| Since the CarreSurface of any Eruſtumn oy 
. is to the K 
e ee 8 4 
Height of the Fru - 
to the Diameter 
| of the Sphere; EE . 
will be to EG as 2 
to 5; therefore EF . 
will be to EC as 2 
to 2 2, or as 4 to 3, 
and FC to EC a 1 
to g; but by ſimilar 
Triangles, CESBCr* 
BC; AC; that is, 


12256 AC, ace AE= 4G 


or ee mand 1 


i #1 


s . ſame anfinered, R. 


I RED. the-Sefian-of the, Earth, with the 
Plane. of the Meridian be a Circle, and Lines. be 
drawn to the ſame according te the Import of the 


Problem, as in the Figure: It will appear that, 
GF x FE = =CF x FA, or by the Prope 


Sphere, mentioned in the ſoregoing 
38 EX 2E GExFA, thetefore FA = 


"Ya; 10 
12 GE 


Fr and conſequently AE = on the ane 


s 2 
* 
* k - % — 4 | id 5 * 12 
; #4 N « £2 I F = Is * - : , ; 
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* © * by * * 
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the Angle Z the Azimuth of the Plane; alſo, let 
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bn Mp: In Tu 100 
yard by « 


Let 2 P be the Coniplement'sf Latitude; and 


Progr ri NV. 


— P 8 repreſerit the Place of 8. 
rius when in the Plane, that 
of Pollux at the fame Time; 
and Ry a Part of the Paralleb 
of — deſcribed 'by 
Pollux in (56! 3&) the gre 
Time: A: ſince tlie 
R Pp anſwering to the 2 — 
1 Time, and PS that anfwer⸗ 
ing to the Differerice of Rights 
Henle of he two Stars are given, their Sum 
R PS will likewiſe be given; therefote in the Fri- 
angle SPR will be gien two Sides and the Angle 
included, whence the Angle 8 will} be known! 
then in the Triangle Z PS will be given two Sides 
and an Angle, from whence the Angle Z will alſo 
be known, whoſe Difference from a right NE d is 
che Peclinatitn required; which {ſup poſing the 
Right-Aſcenfion' of Pollux = +12* 12, the De- 
clination North 28% 51, the Right: Aſcenſion of 
Sirius 98“ 29 the Dee eee £6: 2 5 
wil be = . — 25 | 


I v. Ale. R. 


Let HZ ON be the Meridian, HO the Hori- 
ron, FQ the Equator; making an Angle with the 
fame equal to the Complement of Latitude. NZ 
the prime Vertical, PS the Axis of the Sphere 
and Hour Circle of Six, in the required Latitude 


OP, NKZ an Azimuth Circle, upon the Plane of 
which 


Go 


Te MATHEMATICIAN, gg 
which the erect declining Dp is e to i 
cp ARISES. A 
ndicular to | 
hat Axl 1 
cle: Theo in the <E 
 right-angled ſphem-. 
cal Triangle AZP, 
12 manifeſt, that ** 
Z may repreſent 
ook Tatlude, AP 


Sty le, AZ the Dif- 

tance of the Subſtyle from the LR the An- 
gle AZP the Complement. of the Plane's Decli- 

_— and the Angle APZ the Inclination of the 

Meridians : Therefore, ſince AP, AZ and the An- 

gle AZ. C, are equal to each other, by the State of 

the Problem, jet the Sine of any one of them be 


| * 
put =x; then the Tangent of AZ = 5 T4 


1 —x* 


x 
thy hien inhere: 1 a tn 


— 


and chat of the Angle AZP = 2 ; whenes 


| therefore V1 —x= . and conſequently 


$3, 4 1, or * = e 61803, &c. the 


Sine of (38* 100 the Plane $ Declination ; ; whence 
the Latitude = 38 10. 

But to find what Time the Sun comes on and 
goes off the Plane: Let EBS be the Parallel of 
Declination defcribed by the Sun on the Day pro- 
| poſed ; then it is manifeſt, that the Sun firſt comes 
g 90 the Plane at B, where it is een with Re 
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Azimuth Circle, already defined; therefore, if 
through B and P the Pole a great Circle be de- 
| ſcribed, in the ſpherical. Triangle BZP will be 
given two Sides and an Angle oppoſite to one of 
them ; whence the Angle BPZ, ſhewing the Time 
before Noon that the Sun comes on the Plane, will 
alſo be given: Moreover, if N&Z be the farther 
Part of the Azimuth Circle, it is alſo manifeſt, 
that the Sun goes off the Plane at 5, where it is 
coincident with that Part; therefore, if through 5 
and P the Pole, a great Cirele be deſcribed, 1 in the 
ſpherical Triangle 4ZP will be given two Sides 
a an Angle — to one of them, as in the 
former Caſe; nce the Angle PZ, ſhewing 
the Time paſt Noon that — Sun goes off the 
Plane, will alſo be given. | 
But if it were alſo required, to find the Decli- 
nation deſcribed by the * -when it continues the 
Jongeſt on the Plane : Through K, the Interſec- 
tion of the Horizontal and Azimuth Circle let 
there be drawn FG, and alſo through K and P the 
Pole, let a great Circle be deſcribed, meeting the 
Equator in M; then in the right-angled ſ pherical 
Triangle KCM will be given CK, the Plane's 
Declination, and the Angle KCM the Complemeps 
of Latitude; whence KM, the Sun's OR 


will likewiſe be Siren. 
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PrRoBLEM VI. Anjwered by Mr. John Turner 
of London. 


Let HPOS, in the former Fi igure, be an Or- 
thographick Projection of the Sphere; in which 
HO repreſent the Horizon, EQ the Equator, 
3 FG. the Parallel of Declination, PS the Axis of 
Ia the Sphere ; alſo, let In repreſent the Sun's Alti- 
Tg tude at Six, and let the Perpendiculars FL and 
ad Gm be drawn: Then, * the Property of 7 


De MATHEMATICTAN. 97 
Ellip fis, and ſimilar Triangles, it will be, as CM 
l :: IK: FK :: Ia: FL; and CM: MQ 
R KG: 1; mG; whence the Arches FH 
(50˙ 45 44 4) and: GO (14* 52'2 ) become known: 
Thus far Mr. Turner: But in order to obtain the 
Declination and Latitude from thence; it is mani- 


feſt that the Arch HF EF GOS AEF; 


therefore F = A has - = 4 and conſequently 


HRE 7 d 3 Hen 
ceed the two following Theorems, wreak 
Fate uſe of, for that . 


ra E 


From the Meridian Altitude; ſubſtract the De. 


preſſion at Midnight, and the Half of that Re- 
mainder, will be A qc * the Declination. TM 


Tuo N U. 


10 the Meridian Attitude, add 2 Depreſſion 
at Midnight, and the Half of that Sum, will be 
equal to the Complement of the Latitude. 


Whence the Latitude; in the preſent Caſe; is 
56˙ 41 7* and the Declination 18* 26' 517; which | 


anſwets to the ſecond _ of May. R. 


p. R PLE M « VIL Anſwered by My. John Turner 
of London. | 


Join the Centers of the given Cinclem and on 
AB let fall the Perpendicular G F; putting BD, 


BC=8, BF x, and 8 2 then (by 47. Eu. 1. ) 


i 


——— gns. s e * - nates EY 


£64 Ad tx” 


el e 


* en 


r 


. Ä * 


5 wot nie 4 0 b FEE * 4 ä ; r N wy . a 4 * W ö 


pn r n 9 


F eee 4» gee, goo 
- 


We - tall have EI iy 1.8 ef 
e 

. From: the former of which 

— —2aL½ 


72 and from 
24 

de ENS 
the Jatrer . 

therefore. = 

22 

2. ; out conſe- 

| | 23 
quently x = 4: Whence this Conſtruction: 


Take BF, a fourth Proportional to BD BC, 
BE and BA, and make FP perpendicular to BA ; 
in which take FG a fourth Proportional to BE, 
BF and FE; then will G be the Center, and FG 
the Radius of the Circle to be deſcribed. b 


Penn VIII. 222 


Let AEF D be the given Circle; B the eee 
thereof, and G the give 
Point; and let the = 
m, u be in the given Ratio 

of the Parts DG, EG: 

Take BC to BG as n ＋ A 
to mn - , and upon the 

Diameter GC let a Circle 

be deſcribed, cutting the 

former in D; draw DGE 
and the Thing is done. 


D x- 
4 * 
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88 bg $4 my 


De 5 TRATION. 
Ws CD, and BH parallel thereto; then nA 


i er nch, BG:: DH 


: GHz therefore. by 1 092; and Diviſion 
: # PG EG. QE. D . 
i OF SIMRIDTIEN | 
| Ohm Algebmically. R. A 


„„ $2.4$ 


| us as m to Mp and | the leſſer of them =x; 
as the greater vill be — , n by the vs 


4 22 — Sab, and Ge/ 


perty of the C 


* = . From whence proceeds the following 


Conſtruftion, given. by Bebo Oxonienſis. Let the 
Paas Point be G, and the given Ratio of the 
arts as R to 8: Then take the Line : FG 
8: N, and between AG and n, find a mean 
F tional EG, which apply in the given 
Cirele from G to the Periphery; continue EG till 
it cuts the Circle in D, and DG will be to EG:: 
R: S. For (b Conſtruction) AG: EG :: EG 
: n, and AG: EG : DG: FG (by 35. Eu. 3.); 
therefore DG: EG:: EG:, and, by Permutation, 
DG: EG: FG: m; that is, as R to 8. ea ©” 


ProBLEM IX. Aufewered by Mr. John Turner, 
Consrnverion | 
- Draw AE at Pleaſure, wich hiſect MPS and 


de AB to BC io the Ratio of one Side to the bi- 
Petr] H 2 TE ſetting 


100 The MATHEMATITCIANV. 
ſecting Line, and CD to DE in the Ratio of the 
biſecting Line to the other Side, then accordin 
to the Method laid down in Lemma Page 3 10 0 
Mr. Simꝑſon O ON, let two Circles be detende 
88 utting each other i 
2 8 draw FA, FE — 
FC, in which 
. ed; if b qolen 
R FG equal to the bi- 
A ſecting Line, and draw 
5 IGH ag to AE, 
258 "YN interſe FA an: 
| FE products i in Tan 


H; then FIH will be the Triangle that was to bo 


conſtructed. The Demonſtration of which is ma- 


nifeſt from the before mentioned n 


6 Me. :- 


Let FG be the given Line biſeQing hi Bafe, 
Fl and FH the two given Sides of the Triangle? 
Then if GK be drawn parallel to FI, it will ma: 
nifeſtly biſect FH, and be equal to the Half of 
FI; therefore in the Triangle. FGK there will be 
given all the Sides, from whence the Angle GKH 


will be given, as well as the Angle GKF ; then 
in the Triangle GK H will be given two Sides, 


and an Angle jr:cluded ; whence GH will be 80 
conſequently 2 Baſe of the 4 2 langle. ans: 


PROBLEM X. Aufwered by Mr. John Turner, 


ConsTRVCT LON, 


From any Point 5. in the indefinite Line PQ, 
gray 1 DE Perpendicular to o PQ and equal to the 


given 


ea. -4« .&4_ a6 _. a4 1 


. MATHEMATICIAN. ror 


given Perpendicular then * E K. Radi per 
ty equal to 

e two given bi- | 
ſecting Lines, de- | 
ſcribe two Arcs cut 1 2 
ting PQ in F and 
G; draw 0 1 
pendicular to OS 
alfo draw EG hid Fr 
roduce to meet HI! 

an biſe& oo © Bs | 

= meeting HI in 1 * u} n L. with LI as 
Radius, deſcribe the Circle AH Fear Pin 
A and B; join A, E and B, E, chen AB will be 
che e that * to de r 


a "Dan Se ans 


- Join E, Fi LE. L. Band L. A: Becauſe LK 
is perpendicular to and biſects IE, it is evident the 
Circle paſſes through the Point E. Moreover, be- 
cauſe FL. is perpendicular to AB, and LA equal 
to LB, AF will be equal to FB; wherefore it is 
7 i WN go Baſe, js Abl, and 
Arc as well as the es 

BEI are equal. Q. E. D. * * 


Method of Calculation, 


As the Line biſecting the vertical Angle, is to 
the Perpendicular, ſo is Radius, to the Coſine of 
half the Difference of the Angles at the Baſe: And 
as the Line biſecting the Baſe, is to the Perpendi- 
cular, ſo is Radius, to the Coline of an Angle, 
which ſubſtract from the Difference of the Angles 
at the Baſe found by the preceding P N 


b ſay, as the Sine of the ſaid Angle, is wks 
| ine 


toz The MATHEMATICIAN; 
Sine of the Remainder, ſo is Radius, to the Co- 


fine of the vertical Angle; whence all the Angles 
are given, and conſequently the NO 00774 


Mr. Thomas Hulme” s Anſwer 10 the ſame... 


Since E.F, EG, ED are given; FG and GD, 
becauſe they both from thence may be found, are 
faid to be given; therefore if the Triangle be in- 
ſcribed in a Circle, and thoſe Lines be put equal 
to, a, 5, c, d, hb reſpectively ; we ſhall then have, 
by putting the Semi-Baſe = *; AG = ＋ d and 
GBS 4; whence, by Grailas Triangles, GD 


EG:: FG: GI = 2% and, by the Property of 


the Circle, AGxBG= :GIxEG; therefore 
d 


x* —d ou * and conſequently x =v 25 L + 4*, 


To XI. Alert by My. John her, 
| ConsTrucT.410N. | 


par AB at Pleaſure, i in Which take ED = pr, 
n EF let a Segment of a Circle be de- 
2 5 contain an Angle, equal to the given An- 
5 at the Vertex; make 5D Ne tor e Angle 


which the biſcQing Line makes with the Baſe, and 
8 DG, if need be, ſo that DC may 75 
equal 
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equal to the biſecting Line; join E, G and E, G 
and draw CA and CB parallel to EG and FG re- 
ſpectively, then ABC will be the Triangle re- 
„ CET FT _ 


DEMONSTRATION, 


Becauſe AC and BC, are parallel to EG and 
GF; the Angles ACD and BCD will be equal 
to EG D and FGD reſpectively; therefore ACD 
+ BCD = EGD -FGD = EGF = the given 
Angle at the Vertex by Conſtruction: Alſo, be- 
cauſe of the ſimilar Triangles, ACD, EGD and 

BCD, FGD, we ſhall have GD: DE (DF) :: 
GC: AE = FB; therefore AD=DB. Q. E. D. 


| Method of Calculation. R, 


From the Center O of the deſcribed Circle, con- 
ceive OE, OG and OF to be drawn, alſo ODP 
to be perpendicular, and GP to be parallel to EF: 
Then if the Value of EF be aſſumed at pleaſure, 
there will be given in the right-angled Triangle 
ODF all the Angles, and the Side DF; whence 
the other two Sides OD, and OF = OG will alſo 
be given; and therefore, ſince the Angle GDO is 
given; in the Triangle ODG there will be given, 
the two. Sides OD, OG and an Angle oppoſite to 
one of them; whence the Angle DOG, the Dif- 
ference of the Angles at the Baſe, will likewiſe be 
given; but their Sum is given, becauſe the Angle 
at the Vertex is given ; therefore the Angles them- 
ſelves from hence become known: Wherefore in 


the Triangle AC B are given, the Angles at the © 


Baſe, the Angles which the biſecting Line makes 
with the Baſe, and the Line itſelf; whence the 
Sides will alſo be given. ay 


PR- 


tog Te 'MATHEMATICIAN; 
ProBLEM XII. Anſwered by Mr. John Tumeri | 


Cons TRUT Io 

Make CG equal to the given intercepted Line, 
and join B, G; in AB produced take BH = BG, 
and upon the Diameter AH let a Circle be de- 


ſcribed cutting DG in E, draw AE and the Thing 


- 
- 
. 3 
= 


8 


0 


8 


DZM OST AAT 10 b. 
Draw EK and the Diameter ML perpendiciilaf 


to DG; alſo, draw EHI, ſo, that EI may be 


equal to EA, and join A, 1; A, L. and L, E: 
Then by the Property of the Circle LE* = LM 
x LO, therefore 2LE*= LM x 2LO; but LM 
= AH, is =BG-+ AB by Couſtruction, and 
2LO = 2 NL - 2NO — ML —2NO=— ML 


— 2AB = BG — AB; conſequently 2LE* = 


BG FABxBG— AB = (by EI. 2. 5.) BG* — 
AB* = BG* — BC* = CG*: Therefore, becauſe 
of the ſimilar Triangles ALE, AHI, it will be as 
2AL* : 2LE* (CG*) :: AH*: HI'; but the 
Antecedents being equal, the Conſequents will 
| likewiſe be equal, that is CG* = Hl, or CG - 

ET. HEL 


Ne MATHBMATICIAN. tos 
HI. Moreover, becauſe. the equiangular Trian- 


gles ABF, EHK. have the . . — Sides AB 
and EK equal to each other, the Side AF will alſo 


be equal to the Side EH, which being taken from 


the m_ " utes 40 and El, "al leave FE 
% gin . Methid of Calculation. © 


"Tn * Triangle LO E are given the two Sides 
19 LE yh the right Angle LOE; whence the 

ide OE will be given, and confequently the Point 
E in the Side of the given Square produced. 


The ſame anfvered by T ycho Oxonienſis. 


Let CG be the given Arg Take PQ : CG :: 
DC: Ac, and AL: P 205 CL; from che 
Point L apply the Line FL = PQ, and through 
the Points A and F draw AE; then EF is the 
Line. 1 
For ſince by Conſtruction. AL:PQ::PQ 
: CL; that is, AL: FL:: FL: CL, the Trian- 
gles ALF and C LF, will be equiangular, and the 
Angle AFL,=FCL = ACE; but the Angle LAF 
is common to both the Triangles AFL, ACE; 
therefore AC: CE :: AF: FL, that is to PQ; 
and by Reaſon of the Parallels AD, and CF; 
DC: CE: AF: EE; therefore by Equality DC 
23 : PQ: FE; but, by Conſtruction, DC 
"AC . Cz therefore CG = : FE. QE.D. 


PropLs M XIII. - eficeret th Tyrone 


ConsTrucTioN. 


1 Fe Point A, the Extremity of the 1 AR, | 
yoining the two given Points, make the Angle 


may equal, to the given 1 D; alſo make A0 
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er to Am, and upon G the Middle of 


AB ere& another Per- 
ndicular, meeting the 
rmer in O; on the 
Point O as a Center, 
with the Radius A0, 
deſcribe the Circle 
ABCT, cutting the 
| given right Line DF 
in C; join AC, BC 
A and cheſe 'Lines ſhall 
comprehend the given 
. . D. The Demonſtration of which is very 
obvious, from the 20 and 32. Eu. 3. 


Method of Calculation. 


Draw AR parallel, and AD, BF perpendicular 
to DF; then in the Triangle BAR will be given 
AB, BR (= BF — AD) and the right Angle 
ARB; whence the other two Angles ABR, BAR 
and the Side AR will be given} but the Angle 
GAO is given, (from the Conſtruction): and AG = 


22 therefore the Radius AO, and conn 


the Angle PAO will be given; the Di ference be- 
tween which Angle and a right one, is equal to the 
Angle DAO; therefore in the Triangle DAO are 
given two Sides and an Angle included, whence 
DD, the Angle ADO and conſequently the Angle 
ODC will likewiſe be given; then in the Triangle 
ODC will be given the two Sides OD, OC (= AO) 
and the Angle ODC, whence DC will be given, 
and conſequently the Lines AC, CB * the 
| * ne 


77777 ccc ORIEL 
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Prora, XIV. Anfeered by li: John Tumen. 


Draw ICH parallel to AB, interſecting DE and 
DF produced in H and I: Then ſince, by ſimilar 
Triangles, BE: BD :: MS.” 

*7 -. V4. BDT CE, 
CE: CH = = 
and AF: AD%:CF: CI 
r ve ſhall 
ae 
have CH : CI:: 5 1 


"ADX CF... an . cx: f 
2 : BD x CE x F ˖ · a 
AF: AD x CF x BE. But 5 . 
the two laſt Terms are equal by a known Property 
of the Triangle; therefore CH and CI are alſo 
equal, and conſequently the Angle IDC = the 

Angle HDC. & E. . 


De ſame anſwered by the Propoſer. R. 


Io the Baſe AB, from the Points F and E, let 
fall the Perpendicular FK and EI, and parallel to 
the ſame through 8, the common Interſection of 
the Lines AE, BF and CD, draw MN: Theng 
ſimilar Triangles, AC : AF:: CS: GF:: CD. 

EK; therefore, by Permutation, CS: CD:: GF 
FK; after the very ſame Manner, it will appear 
that CS: C D.:: EL.: EI; whence, by Equality, 
GFE: FK :: EL: El, or again, by Permutation, 
GF: EL: : FK: EI: But GF: EL FS: LS 
2 MS: NS; whence again, by Equality, FK: EL 
2: MS: NS, or as KD: DI; therefore the twar 
Triangles DFK, DEI, having one Angle K equal 
to one Angle I, and * about the other 


gles 
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gles DFK, DEI proportional, are equiangular 
(Ex. 7. 6. ); and conſequently the Angle FDK, 
equal to the Angle IDE. QE. D. + 


PROBLEM XV. Anſwered by My. John Turner. . X 


Let PEFGB be the Path of the Ball, , and make | 
PH ndicular 

E „  F0Y „ © AB, and FI 8 

A: Fhen be- 

cauſe the Angles 

of Incidence and 

the Angles of Re- 

flection are equal, 

and the Angles at 

8 . C 2 

6 t Angles, the 

| Triangles PHE, 

| FE A, FCG and 

AHB BOD are all fimi- 

+ , lar; but the Sum of 

5 EV all che Perpendicu- 

b PHEAF+ 

F FCH BOD is given 

Fs e +. oF 45 3 
z n and the Sum 

1 c 'C Se the Baſes EH + 

ARS CEDG is alſo given = AH+CD; 

therefore | it will be as of cr as FIETRD 

pe FE Hf whence this 


c , e 1 


n Ff take HK =2 BD; a in KL . 
| Jicular to "PK, take KM = AH+ CD, 


„ 


% a . OO of ; WY 
1 . 8 . | « w "3 . „ „„ $$ gt * 


PAO 


Ws og 34 05 


biens. xn ae nau. Thomas Leigh. 


— the Point of Contact D, a Center of 
ths: leſſer Circle, draw the Radius DG, and pa- 
raltel” to the ſame from H the Center of the 
greater, draw alſo the 
right Line Hau: 
Then by putting GH: : 
i of FD=4+ and 
BH, the Radius f 
the greater Circle, 
A; e -ſhall have, — 
AG=a+zx, BG 
GDS x -a; whence, 
(by Zuclid 36. 3... 
DA= 2 but, by. amilar 3 — AB 
2 AE: AD; therefore, by Diviſion, AB—AG 

AE — AD: AD; that is, BG : AG 22 
— or K — 2: :: 5: 2Vax; therefore 
x—a|*x4a*x= a+x|*x b*;" which which Equation, 

by Reduction. becomes ** — 24 N * + 

. 
gere from whence the Value 6 
nn LY | 
FIT EEO OT and 008 en che Diame- 
: EE ck; 1 80 . o 


. 50 


{IS . 
7 


Paooue xn. auen Me Thom Log | 


4 — AS be the two 8 Links given 
by. Poſition, P the given Point, and DPB the 
Line required: Then if PF be drawn Py to 


- 
4 


—— —ñ——'—— AB, 
: 


y 

i 

52 

4 
Li it 
f : 
4 
— it 
4 5 
8 | 

7 


8 — = 
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AB, and PG 
perpendicularto 
Ad, we ſhall 
| have, by pu t- 
FG r c, AG 
Sn, and DG 
= DF to 
| 5 n AD = —= Xx 
++ x, and conſequently, PD = = a +x*; whence, 
by ſimilar Triangles, DF: DP: : DA: DB = 


—.— Vai; which, by the Conditions of the 
Problem, is to be a Minimum, and therefore the Fluxiori 


xk NA ＋x + n+x —— 
21 . x Va* Fx* bal 175 


—=103z conſequently x ae IVE; 

from whence x may 5 de The and conſe- 
ently the Length of the Line (DB) ng 

BC the goes Point. | PD 


Le ſame * R. 


Let the Extremities of the two right Lines DB, 
db paſſing through the given Point P, and termi- 
nating in the two right Lines given by Poſition, 
be ſuppoſed indefinitely near to each other, and let 
DS and im be ſo drawn, that each of the Angles 
dsD, IB may be equal to the given Angle 
DAB; alſo, let Dr and h be drawn perpendicu- 
lar to 4 P and BP reſpectively, and let the Poſition 
of the other Lines, in the Figure, remain as be- 
fore: Then if PF be put Sa, PC, FG. 
BC x, and by ſimilar Triangles, i it will 
be, 4 219 2 e, 5D. -:: 
22 
ONE 
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222 = Ds, and x: 5 :: 22 > 22 =ds; alſg 
2 1 22 55 . : 2 9 
. * 45x 4* * 


755 therefore 2 drag i and dy ; 


3 22 +22; But when BD is the 


Minimum, it is EIT . Bu and dr muſt be 
equal; therefore * _ — = cbx'+ ab*; 


whence it appears, if AS 5 perpendicular to 18 


that x? a; becauſe c F is then o. 


PRO XVII. ase. R. 


In order to which, it may not, perhaps, be im- 
proper to ſhew the Manner of inveſtigating the 


two following Series, as the former of them is 


plied to the Solution here propoſed. If the Ra- 


dius of a Got be 7, and any Arch thereof zx; the 
Sine correſpon 
2 5 2 F > 7 


* — 
2* * 


2 3 . ) 


For, let the Radius FE r, Sine FC=x, 
Verſed-ſine AC y, and the Arch AF =2; a” . 


by ſimilar Triangles, #:: 11:5: 2, andr—y:r; 


| IEF _ om the former pern ag 


ing to the ſame will be expreſſed by 


2% 5 2.3•4 08361 Tre 
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Dh ox „ and, from the 
© 4 latter, r 12-9 
8 ra: But to 
_— *obrin' * in 
Terms of ⁊ and 
known Quan- 
13 „ ae et 
b 08 N - 5 aſſumed = 
Az ＋ BZ 
8 6 : Ca Dai”; 
G. Wert by. Su tutior a 05 = Arg Ba' 80% 
Ca*z+ Dz z, &c.* alſo 12 — YZ =rAz+ 
37 32 2 + ;r C2 2 rz“ Kc. 
whence, from the former of theſe Equations, » 2 
2 ETCS = 
2r 1 6 ; Ky and, from the 
Latter, een = A oy - 37 Be" + 57 C * 


— 5 =rA + B +> 


5rCz* + 7rDz*, &c. Now, ſince the Ho- 
mology of the Terms depend not at all on the Co- 
efficients, but altogether on the Powers of the va: 
riable Quantity a; the refpettive Terms of the two 
laſt Series may be compared with each other, and 


freak der vip n 1 
2 50 —1 


2 gre PE 3- 4:5» 0. Tre cc. which 

ing ſubſtituted in the Series aſſumed above, in 

Flat of A, B, C, D, Cc. there will reſult that ex- 

preſſing the Sine, and being ſubſtituted in either of 

the Series proved = r-, there will reſult that 
ns! the Coline. Q. E. D. 5 

This 


27 
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This being premiſed, if half the Length of the 


mixed Line. be put 8, half the Sum of the two 
Diameters = r, the Arch EO Da, and the Sine 


correſponding the _ =; 4 then will Kz= HF 
kk. , and HK = 


2 
L 1 


therefore » : * 25 Bow” 290 - 5 * F and 


re 5 * I NMR, 72 Fa"... the 


Naben 4 a Circle bee is Unity: 
In the ſame Manner it will appear that HS = 


ee and aS e conſequently ab 


+ MF 4 FR=Z>+ — — VFIF=S 
but 25 by what has es —— e is 2 & — 


2 * .. | 
7 ITT 5777 2.3-4 5.65 CIS oe, 


which being ſubſtituted above in I of x, there 


will from there ariſe an Equation, involving one 
unknown Quantity, whereby the Value of z may 


be determined, ag ow thence the Diamerar of | 


each Circle. 110K 1 


Paik ak XX. n 
The Equation defining the . ſhould here 


ax —X N 1 2 


W 


| TP xs, when x= 4, or the 
Arga of the Semi- circle whoſe Diameter is a, be de- 
1 „„ 


— 
— 4 L 
; a 1 


. 
Þ 
| 4 
1 
1 
1 
1 
14 


X 2 « * $ : * TY 1 2 N FE. 
: * — — * - — 3 — — a . — : * — F - 8 y * = 8 * Pe K * 
ating —— — — < | * — — — — "_ y * — 
. PTS Sp IEA ES — — — — a — * 5 — 2 _ — -_ 2 — a — ” — . : — : f 
. 0 2 om r fas y = = * 82 1 3422 — * — 83 „ _ 4 
% - — — FS * Ty n — q 4 % 


— 2 — — 
— > 
tudes CEP Ss 


i 
. 
- 
4 
: 
4 
#7 
YL 
3 
85 
| 
* 
8 
P. 
* 
ES 
| 
| 
F5 
4 
4 
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noted by Q, and the whole Series be ſuppoſed to 
be multiplied by æ, the Fluent of the firſt Term 


3-5-7.3-Q_ 2.2222. 
wil * 6.8. 10.12 of the ſecond — LEES, 


if <a hae 2.2.2. L.. 2. I. . O * 


1.2.6. 8. 10. 12. 14. 165 
conſequently the Fluent of the whole Expreſſion 


will be Lino 1 — 22+ 22.2 


6.8.10.12 14 1.2.14. 16 


9.10. 11.9.1113 33 
1. 1.15.15 . But the Sum of the 


oo 9.10.9.11 ; EE 
Series 1— 2 * 1.516,16 Sc. (by Prop. 1. 
Summa. Series, Simpſon's Diſſertations) is found to 

419 2 AW 3-5-7.3.Q 
Ww 14336v 2 Oy 3 by 6.8. 10. 12 


4, * 2 for the Area of the whole 
128 14336 2 


Curve, which therefore is to the Area of the Semi. 


circle as 419 to 262 144 22·7Ʒ © 


PaosLEM XX. Anſwered by Mr. John ae, 
Let AHGA be the Earth, ADFBA the Trajec- 


tory, which the Body in Latitude 52* deſcribes, 


AEC that deſcribed by the Body projected from 
under the Equator, and A the Place where the 
Bodies leave the Earth's Surface. It is found (in 
Page 148 of Simpſons Fluxions) that the periodic 


Time of a Body deſcribing a Circle, juſt above the 


Eaith's Surface, by Means of its own Gravity, is 


84 43", therefore the Velocity with which the 


Body at the Equator is projected, is to the- ſaid 


8 1 
Circular Velocity, as = to 1, and therefore 


N a 3 3 7 
= k 7 L + 
3 
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che Velocity of the other Body, being to the Ve- 
locity of the firſt, as the Coſine of (52*) the given 


Latitude to Radius, it will be expreſſed by . 


Sg the circular Velocity being denoted by 


Unity: Now ler h be denoted by $443” 


| 380 
bye, and the Earth's Radius Ac by a, 
then 'm* being leſs than 2, the Body projected 
from the Parallel of 52* will deſcribe an Ellipſis 
A = DA, whereof the en wo = 


N — 1} 
— of different Bodies revolving * "he 
ſame Center, the Squares of their periodic <> 
being as the Cubes | 

of the . tranſverſe . 
Diameters, of the 
Section deſcribed, 

let the other Dia- | 
meters be what BL 
we © —_ ACY?. 2 


7 
— 
a 

EP 
8 

2 


X * 


riodic Time in che. «5 
DA; fore 2647 is the perio- 
Ellipſis ABF Fn — 


— 


dic Time required, which divided by 38 leaves 


ets therefore as 38 is to the ad Re- 
38" x 2 — | 


mainder, ſo is 360 to the Difference of Longi- 

tudes of the two Points of the ſame Parallel — 
vhence the * is * A and where it _ 

| gain. 


11 
_ — — 
A = 2 


— oe nnd te ts EE 
= N 8 ee TEES 


5 4 8 oy - a& » 4 * 4 
———— ea. — = 2 — ms, a —— — pd a aſh. one. 4a — — . = 
HRK. vt Er r *r 9," A 38 
< a — — — — —— 
q FT 9 . nba as - 


—— een 
_— o —_— E * 8 = 


— — — — 


. 8 — rn Wea er — — N * — | — an 
; " , " . 5 "7 F ; 4+. ys _ 2 * 
= — — — _ » 8 6 9 — 0 as we . A *% We ns, | — — 1 12 uw 
— — es ied 2 — 1 * 
— — : l 
- , — — — — — * * — 
* 


e — 
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Again, with regard to the other Body projected 
from under the Equator, the Curve AE which ir 
deſcribes, becauſe z* is greater than a, my be an 


Hyperbola whoſe Semi-unniverle is N and 


the Semi- conjugate = (fee Simpſon's Flur- 


ions, Page 154) and the Hyperbolical Sector ACEA 
deſcribed in 6 Hours, will be to the Area of the 
Circle AHGA deſcribed in 367, as 6 Hours to 38, 


and therefore vill be expreſſed by bo Ca 
= 52360" EIT E ISR, Ee, =; but the Area 
ACEA, FM the Ordinate PE to to be expreſ- 


ſed by az, will be alſo expreſſed by — 


22 — 2 
na N n f 
z x1 — 2 1 Las 
«ü ö˙⁴mG! ia — #*—2] 
7 LE 5 


therefore, putting a 5 72 = c, and 
Ls 1—=&d it will become hene x Hip. Log: 


ä 


LEES 8 


= Fo or 2= ga Hp Log, 


z whence the Diſtance of the Body 
From the r 
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Oxonienſis, who makes the periodic Time of the 
Body projected from the Parallel of 52*, to be 


1 Day 9 Hours 44 527, and that projected from 


under the Equator, to be 186947 Miles diſtant 
from the Earth's Center ar the End of the propo- 


— 


3 


* 


"COLLECTION 


PROBLEMS 


TO BE 


Anſwered in the next N UMBE R. 


Ease AI. . 


7 IE EF to enjoy the Benefit of an Eſtate 
for 23 Years after the Expiration 
of eight Years, be — 4001. 
preſent Money; what will the 
W ſaid Eſtate be worth for 2 1 Years 
cafter the Expiration of 10 Years, 


at the Rate of 31. for every 100 
Yearly. 


ProBL'ztM XXII. I. 


A Traveller benighted, ſees before him two 
Lights, and looking back diſcovers three others, in 
a right Line with the former; and judges the 
Quantity of Light received from the former Place, 
to 


the MATHEMATICIAN. 19g 
to be to that received from the latter, in the Ratio 
of 3 to 4; then proceeding-forwards 400 Yards, 
he finds the Ratio of Light there to become ag 
5 to 3: The Queſtion'is, ſuppoſing all the Lights 
to be equal among themſelves, what Diſtance he 
was from each Set of Lights, at the two Places 
of Obſervation. 


PROBLEM ; XIII. 4 —— to be eee 


As the leſſer of the two Sides, including any 

propoſed Angle, of a Triangle, is to the greater, 
ſo is Radius, to the Tangent of an Arch or Angle: 
And as Radius, is to the Tangent of the Exceſs of 
the ſaid Angle above half a right Angle, ſo is the 
Tangent of half the Sum of the oppoſite Angles, 
to the Tangent of half the Difference of the ſame 
Angles. 


PrRoBLEM XXIV. Thomas Hulme, London." 


The Line biſecting the Baſe, the Difference of 
the Sides, and the Difference of the Angles at the 
Baſe, of any plane Triangle being Mu. ; to 7 
cermine the e RE 


Pao XXV. Jus. me Loose 


The Baſe of any plane Triangle, the n 
Angle and the Side of the inſcribed * being 
you J to conſtruct the des ao 45 


e XXVI. * 


10 deſcribe a Circle; through a given Point, 
which ſhall touch a right Line given in Poſition,” 
and alſo another CHEE | ee in pas ny and 
Poſition. | | 1 

Pro- 
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<D Swe 2230 XXVII. R. 


To deſcribe a Circle, through two given Points; 
that ſhall touch another Circle given e e 
and Poſition. 


PROBLEM XXVIIL. NV. 


One Side and all the Angles, made by the adja- 
cent Sides and the two Diagonals, of any Trape- 
zium being given, except the two Angles con- 
tained between them and the given Sides to de- 
ſcribe the Trapezium: And that without aſſuming 


any ſimilar Figure. 


PAD XXIX. Jobs Moor: 


One Side and the Diſtances from the Center of 
Gravity to each Angle, of any Frapezium being 
given; to determine the Traperium. 


PROBLEM XXX. Walter Trott, London. 


A Ship failed from the Lizard (Lat. 50* o/ N.) 
S. W. 20 Miles, and was there taken by a French 
Privateer; who took away their Compaſs, and af- 


terwards kept them Company fteering between the 
South ary until, as the Privateer told them, 


the Lizard bore due North, and then the Privateer 
left them; and they continued the ſame Courſe, as 
near as poſſible, and run by the Log. 25 Miles; 
then they ſpoke with a Man of War, who in- 
formed them the Lizard bore N. W. by W. re- 
required the Courſe and Diſtance ſailed in Company 
with the Privateer; alſo their Diſtance from the 
Lizard, with the Latitude the Ship is in, and ben 


W from the Meridian. 
Po- 
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POLEN XXXI. John Turner, London. 


* 


Of all the ſpheroidical Caſks having the ſame 
given Diagonal, to find that whoſe Content is 1 


Pon XXXII. R. | 


Of all the conic Parabolas paſling through uy 
given Foarits, to determine the leaſt.” 


P XXXIII. Hemilcer. 


To determine ſuch a Part of a ſpherical Su- 


2 which can be illuminated in its farther 
by Light coming from a great Diſtance, and 


which is refed by the nearer, | Hemiſ ſphere. s 


bh. „„ XXXIV. R. 


"If a Curve be ſuppoſed to tevolve upon its prin: 
apa Axe, and thereby generate a Solid, the Fruſ- 


: 2 
13 


tum of which is of ſuch a Nature, that the Diffe- 


rence between the two DOE multiplied by 
any fractional Number leſs than Unity, and the 
Reſult taken from the greater, produces the Dia- 


meter of a Cylinder of equal Magnitude having 
the ſame Length as the Rauber then it is re- 


quired to find the Equadon. of the Curve Soup 


whence it is * 


210 1 XXkV. „ 


"Tf the Relation, 1 . Ab ſs, and che 


Ordinate of a: Curve, be dbx, N 


a Fox” „dx; the Area, ſuppoſing. * the 
AS; y the Ordinate, and hs cx" =0, will 
1: be 


— * 


122 The MATHEMATICIAN. 


du“ x*" cx 


be expreſſed by pn I A 
n — 1 1 2 a > wh . 8 — 1. —2 . 
Tall Da D pFi.p+-2. N 
6 F 

1 Sc. * the e. 


PrRoBLEM XXXVI. R. 


'Let it be required bo Bd the Sum ofthe Series 
”m— I 2 — — nn p=2 
—— — Sc. continued to m Terms, 


and to ſhew the Inveſtigation of the ſame. 


ProBLzM XXXVII Thomas Leigh, London. 


If a Ciſtern, in Form of the Fruſtum of a 
Sphere, whoſe Axis, or Depth is 10 Feet, and 
the Diameter at the Top 30 Feet, be ſupplied 
with Water running uniformly from a Cock that 
can fill it in two Hours, and at the Bottom be an- 

other Cock, out of which the whole Ciſtern may be 
evacuated in one Hour, the former Cock being 
ſtopped; it is required to find, if the Ciſtern was 
full, and both the ſaid Cocks open, in what Time 
the Surface would deſcend four Feet, and the 
greateſt Diſtance it could poſſibly deſcend. | 


 Pao3Lz Mx, XXXVII. R. 


'To nd, ſuppoſing the Earth's Rotation about 
its Axis was entirely to ceaſe, how much Pendu- 
| 0 OT gain fo 24 Hours in the Latitude 


Px o- 
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PrxoBLEM XXXIX. Fobn Turner, London. | 


Suppoſe the Earth, inſtead of being nearly ſphe- 
rical, was to reyolve about its Axis, in ſuch a 
Time, that the Eqn Diameter ſhould be juſt 
double the Polar Diameter; it is propoſed to find 
in what Time, a Body in the Latitude 50 Degrees, 
falling eyery where in the Direction in which it 
gravitates without Interruption or Reſiſtance, would 
deſcend t to the Earth's Center. 


PROBLEM XL, T. 


To inveſtigate the Path, which a fixed Star by 
Means of the Aberration would appear to de- 
ſcribe, if the Earth inſtead of revolving in an El- 
lipſis, was to moye in a 2 or Hyperbolic 


Orbit. 


— 


De End of NuuzER II. 


.... ̃ ͤ .. . 


—— * — . 


— 
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— 

— — — * W 
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' DISSBRTATEON. 2, 
Op the Fo” and Imp- 


of GBOMETRY. 


> 


De- 
finitions of Time, Space, and Ve- 
locity in our 2d Diſſertation men: 

dcioned, Pr. Barrow proceeds sto ſhew, 


Magnitudes, bt 


which Geometry is'converiant, may 
be conceiwed 6 be generated, confiftently with their 
general Praperties, either by fniple Motions, or by 
compound. Motions, or by the Conturrence 
Firſt, he. vires what are the Hypotheſes and EF. 
om ſimple Motions ; of theſe there are 


nd} eee, The 
, chief 


_ * 
* [ 
# + 
Motions * : 


# 


— > —— 


* 
—— — — 
— 0 N 
* 8 


— 


1 
1 
1 
A 
1 
1 
1 
1 


Our my © hs roar mg neat wn * —— ren " of 


—— — 


— — — en Fr, 
* 
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chief Hypotheſes fram'd by Mathematicians about 
theſe kind of Motions, being of the greateſt and 

naſt frequent Uſe to the — of Magnitudes, 
are theſe ; viz. that a Point may move directly on, 
as 2 as you pleaſe from an aſſignd Term, in a 
right Line, by which Motion it is evident, a right 
Line, being the Track of a Point, is deſcrib'd 
(which Geometrical Point having no Dimenſions, 
nor being material, but purely ideal, neither will the 
Line which 1s the trace of it, have any ;) that a 
right Line owe along TC 


keep 2 parallel Si 
Time to have a Situation 
any ing Moment. Alſo, that 3 de- 
finitely or indefinitely, extended, 2 proceed for- 
wards with a direct Motion, likewiſe parallel to itſelf; 
that is, that every Point thereof may deſcribe right 
Lines. Thus by wee Matonsequale and uniform, 
Parallelograms, and prijmatic and cylindric Superfi- 

cies and Solids are ſuppos'd to be form'd : One of 
the Lines by whoſe Motion a Magnitude is deſcribed, 

is called the Generative Line; the other to. 
which the former moves, or on which it ſtands, the 
Directive; becauſe the Courſe of the Line moved is 
governed by it, or accommodated to it. 

The other kind of ſimple Motion, made uſe of 
in Mathematics, is Circumrocation, and is made 
when ſomething of the e moved, (as ſup- 
poſe any Point of à Line, or Line of a Superficies) 
remains fixed and immoveable, while the whole 
Magnitude remaining as it were tied and bound to 
the ſame, is carried about according to any aſſign'd 
Direction. The moſt general Property of which 
Motion is, that all Points. of the moveable Magni - 
tude; while they move tranſverſly in any one Plane, 
do every one deſcribe the Peripheries mg Circles; 
ek all moving 9 and the fame Plane 


paſſing 
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Paſſing thro" 2 fixed Point, are parallel, and con- 
centric; and ſimilar to each other: But thoſe in dif- 
ferent Planes are ſimilar, or not ſo, according as the 
arbitrary Diverſity of Hy requires: And 
doubtleſs Circumrotation is what Nature itſelf con- 
ceives and follows, whereby Magnitudes are kept to 
their ſeveral immoveable Holds, and hindeted from 
flying off in right Lines which they naturally would 
do, as appears in the Motion of Pendulums, and 
Bodies in Slings; or even when any Object being 
reſiſted cannot eaſily keep in a ſtrait Path; as ap- 
pears to be the Caſe of the Motions of Wheels, Whirl 
pools, Whirkwuinds, and perhaps of the Stars themſelves. 
The principal Hypotheſes of theſe Motions are, 
xt. That a right Line in a Plane can be moved a- 
bout any Point fixed in it; by which Motion it is 
evident all Points of the moving Line deſcribe the 
Peripheries of Circles, all parallel and ſimilar to one 
another. From which Generation and the Doctrine 
of Indiviſibles we infer that the Areas of Circles, 
and circular Sectors are made up of ſimilar and con- 


centrie circular Peripheries, as many in Number, as 


there are Points in the Radius; by means whereof 
may be eaſily deduced the well-known Menſuration 
of the Area of a Circle. n 

- 2dly. That any right Line indefinitely de 


having one Point thereof fixed, may revolve about 


any given Line, either a Curve, or conſiſting of 
right Lines conſtituted in ſome other Plane, ſo as 


always to touch this Line, or as it were ſtick to it; 
by this Motion will a pyramidal or conical Superficies 5 


be produced. But the moſt uſual Manner among 
Mathematicians of producing Bodies, is that which 


is pecuharly called by the Name of Rotation, and is 
performed by „ any Line or Super- 


ficies to revolve about an immove Line as an 
Axis. Thus a 755 cal Superficies is produced from 
the Motion of half the 5 Fa Circle a- 
| bout 
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Hi boles or their Parts, Fruftums, Tubes, Rings. 
chief Property of which Motion is, that every 
ticular Point of the —— 
deſcribe circular Peripheries (completely effected, 
when the Revolution is quite performed, or che 
moveable Magnitude returned to its firſt Situation, 
all deſcribed at the ſame time being fimilar) whoſe 
n Radu right 
Lines perpendicular to it : Or, 1 
fituate/in the moveable Magnitude being perpen- 


becities & wherewich th langle Motions are performed, 
part be conſidered ;..tho' in Gene. 


F may be 8 
duced by the ſame ſimple Motion, ar. pF rot | 
or flower it matters: not, altho* not ,in the ſame 
Time. But in a Generation by compound Motion 
the fame W ays of Lation or Direction remaining, as 

— 2 of one or ſeveral varies, there ariſes 
——— — ä 
S 
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There is no kind of Magnitude, vin. no Line, 
Superficies or Solid, but what may be-conceiv'd % 
be generated by ſtrait Motion; and all Lines lying 
in the ſame Plane, may be generated by che parallel 
Motion of a right Line and a Point moving a che 
ſame time along the ſame; but theſe Motions ought 
to be fo temper d, as the particular Nature of the 
Curve requires ; nor may any regard be had how 
variable a Velocity you attribute to one of the Mo- 
rr 
— tos! For Example, 1 


e debe dae gh om 


n produced: i. e. if it be 
granted chat always during this e 
: AM: pogo watts will lie 
right Line per 32 E. 6 
A Q 


23 


i the Moron of FR right Line AB remains tHe 


nh Velocity, bur the Velocity of the Point 


M be increaſed, thus indeed the Point M will arrive 
at m, bur another right Line AN different in * 
Gop/from the other will Ve re mY 
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_ Alſo if theſe Motions are fo related, that (tak- 
ing a determinate right Line 2a and am 
— — —_— the Diffe- 
rence of 2a and am (moved thro by the moveable 
Point in the right Line AB) into am, ſhall always have 
to the Square of Aa (moved thro? by the progreſſive 
Line AB in the ſame time) a given Ratio | (ſuppoſe 
that of 24 to 2p) then will an Ellipfis or Circle be 
we is a 


fame Truth — by an 
Equation Relation theſe Lines (which 
are the Dons the Motions above mentioned) al- 


ways bear to one another ; fo for if this Proportion al- 


ways holds true, viz. 29—xxx:yy::24: 29, then 
whenever a=p, at the fame time will 24X—xx=yy 
which is the known Expreſſion for a Circle: The 
above Proportion es a well-known and funda- 
mental Property of the Ellipſes, when 22 repreſents 
the tranfrerſe Diameter, and — e and 


may be reſolvꝰ d into this Equation - * Y =24X=xX, 


But if theſe Motions are ſuch, that the Rectangle 
. 24 and ao into ao, al- 
ways is in the ſame Proportion to the Square of Aa, 
then will an Hyperbola be produced +» © pony 
Motion: Being eguilateral, when the ſaid Ratio is a 
Ratio of Equality, and the Angle BAC right; but if 
ned will be cEaneter kind, according to the Quan- 
tity of the aſſign'd Ratio. whoſe — Diameter 
will be aa, fituate in BA extended from the Ver · 
tex A, the contrary way to B. Alſo if the Rect- 
angle under 23 and am which is moy'd over 2 * 
Point M has y the ſame Ratio to the 
of Am, there will be a lic Line de 

eck; for the Equation will | be zar. lace 
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firſt of theſe Caſes, viæ. that the righe 
anne 4 


be ſuppos 
uniform, the deſcending Motion AB ſhall be 
uniform too: In the 2d and 3d if the Motion along 
AC be uniform, the deſcending Motion will perpe- . 
tually increaſe ; and ſuppoſing the ſame thing with 
regard to the laſt Caſe, wherein the Parabola is de- 
ſcribed ; the Point M will perpetually encreaſe e- 
conbly-in — Much after the ſame Manner, 

may any other Line be conceir d to be generated by 

ſome ſuch like Compoſition of Motion. 

In the next Place, the Dr, ſubjoins ſome of the 
general Properties, which flow from Lines generated 
by an uniform, progreſſive Motion, and a deſoen- 
ſive Motion continually increaſing; where by rea- 
ſon of the Uniformity of the Motion along AC, and 
its Parallels, it may repreſent the Time of the Mo- 

3 Parts of the ten en 


The 11th Property, being a very important one 
in its Conſequences, is here exhibited m de 
c monſtration; it is chis; . 


*P 
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Point in M, is to the equable Velocity with which 
the right Line AZ moves, as the right Line TP is- 
to PM. Or the Velocity of the deſcending Point 
wich iv has at M, is equal to the Velocity by which 
the Subtangent TP would be deſcribed with an uni- 
form Motion, in the ſame Time as the right Line 
AZ is moved uniformly thro? AC or PM. For 
take the Point K any Where in the Tangent, and 
thro* the ſame draw the right Line KG, meeting the 
Curve in O, and the Parallels AY, PG, in the 
Points D, and. G. Then becauſe the Tangent TM, 
isconceived to be' deſcribed” by two uniform Mo- 
tions, the one of the right Line T carried thro” 
AC. or PM, and the other of the de- 
1 PART IC" ove 


that whereby the Curve is deſcribed, it is therefore 
common both to the Tangent — to the Curve; 
; Le CO AZ will be in the 


ia O, 8 
KG. Now if the Point K be ſuppos'd 


locity of the uniform deſcending Motion, where- 
with the Tangent is effected; becauſe the former 
always increaſing makes a leſs Space in the ſame 
Time (which Time is repreſented by GM, than the 
latter which does not encreaſe at all, but perpetually 
continues the ſame ; the former paſſing over only 
the right Line OG, but the latter, the right Line 
KG. On the contrary, if the Point K falls above 
the Point of Contact towards S; becauſe OG is then 
—— it is evident that the Velocity of 
—— ä 
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in the Point O, is greater than the Velocity of the 
uniform deſcending Motion, whereby the Tangent 
is effected; becauſe the former Motion continually: 

increaſing, in the ſame Time thro OM, makes a+ 
greater Space OG, than the latter not at all increaſ⸗ 
ing, but continuing perpetually, does, viz: the Space 
KG. Therefore becauſe the Velocity of the Point 
- deſcribing the Curve, in any Point of the Curve be- 
low the Point of Contact towards A, is leſs than th: 
Velocity of the Motion thro T ; but in ny Point 
of the Curve above the Point of Contact, is greater 
than the ſame; it is manifeſt therefore that in that 
very Point it is equal to it. W. W. D. | 
Hence it follows that the Velocities of the de- 
ſcending Point in any two aſſigned Points of the 
Curve, are to one another reciprocally in a Propor- 
tion compounded of the Ratio's of the Ordinates 
and of the Subtangents. | 1 
Likewiſe hence may be infert d à general Solution 
of that Problem Which Galileo eſteemed fo much, 
and employed fo much Time about, viz.- Any Pa- 
rabola being given whoſe Vertex is A, it 1 
to find ſome Point aloft, from whence if a heavy 
Body falls to A, and the Impetus there received be 
at that Point turn'd into a horizontal one, the pro- 
poſed Parabola may be deſeribed. This is no other 
than to determine the particular Velocities of the 
uniform horizontal or tranſverſe Motion, and an 
equal increaſing deſcenſive one, by the Compoſition 
whereof the given Parabola is deſcribed. Thus by 
metaphyſical and plain Geometry without the Aſſiſt- 
ance of Analytics, are we arrived at the very door 
of the higher Geometry; a compleat Entrance into 
- which muſt be adminiſtred unta us, by that effectual 
Key, the Method of Fluxions; to which Method 
the Property lait above demonſtrated bears a great 
„ for, to find the Ratia of the Velocities of 
the Motions by which a 9 is conceived. to 


have 


a T 


* 


; 
— 


| 


IAN. 

as, 

Caſe 

s of the 

Curve, is 

es which 
Subtangent to the Ordj- 
firſt Problem in 


Magnitudes 


thing bur finding two finite 
Raric 
18 


EMATIC 


the 
the 


* 
* 


4 


nate; any 
tiſe 


the 


ar next, 


„ 


of this 


* 


+ * ö 5 2 1 
* * — 
654 0 wel 
z * — 4, 
* 7 
2 as 4 —4 $ $2.45 * 
* 9 „1 9 * * 
7 
4 - x * * 
— 


4 


5 
N 


oy. ea He, 


# 
a ' Hh * 
8 * wo \ : 
a ok % ws I, 
4 . * : 
RM + * 
— my ws L 2 
I 
* 5 * 
= 
» *** 
* e > 
bs "I W : $ 
"tb. 
„ Ho * L % 
4 
* Nu * 1 * ka. 
Is — 
* "ORE" 4 
3 * o . bh > * . 
22 5 ” 
= L 
on * 
A " 1 * — * * 
. 2 4 * * * 
av * e By 
4 Wh, 5 1 by 
* 3 * W 
of * %:S oy = XA TY 
— - * * 
„ 8 * *F * 
F wh. TO 
% 7 > * * 
. | < - _ * 
N,. #14 * 
* 
0 + * "x . » & <4 
* — 1 wh . 
U 4 N 7 
* % ba * * * 
* Y ; « [bes 1 en 
s „ 8 
n * l 
1 a% * 9 
4 — 4 
11 * 
de 
1 * 
£ * : * * 
* © 
* 
"= *% 3 27 
5 . . » . $ 
As = * 1 * 893 4 
2 1 * * — v..; 
F *. aw 
: we OY. OY „ + 
* See af % 8 . 4 * »# 
* 8 7 
- * 5 * * N % . * fa 
3 i . won + 5 
— * * | WO 
R 2 * 
* "I * Fj * N g 
ws $= aw 8 * LA! 6d of N a 
„ * 4 
wa 1 8 . Y * Dev, * 
* +: Ka a wn 
8 1 8 * = 5 4 % 
5 ? EE * 
4 * «dv _ 
: 4 
— W 8 * * 4 
- + 8 * 
* * 1 * 
* 2 
- o by. 1 — * L 
= 
* > 4 
5 4 


< * 
8 Wn” 8 . 
* N ws, * N £ 4 
4 * * I. 7 * 85 
* * » 
* 4 . 
1 1 — 4 
, 3 f . 
* * 5 
, or” "ny | a _ 
* 


* 
— — «44 a 22 aber 


9 TT IT OW IEP 


9 


730 Nip ＋ the E 44 P 8 F 
| 2 conrinuel: 5 
Fiores en XXII. 


r perpendicular dran from the Ver- 


tices cut Tangent; then tlie Part 
of the” A int 'between the 


| Interſections, will be the Diameter af 
* CINE — e of which hall 


17 0 1 Is r 


(OY — —— — 
Y — — — — 
wy 


I 


hy 2. — 
a . 2 - 
\ Om Y 83 L 
l K DOES aeay 


— nn , N — 
N P > ay — £ 4 . — * 
Sd. fo We he 9 N wore — : y 
1 n 


* 
« 
1 
— 
* 


"A q 4 
D 


8 


5 
1 1 * 
e 
> o wy G 
, 44" $5 it. 4 


* 3 


> ee gy 


— 9 _ — wy 
4 Wer * . 
2 — 
61 


_— 


nM CVE FS 


— 
1 


— — ao 


wage — — * — EY 


1 ——U— — — 
2 * * * 
— 


— — 


—— TR Er 1” 


2 
— — 


— r 


— —— . 


. — 


N — 


if 


136 The MATHEMATICIAN. 
DEzEMoONSTRATION. 

* ds 24, AOxBQ=AK=*KB); therefore AO : 
AK:: KB: BQ; but the Angles OAK and QBK 
are right Angles ; therefore (by Eu. 6. 6. ) the Tri- 
angles OAK and BQK are ſimilar, and the Angle 
AOK=QKB ; but the Angle AKO+AOK—AKO 

+QKB= to a q ht Angle, and conſequently (by 

Eu, x3. 1.) the Angle OK to a tight Angle ; 
therefore (by Eu. 31. 3.) OQ is the Diameter of a 
Circle, the Periphery of which will K 
one Focus: In like manner the A OHQ may 
be proved a right Angle, and therefore the Peri- 
phery of the foreſaid "I will. pas, thaqugh H 
the other Focus. 2 E. D | 


co A OI IAA r. 


If OQ be biſccted in N; chen NO=NQ=NK= 
NH. 


PrxoPO0SILIT10 Ns XXNII. 


If, ne thro 
the Bojneof Contact, and continued till it become 
equal an;the tranſverſe Axe, and from the Extre- 
mity thereof a right: Line be drawn to the other Fo. 
Þ 4 then the Diſtance between the Center, and the 
Interſection of the laſt Line with the Tangent, will 
be equal to half the tranſverſe Axe ; that is CSSCB, 


EL 
O S 
| 177 
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DEMONSTRATION. 


In the Triangles HCS, HKX, the Angle KHX © 
being common, KC=CH, and HS=SKX (by Prop. 
26.) therefore (by Eu. 6. 6.) the Triangles are ſimi. 
lar and 31g CSparallel to Ways alſo CS. 
| CB. *. D. 79 0 07 8 


Fi Prorovirion, 3 1 
lt, from the Focus, ik Le 
Point of Contact, and another through the 
parallel to the T. then the Difference berwe 
the Point of Contact and thi Interſection of theſe 
Lines eee eee 


5 : 1 2 Fi #142 2 
PD MON 1 RATION. 


Draw CS parallel to KF; then will the Figure 
ZCSE. . Prop. 
RIM SE D. 


Ls > Wenn XXXI . 2:4 

If to the Tangent drawn to the Vertex of any Di- 
ameter, a right Line be drawn parallel, "the Part of 
that Line which lies within the Curve will be tiſected 
by the Diameter; that is, A Alſo the Tri- 
N 
2 1 


„ 
* 


„ 
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* Ws 4 ak : My * 7 * 3 * - * 1 
» > 2 > 3 o % * E: # © EF * E 4 


"Dx: wonsriation. ba; 


1 , dC=n, Br, bar. 
CV=z, VO=q PV=b, e, and BV; then 


: 5 = 7, Prop. 12. 


S e 


ue 2 
St e and 20 75 


n 289 | 


which being firſt divided by 2 , and then multiplied 


a. 44 34 * N 3 


ven g, en ene. 


vrt Bu, 4 


ee 3 — e 5 — 


7 
* 


s 7” ao 9 7 0 N 27 rt . 
each Part being divided by -— gives 4+ —— = — 3 


Ly 


We MATHEMATICIAN: 
BCS= the Triangle dPZ+drC. Again, by ſimilar 


T1 G6 
— ”UEui 


ing kr vided by £ 42 


gra Tp nd 05 me 
* 12 TY bo by 2 1 F F * & . 
therefore, dr MOTEL 


Pt TT 3 bot (by 
7 = therefore TE 


* g E & : 
1. <P 


* 


4 5 eee bat 


1 ; + 
D f 1 : : 13 * 


Triangles g : 
5 BY 4417 


= whence if from-ench Part & the laſt E- 


q :: n therefore Au any 


* 
. 


: | | 
8 


- 
* 

y = 
we 
4 


3 mie 

LY 

* 33 

Na 
MF 


"% ©. ' 
* - 7 


X bay ; 


* 


£6: 5: K += 
1 each Pare . 
1 7 4 


* 


8 


2 preg. 


4 


from 


4* 


2 ev? * 


* * 
" E 2 
, — 3 
= 1 4 
a _ + — 


=: - 


MN ae * . N 


U 8 
n 


. 


n 


3 bo 


7 that i is, PVxVX+VOx 


p ; — 


* 


22 
__ 9 r 
r - 


— — 
— — — 
* p 


2 
—— 


1 * 


8 


- 
1 


+ 
7 
34 
3 
: 

1 

. 

; 
4 
; 

i 

1 

1 
— 

l 


- 
—U— 


1 The MATHEMATIOIAN. 


Peres ire xXXV. 


The ain Things being ſuppoſed as in the laſt 
Propoſition; the Triangle BSC the Triangle 
CFT; alſo the Trapezium drBS= the Triangle 
EZ; che Trapezium TF uk : Lange n 
FTT * =Zbxbr. 


i 


. Den rr 10 


From fimilar Triangles BS; FG :: BC: GC:: (by 
Prop. 14.) CT: BC; therefore BSxBC=FGXCT ; 
or che BSC= the Triangle CFT= (by. 
Prop. 34.) the Triangle e from the firſt, 
and third n take the Triangle drC, and chere 
remains the Trapezium d&/BS= the Triangle Paz. 
Alſo from the _ gd third fg take the 
Triangle PBC, there remains Trapezium 
bPTF= = theTriangle Ar; therefore (by the Lemma 


2 EV Hs * the Parabola) FTC ieee 0 


— 


* | 


l | 


The faine "Ri — | 
Zh. e Wes We 


* b ONSTRATION. | . | 


- Far VOLFC:he 1: FT P whence, by Com- 
poſition, YC+e : be:: FTT: , and, by Alter 
nation, IC (=V): FT4#P::3C: 3p 15 
F): r; therefore VVT FTT, F (by 
{anne bs Vie. 11. Part 1.) Zbxbr. | 


© 


{5 % 2 8 | - Definit ic A. 


. *＋ * 1 4 2 of i 4 


The MATHEMATIOIAN. 
Definition. If FS: FQ:: br :4Z::2FT-:P, the 
th _belonging to the Diameter FT; then 
Feed . . 8 N 3 


a 


We TS xXXXVI. 


As any Diameter, is to its Parameter, ſo 3 
ſo is the Rectangle of any Abſciſſas of that Diame- 
ter, to the Square of 4 Ordinate which divides 
them; that is, if D be put for the Diameter F, 

* for che Abſciſſa SF, and 7 for the ne ! > 
then D: 2 Dx — ** WEE 25 2 „ 4 


; D EMONSTRATION. 
- By- the Definition Pye I A | therefore 
. rec. 


—— 


5 ("917 01 N 1 x ; 
„ dk by Gil Triangles*S 1 is 


W" 
and therefore by Subſtitution 48 = * 


 DxaT= by the preceding Lemma re. 5 
whence D: P:: D.. 9%. | 
Peres 1 „ XXXVII. 

As any Parameter, is to its correſpondent Dia- 

meter, ſo is the Square of its Conjugate, to the 


Uo een XF.: Fr 


XD». | ., Ne 
D | "> 


# 
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DE ane 


an c- or P: VP:; 
3 1 
e en 


Hence any conjugate wanne 
portional, between the Diameter to which it is con- 

te, and the Parameter of that Diameter : For 
* this Prop. DP=C* ; therefore D: C:: C: P. 


PROFT²OSIT IO XXXVIII. 


- If Tangent cut any Diameter, and from the 
| Point of Contact an Ordinate be drawn to that Di- 
ameter; then it will be: As 3 
chat Ordinate and the Center, is to the Abſciſſa; ſo 

is the Diameter less by the Abſcifſ, to the Subtan- 
gene e continued ; that is, CF: 


1 e 


Let GQ an indefiaite fall Part of the Curve, be 
continued till it cut the Diameter produced in T; 
draw 


* 1 


4. *- . 
* 1 7 


draw the Ordinate GP, and parallel to it QO and 
Gr parallel to the Diameter FY : Put YF=D, 
FP=x, GP=y, Gr=n, Qr=m, and FT; then 
YP=D—x, OTA e, nen 
and PT=0+x z; then, by ſimilar Triangles, m: n: 

3:4+x; therefore ahe=2, and (by Prop. 36.) 
D: P::De—s"t5* i B: FUD AD 
zu-. : y*+2my+m* 3 therefore Dy =PDz— 
Px“, and Dy* +2mDy=PDx—Px* +PDn—2nPx ; ; 
wherefore PDx—Px* +PDn—2nPx— 2mDy=Dy* 

PDP“, "ny PD#-—2nP*=2mDy ; conſe- 


We rr 
4 . 


_ 


Are 
PD — 


| (becauſe by - g 6800 —_— 
 2Dx—2x* 8 Dax? D 

D == that 2 —: 

x: WRT or CP: PF::YP: PT. Fi E. D. 


PNS, XXXIX. 


If a Tangent ehen an Diameter, and from 
the Point of Contact, an Gr nate be drawn to that 
Diameter; then it will be: As the Semi- diameter 
leſs by the Abſeiſſa, is to the Semi-diametet, fo is 
the Semi- diameter, to the Semi: diameter added to 


cha external Part of the Diameter, produced to the 
1 2 Inter- 
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— 
p * 


1 —— 2 2433 4 — —— 
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F or CP: CF: c: CF. 
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Interſection of the Tangent: that is, CP: CF :; 
CF: CT. 


D#MONSTRATION.,. | 
Since CPAPT=CT; c= nd pr by 
Dx— x D 


the laſt) = 5D ; * cr t= ; 
Dx—x* 43D* | 3. -- i »D D 
TD TB E 3 therefore ER i 77 FT! 


Pere X. 
The ſame Things being ſuppoſed as in the laſt, is 


will be: As the Semi- diameter leſs by the Abſcila, 


is to the Semi-diameter ; ſo is the Abſciſſa, to the 
external Part of the Dianitter produced to the Inter- 
ſection of the Tangent; thatis, CP: CF:: PF: ET. 


+ D2zwons TRATION. 
. ? ; * 
By Prop. 39. DD, therefore 4 Yah 
e god amen 6. hat i, 7 


ITT of CP. carrier. 2 E. D. 


| N XII. 
As the Semi- diameter ef by the. Abſciſſa, is to 


the Semi-diameter ; ſo is the Diameter leſs by the 


Abſciſſa, to the Diameter added to the external Part 


of the Diameter produced 10 the — . 
CP:CF:; : Er. 52 
bn 


— 
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DzMONSTRATION. 


By che 4oth, 2 ene bun. 


D — . Dx 4 a * a 
75 DD” 5 char u, 2D-— iD: b 


: DA, or, CP: CF: IP. 2+ SED 


Paoronition XIII. 


As the Diameter leſs by the Abſciſſa, is to the 
Diameter added to the external Part; ſo is the Ab- 


ſciſſa, to the external Part of the Diameter produc'd 
to the Tangent; that is, TP: TT: PF: FT. 


D E MONSTRAT ION. F 

By the 40th, D—: 2D: :* :; and (by the 
41ſt) 2D— x: 20D : D: DP ; therefore by E- 
br. D—x; D+8::#:4. Or, IP: TT.: PF 


l PROYOSLITIOY XLII. 

As Si Semi-diameter added to the external Part, 
is to the Semi-diameter ; ſo is the External Part, to 
ph, that is, cr. CF,: FT: FP. 


DN s 10 l. . 
B thd Loth, +Da—ax=;Dvs ; therefqte- y= a 
we lt „„ 4D40:3D::9:# Or, er: 


F:; TE: BF. 

"P& 6 dou? 19% XLIV. 975 
5 As the Sqmi-diameter added to the external Pare, 
s to the Diameter added to the external Part; 2 
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the external Part, to the Subtangent ; that is, CT: 
YT :: FT: r. 


Dunes rA4T10 . 


0 —4 
By, the TE TT een Da? 


7 ON. - +, that is, Da: Dre: a: e 3, 
a, CF: YT: FT: Pr. 2. E. D. 


rest s XIV. 


As the Semi- diameter added to the external Part 
is to the Semi- diameter; fo is the Diameter pane 
to the external Part, ro he Diameter leſs by the Ab- 
ſciſſa; that is, T. ( Ji 4 0 4 £m | 


EA” Sl 
By the 41ft, 3D—s: D : D+a, and (by 


Prop. 39) n 2, 04s ; therefore 


Da: Di. Dx; ECT RE. IT 
: VP. SED. 3 


PRO OS 1 T1100 XIVI. 

As the Diameter leſs by the Abſciſſa, is to the 
Semi-Diameter ; ſo is the ubtangent, to the exter- 
nal Part of the Diameter produced to the Tangent © 
may? L YP: CF::PL;FT, 


therefore * = 7 


DunonsrnariON, 77 
Dx 


, Da o — De+De , 2 


125 4: 7 
6 cp PT: FF. 2 K D. 


— PR o- 
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Paros iron XIII. 
As the Diameter added to FRE Part, is 


to the Semi-diameter ; fo is the Subtan to 
Abſciffa ; that is, TT: CF:: PD: 3 


DzM OST AAT 
- "By the goth, £ 1Da=!Dx+ax ; therefore 1D4s 
= and DDT fn zD*+2D8. q +) 
is, - ge ago 3 a, rec., PT. 
— * 3 cy . ns * 
ee xXLVIII. 


I. from the Extremities of two conjugate Dia- 
ameters, Ordinates be drawn to the Axe ; then the 
Diftgnce. on the Axe between the Center and one of 
theſe Ordinates, is a mean Proportional between the 
Segments of the Axe made by the other Ordinate; 
= AG: CH:: CH: GB or, AH: OG: 


43... 
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"DEMONSTRATION. 
| Draw the Tangen t FT which will be parallel ta 


p the e CHa, 
ES Gs; then GB=/—x and ACS! þx 3 


hence (by Eu. 4 & 22. 6.) GT : CH* :: FG*: 

DTI :: (by Prop. 1.) AGxGB: ; AHXED: But 
(by Eu. g. 2.) AGxGB=BC" —CG,, and. AHx 
HB—BC*—CH* ; threfore GT: CH» :: CB 


CG* n. that is, * 2: : 
*; but (by the 13.) CG: GB:: A0 GT; 


that is, x; e: = ; therefore . 


1 — 


2 


PIES wy — 21 —x* : VB er ae: 
8 ; whence, by Compolition,*:a* 25 
0 125 = — and by en, third and fourth 
— TY 1 i; therefore * — 
—x* and x: a:: a: 3 os, AG: CH:: 
_ CB: In like — chat 
. : CG :: CG : HB. 


a it Mr i 


Hes? it will be no difficult Matter, to "9 * 
conjugate Diameter, without drawing a Tangent: 
For let the Ordinate FG be produced to meet the 
Periphery of a Circle deſcribed on the tranſverſe Axe 
in I; make CHI, and from H draw the Ordi- 
nate HD; then from the Point D, through the 
Center draw DCX and it will be the conjugated Di- 

4 C 
Q- 


, * 


\ 
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CorRoLLARY 2. 


The Sum of the Squares of any two Diameters, as 
DX. and F, is equal to the Sum of the Squares of 
the tranſverſe and conjugate Axes. 


For if a be put for CG then (by Prop. 1.) *: c* 
::(AH&HB= by this Prop. CG*=) 4 : BD'= 


25 and (by this Prop.) CH*=AGxGB=z1*— 
* therefore (by Eu- 47. 1.) cp. = + | 


es, alſo (by Prop. 1.) 1 © E282 : (AGxGB=) 


Mg : Fc =, therefore F. = 


* 


Hh — Fe- / 


Puros Trion XLIX, 7 

II any Ordinate to the Aus,, as GF, be produced 
to meet the Periphery of a Circle deleribed on the 
tranſverſe Axe in I, and from the Points F and I, 
Tangents be drawn to the reſpective Curves, they 
C and the 
ſame Point T. 


dinate FG be drawn, and 


und a T 
that Point; then where that Tangent cats the Axe 


Sven Point (6/2, F) in the 
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Daxons raxtion 


Das the Radius Cl, and put 
BT, and GI 1 TGxGC=G 
AG; that is, a-+gX21—x=3* nen,; therefore 
Ax = t -& ; 1 ::x:4 ; but in the 


Elhpſe (by the 15.) r: 4 2: 42 In both 


Curves the three firſt Terms are the ſame ; thete- 


fore the fourth Ferin viz; a=BT muſt be the ſame, 
and conſequently, the Point L, is that wherein both 


nn L. E. D. 
: COoROLLA RAT 1 


Hence any Point i 5 the Curve being given, we 
have an eafy Method of drawing a Tangent to touch 
that Point: For if from the given Point F, the Or- 
produced” to meet. the 
of the cireumſeribing Circle in the Point I. 
IT be drawn touching the Circle in 


produced, as in T. is che Pom — Hons ah 
Ep + right Line be 


CoOnHOoL LARRY 2. - 


Hence alſo, if from a Point T given in the Axe 

uced, it be required to draw a Tangent to the 
lipſe, it is eaſily done: For if on CT be deſcribed 
the Semicircle CIT cutting the Periphery of the 
circumſcri Circle in I; and BZ be made equal 
to BI, and IZ be drawn ; then from the Point F 


drawn, it will be a Tangent. 


where that Line cuts the Curve, draw the right 
Line IF and is will touch the Curve of the Eee 


£15 Pa 


- * : " * . 
wa . 
» SE |} * 
* g '  Schol 
2 = £4 
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Scholiuw, . Fiom this Propolltterictu ident, that 
all the — 177 * 1 e 
demon ted in to 
Th \nclufively, hold good ſo Ae HH me Eire, By 


* 


Per *. Problem. 1 


From any given Point (as T) * where without 
MATES Tas 67 d yas l 


1 9 74 1 f : S-34t 

l 4 — TT. 7 : 
* "4s 

at a. is > 4 3.4 


N y 
* 0 
«4s we 2 


ConsTRUCTION. 


Pin the given Point T through the Center C 
draw the right Line TFCY, and to the Diameter 
F (by Coral. to Prop. 48.3 draw the conjugate Di- 
ameter DX; mane the 0 8 a in RF: to 
in TER rake TRETE 


T, to G oe N Ferch Iss de ben, 7 | 
will touch thoEliple in t weten. ps 


a 


„ 2 E 2 0 D E- 
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DzMONSTRATION. 


By Conſtruction and Eu. 26. 2. TR: RS:: TF 25 
FP; = TR=TC and RS=CEF ; therefore IC: CF 
FT: 4 and (by Prop. 43.) TG or TN are 


1 


PROTOSIT Io LI. 
If any Ordinate to the Axe (as VX) be continued 


1 to a Point (N,) in the focal Tangent (TO; ) then 
1 the Diſtance (VN) from the M to that Point in 
| | the Tangent, will be equal to (KX) the Diſtance | 
8 W that Ordinate. 
| | it 

6 1 

Il 


DEMONSTRATION. 


Put KS, BC, CV=4; then AK=b++, 
BK=c—b, VKB Ed, BV c Ed, and AV=c2+d 
and K being the Focus, (by the 4.) KI. will be half 
the Parameter of the Axe: 25 (by the 3d.) CB: AK 


::KB:KL; or, 101 len! 
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ao Xx CB::CB: CT; or b: e: * 


= 143 but CT—CK=KT thats S—b= 


eV xr, a CT4CV=IVT ; nb £0 


7 
err, bor by ſimilar Triangles KT: KL 


We 

= V. - n bd cd 

:: VT: WM; or Fa „ 
ir che bd, CB: KL :: AVxBV : N 

ore: = to, ——— = 


WM and VK =b*+2bd-+d* ; but . VX 
=KX* ; that is, 


— — 
EK”, le 


i ready proved in he fr Pare, VN, VE 5. 
To be N * £ 
* 255 ANSWERS 


* 
f 


** 


400 25 9. 


. 


To THE, 


PROBLEMS 


2 Propoled in in the Second Neuen. 


2 7 


© F- * 4 F.. F pn 


* 


\' Hb, 0 
3 


F< bd 


— Aufored y San. F N PORE og 


preſent Value -of mn Annuity of 
Poung for 31 Years, Intereſt at ; /. 
Bid ext. ing 13. 592817, for eight 
is Years 6.463213, and for 10 Years 
nne i mapifeſt that the Ex- 
= .129598, by which the of © theſe exceeds 
the will be to 7.871076, that by which it 
exceeds the third, as 400 the preſent Value of the 
former Reverſion, to 344. — 244 + 40 ys | 
* Value of the latter 


Otherwiſe, by john Turner M 1 24 
The Reverſion of an Annuity at 5 J. per Cent. for 
23 Years, after 8 Years, is 9.130 ; and that for 
1 Lear, after 10, is 7.872 ; therefore z-130.: 
2: 44-8849, or 3444. 7. 8 


0 
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Pong, H. An/tvered by John Turner enn 


Let the two Lights be 


repreſe 
B, and læt che ety of Li 
—.— of the . 


— 4122:4 the 
from B, therefore 4 will be cho 


received from one of the Lights 
Allo 5: 93:2 {54 the 
from B in the ſecond 


the of Light r 
n that Poſition. 


Now, the Quant of Light received from hm 
nous Bodies of equal Magnitudes, being in the re- 
ciptocal dupfrate Ratio of their Diſtances, © we | 
malt have „1: I:: Diſtance from B :Diſlance 
from A, 3 from A 


348. 
at tho frft Obſervation. Again i: An Diſtancs 


V7 
from B: Diſtance from A; whance nn 
| 47H 


che Dittanee from A at the ſecond Obſervation 


* 


s 
e ebe =O 5 = 09786, "a OO 
: 09786:400 22K: 5087. 4%19 the whole Diltance & 
the Lights ; whence 2104.92 54. the Diſtatice from : 

B, and 983.3685 die Diane fem N at "the firſt = 


' * 
- W vo He” C 15 4 1 


_ 


\ 
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'» Onboreoiſe, by Samuel Farrer. 


The Number in eee to the 
Number in the other, as 2 to 3 ; the Quantity of 
Light emitted from them at the firſt Obſervation, 
in the Ratio of 3 to 4; and at the latter Obſerva- 
tion in the Ratio of gj to 3 reſpectively; it follows 
that the Quantity of Light received from any one in 
the former — be ack received from any one - 
in the latter, at the firſt Obſervation, in the given 
Ratio of 4 to 4, and at the other Obſervation in the 
given Ratio of 5 to 1, becauſe all the Lights are 
equal among themſelves by Hypotheſis : Hence if 
the Diſtance between the Traveller and the firſt Ser 
of Lights, at the firſt Obſervation, be repreſented by 


*, it will be :e the Diſtance betwirt 


* at that Time, and 2 becauſe the 
Quantity of Light emitted uminous Bodies are 
inverſely as the Squares of the Diſtances; but by 
proceeding forwards 400 Yards the Dis, from 


the Lights, do then become x—400 dnl 0s 


32 
relpetively; therefore Vi. It: _ 


2 
00, from vbenceæ aa n, 6654, 


Y 5 

Ge. is given, and conſequently the other Diſtances, 
ö * 2 
termin ” 


PaoBLE a III. ads John T Sly 


It is demonſtrated by all writers of Tri 
that che Sum of the Sides, any given 
Angle 
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Angle of a plain Triangle, is to their Difference, as 


the Tangent of half the Sum of the unknown Angles, 
is to the Tangent of half their Difference ; therefore, 


if the including Sides of two different Triangles be 


teſpectively equal, it follows, by Equality, that as 
the Tangent of half the Sum of the unknown An- 


in one Triangle, is to the Tangent of half their 
. bolaes ſo is the Tangent of half the Sum of the 


unknown Angles in the other Triangle, to the Tan- 
gent of half their Difference. But if the included 


Angie of one Triangle be a right one, half the Sum 


of the other two will be half right, and half their 


Difference the Exceſs of the greater above half a 
right one; whence the Truth of the Theorem is 


11 150 


 Otheraiſ by Samuel Farrer. 
** An be the propoſed Triangl 


DEGC be deſcrib'd interſecting AB, produced, in 
Cand E: Alſo let BG be drawn perpendicular to 
ABE, and draw CD, CG, DE, and GE, and let 
CF and CH be parallel to ED and GE reſpectively. 
It is evident that ECD (EBD) is is equal to half 
the Sum of the Angles, BDA BAD; and that 
CDF=; > their Difference, becauſe BCD=BDC. It 


E, ** en 
the Center B, with the Interval BD, let a Circle 


5 - 
— — —— —— —— - = . 
—— 2 ————————— 5 — . 
— — — . 
. 
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is likewiſe evident that the Angles EDC, DCF, 
EGC, and GCH, are all right Angles; but BG 
(BD): BA :: as Radius : Tangent of BGA ; whence 
it appears that BGA is the Angle found, or under- 
ſtood in the firſt Part of the Theorem, whoſe Exceſs 
above half a right Angle (BGC) is the Angle CGH, 
Now, by ſimilar Triangles, EG (GC) : CH(:: AE 
AC) :: ED: CF; but GC: CH : : Radius: Ta- 
gent CGH ; and ED: CF :: : Tangent of ECD: 
Tangent CDF, therefore by Equality Radius: Tan- 
gent of CGH :: Tangent ECD: N 2 CDF. 
2, N 


PROBLEM XXIV. Anſwered by Jolin The I 


| | Suppoſe the Triangle ABC, which is inſcribed in 
it the Circle ADCE, to be ſimilar to the Tequired one, 
ul Let s and c repreſent the Sine and Coſine of half the 
14 Difference of the Angles at the Baſe, putting the 
Radius of the Circle =1, and FO=x =x ; then Ra. 


dius (1): DE (2) :: S. EDB (e): BE=2c, and 1221 
S: 25=DB; alſo 1: 2c :: c: 2c E, and 1: 2c 
372 2c5=GB. But 'GE--EFmzc *—14*(GF)= 
BH, and by the Property of the Circle 14-3 = 
Ll SAF*, therefore AD=V 2+2x, 

1k | | Now 
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Now if BC be produced to I, ſo that BI=BA, 


and A, 1 be joined, the Triangles ABD, AIC, will 


A 


be ſimilar 5 thereſore Vai : 


45 1—x* 
+ BH* FI FB 
Vat ix cl. Moreover BH +FH* SFB 


4 4c iar“ ; whence by Similarity of Fi- 
gures , e s Ea, EL (the 
Taz 2 
given biccing Line): d (the given Difference). of 
the Sides; conſequentiy i 4 x+1—2x+3*= 
2 of” . 5 
. — and d*x* e ie. 


"Pit" & 13 484% 


Paos LEM XXV. Anſwered by John Turner. 
Cons TRUCTION. 


Upon = given Baſe AB deſcribe a Segment of a 
Circle to contain the given Angle, and let ACDE be 
the given Square; draw BDF meeting A produced 
in F, — FG, parallel to AB, interſecting the 
Circle in G; join A, G, and B, G, then will ABG 


be the T riangle required. 
R 
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DEMONSTRATION. 


Make GM perpendicular to AB, and let CD be 
produced cutting the Sides of the Triangle in H and 


I; then by ſimilar Triangles FC: CD :: (FA: AB 
:: GM: AB) N: HI, therefore GN being equal 
to FC, HI will be equal to CD DE- HK, which 


was to be proved. | 


1 NUMERICALLY. Fo $4 
As BE: ED :: AB: AF=GM the icular 
Height of the Triangle ; and, as S.POB : Rad, :: 


PB: BO, alſo 8, POB: S,PBO :: PB: PO, whence 
OO is given =GM—OP, and conſequently QG= 
4 OG*—OQ? ; but OG: O:: Rad.: 8, 
the Difference of the Angles at the Baſe ; from 

whence all the Angles and Sides may be found. 


PRoBLEM X XVI. Anſwered by B. Oxon. 
Let P be the givenPoint,QR the given right Line, 
and STN the then tho Center 
of the given Ci raw the right Line RS perpendi- 
cular to QR and join 8, P; take SL to SN as SR to 
SP, and throꝰ the Points P, L, deſcribe, by Prob. 39. 
Page 185. Simpſon's Geometry, the Circle PLTQ to 

touch the right Line Q, and the Thing is done. © 


Sz 
* : = . 3 
N i 
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Dr MONSTRATION. 


Draw QS cutting the Circle STN in T, and join 
N, T; becauſe the Angles T and R are right An- 
gles, and the Angle S common, the Triangles SN T 
and S R are ſimilar, therefore SQ : N:: SR: TS, 
and SN SR STN SQ; but SPXxSL=SNXSR by 
Conſtruction, therefore SPxSL=ST xSQ, whence 
it is evident that the Points P, L, T, Qareina 
Circle; but the Point T is in che Circle SNT, there- 


fore the Circles either cut, or touch each other in that 


Point; let now QM be drawn, from the Point of 
Contact Q, perpendicular to QR, and join T, M. 
then becauſe MTQ is a right Line and vertical 
to STN, it is evident that — Lines NT and TM 
are one continued right Line, therefore che 59 
touch each other in tue Point T. 2 E. D. 


ProOBLEM XXVII. Aufwered h John Turner, Js 
mg 1 160, bees arc 5 Geometry.” 


[ih Cons TAU . 7 


4 Mee A B, the two given Points, alſo 5 
5050 one of thoſe Points to the Center of the 
Circle; biſe& AB with the indefinite iculai 
RPS; alſo biſe& BC, and, from the Point of Bi- 
ſection D, take DE a third jonal to 2 BC and 
CL, then take El=CL, and draw EG and TH, per- 
B.. an from the Cem meeting RS in G and H; join 
S, B, and from the Center H, with the Interval 
BC, let an Arch be deſcribed cutting PB, produced 
(if need be) in K; draw KHand BO parihe cherer, | 
| meeting Rs in O; e e ith 
the Interval OB, let a Ci the 
TH Fanta BY 4 


A 
＋ 5 * > 
* 
F 
P a 44 | * N — 
4 „ 4 * 
— 
* 


| Gale. ln Rand rakes teongh, Bad 4, —.— 


9 


| 
vi 
| 
£4 
[ 
| 
3 
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ol DzMONSTRATION. 

Let OF be to CB: Then, becauſe 
of the parallel Lines, KH (BC): BO (:: GH : GO) 
:: EI(CL:EF, and con ty BCXEF=BOXx 
CL. Moreover, by n, 2BC: CL :: 
CL: DE; therefore BCxDE=3CL* ; to which 
adding CBXxEF=BOxCL, - we have BCxDF— 
BOXCL--5CL*, and therefore 2BCxDF=2BOx 
CL+CL* : But 2BCxDF is alſo equal CO*—BO* 
(by Cor. to Theor. 8. Page 37. Simpſon's Geometry ;) 
therefore 2BOXCL+CL *=CO* —BO?®, or BO*® 


+2BOxCL+CL*=CO?®, that is, CL = - 


CO; whence CO—CQ (=CL) BO, therefore 
„„ given 


* 


PxoBLEM XXVIII. Anſwered FR the Propoſer. 


ConSTRUCTION. 


_ Suppoſe AB to be the given Side, and ach, bcd, 
eda and Ida the given Angles, 


— Upon 


The MATHEMATICIAN. 
Upon the given Side AB let two Segments of 


gle eg 
gle equal to adb ; | make ABE * the 8 


ment of acd to 2 ofs Cie, 
ſcribe a Segment Circle, 


equ 
thro? E draw DEC, S . C, nd 
ABDC vil the Trigun repent 


L EG” 
Since the Angle ACD+ n I to 2 right 
and the Angle ABE is the Supplement of 
acd to 2 right by therefore 
is ACD=acd, and conſe — alſo, 
becauſe the Angle EDB is equal to cal, and the An- 
| — 7 
E ; : | 


C4 


f 


i: Ta + Crd 42100: 


From the Center I, of the Circle ABD, to the 
Points A, B, D, draw the Radii IA, IB, ID; and 
from the Center K, of the Circle BED, draw the 
Radi KB, KE, and KD; alſo join A, E, and I, K: 
Then in the Triangle ABE are given all the Angles 
and the Side AB, whence BE and likewiſe BK will 
be given ; but the Angle EBI (=ABE—ABI) is 
given, therefore the Angle KBI is alſo given; from 
whence, becauſe the Sides BI and BK are given, 
the Angle BIK=DIK will be found : Again, in the 
right-angled Triangle BMI are given all the Angles 


and the Side Bl, whence BM=MD is given, =:BD 


one of the required Sides of the Trapezium; and 


from thence the reſt may eaſily be determined. 


Paop.zm XXIX. Anſwered by Samuel Farrer. 


Let ABDE repreſent the Trapezium ; BF, EG, 
EASE EAT 
from the n iſecti ides AE, AB, 
BD, and DE, two and two in the Order in which 
they are written: Then if from the Interſection K 
of the Lines BF, EG, to the Interſection M of the 
Lines BI, HE, be drawn the Line KM; and from 
the Interſection L of the Lines AH, DG, to the In- 


7 {5 : 8 A ; a e 


"+3 
by 2 - 
* — 
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terſection N of the Lines AI, DF, be drawn the 
Line LN, the latter will interſect the former in E 
the Center of Gravity of the Trapezium. For fince 
the Interſections L, N, are the Centers of Gravity of 
the two Triangles made by one of the . AD 
the Interſections K, M, the Centers of Gravity 


the two Triangles made by the other Diagonal BE; 5 


it is manifeſt, that the e of Gravity of the Tra- 
d will be ſomewhere in the Line LN, and alſo 
omewhere in the Line KM ; therefore it can on 
be at C, the Interſection of theſs Lines ; from whence 
and the Principles of Mechanics it follows, that 
KC by the Triangle BAE=CMx by the Triangle 
BDE, and LC by the Triangle ABD=CNy by 
the Triangle AED. In order to determine which, 
draw the Lines CF, FG, and FI, and aſſume KC 
and CN, both unknown; then in the Triangle BCF 
will be given the two Sides BC, CE, the Ties KC, 
and the Ratio of the Segments RK, KF, as 2 to 1 ; 
whence BF, and the Sines and Coſines of all the 
Angles may ſeparately be determined, in Terms of 
the aſſumed Line KC, and given Quantities; becauſe 
BC* xKF+CF* x<BK=KC*+BKxXFKxBF : But 
the Sine and Coſine, of the Angle AFC being given, 
and thoſe of BFC determined; the Sine and Coſine 
of their Difference AFB may alſo be determined; 
then in the Triangle BFA will be given the two Sides 
and the Angle included; whence BF, the Sines and 
Coſines of the other two Angles, and conſequently 
GF may be ſaid to be given; but two third Parts of 
GE, is equal to the Line LN, from whence taking 
the med Line CN, the Line LC becomes known. 
'ow the two Sides AB, AE, together with their 
included Angle, being given; the Area of the Tri- 
angle ABE from thence. becomes alſo known. Af 
ter the ſame Method of Reaſoning CM, and the Area 
of the Triangle AED will become known; but the 
. and Coſines of the G N BCF, DCF, being 


given 
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given, the Sine and Coſine of the BCD from 
thence may be inferred ; then in the riangle BCD 
will be given, the rwo Sides BC, and their in- 
cluded Angle; whence BD and che ines and 
fines of the other two Angles may. be determined 
e Be. 
9 en, the Sines and Coſines of all the Angles, 
thence be determined .and by an eaſy 
8 from what has gone before, the Mw 
oft Ang ABD, DE hen i an of þ 
KI given, two 
an Angle included, whence che Areas Sew 
QuesT. 30. Anſwered by Sammel Farrer. 


known. 2, E. J. 
Let LP (=20 Parts) make with LS, the Meri 


dan departed from, an Angle of 45*, and let PB 


RE 
> g 
3 * 
8 N 


he prof 25 Pars further towards W, a right 
from thence to L, the Lizard, a 
ke an Angle wth IS pf 565 15"; alſo let 
be el to LS, and PG, LX, perpendicular 
thereto; then will PD 2 the Diſtance ſailed 
the Privateer, W the Place when 
Man of War, WL the Diſtance 
- WX the Difference of Latitude, 


and 8 Departure from the Meridian. 


Nowiintthe Triangle H. F, are given all the a) 


* 


| 4s b 167 
and the Side PL ; whence CF pes 
do be given; for the former of which put a, 
the latter 5; 2 D War, 
e CLF t, and FG=x; then will =DH= 
ar, and PGA; therefore, by Trig. 1:4: 
= GWI whence PW IT ; but the 
Triangles PWG, DWH, being equiangular, EI? 
Tt. : N 2 therefore AF 
* ; Re Value of „ 
— be des * conſequently all the other 
Lines in the Figure, — dt > 41 are 
expreſſed above; 


ProBLeM XXXI. Anfwered by John Turner. 
Put r the Head Diameter, x5 the Bung 
Diameter, and a= the given Di then 
—— =+ the Length, and 1 
the Content of the Caſk, will be as Fx 
. — — —290—9 . Now it is manifeſt that this 
will be a Maximum when y=o, there- 
tore the required Content of the greateſt Caſk will be 
ar NVA -= whence 8*x*—x*, which is as the 
Square thereof, muſt be a Maximum, and conſe : 
quently 44*x*=6x*, and =; therefore it ap- 
pears that the required Caſk — be the whole 
Spheroid whoſe Axis is 24 +, SL 
Diameter is 203. LES | 


 PaonLEM XXXIL  Hafwered by Samuel Farrer. 

| e 
the Curve of the Parabola is to be deſcribed, and let 

the right Lines AR, MN, be drawn: each 

other in P; take APN R, to MPxNP, as AP?, 

to PF, and draw the Line AF; then thro” G, the 

nnn W 


158 The MATHEMATICIAN. 


” 5 TE: 


MEXFN, to NES (GM:,) 45 AF to FG; . 
a Parabola du ſcribed thro the Vertex C of the Di- 
ameter CG, whoſe Parameter is a Third. bportional 
to CG; and GM, and Ordinates paral to — z 
will be that required: This is. ankles: by the 
Writers on Conic Sections, -. 2 


I is : b[erved, t Proport 
ia Ae frm th e of 


feribed tro the four given Points ; but that” Bain 

the leaft Parameter war 40 * Aris —_ 

thi'Probltme. noms £ 35 from ovine: wit 
PROBLEM XXXIII. ee de une 

From the Center O draw OBD, and OPQ, per- 

— dicular to BC, cutting the Circle in Qa and. let 
R the Sine of Incidence BOM, or ABD be c 

by x, and the Radius OB by N ity: Then the Sine 


1 Incidence being to the Sine DIE 
| Ro 3 ſuppoſe” that of m to NN will bo as 


1 . N 
#2 94 4 ©+4 3 lod: 


: Ar A 
ar: 22 & 7 05 che Sine of R wa 


"Now the Aich NC beivg # Magin, by the | His 
ſtion, | its Supplement MBQC muff be a Minimam, 
nd. the Flaxion thereof, of that 
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2BQ, equal to nothing. But the Fluxion of any 
Arch, Radius being Unity, is known to be equal to 
the Fluxion of the Sine divided by its Coſine; there- 
fore the Sine.and e the Arch AP being bo 


2 m? 2..3 9 
1— — 


* 
N bor 11 * 1 mlziggolT | [2ilodra; 


from 23 


the Ling Wade? „ 8 
But ĩt may be proper to obſerve that if m be greater 
than 4n, the e Value of x will become impoſſible, in 
Which Caſe all the R ays will emer 5,98 the cones 0 
Side Ne hats a and that Will lowelt” of | 
Pac 


.whoſe Incidence is 90 Degrees. 
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 Paonuzm KXXTV. dnfwerel h Samuel Farr. 


Length; 1. i be the fractional Number or 

which if the Difference y be multiplied, 
taken from ò the greater Diameter; 
the —— may be the Diameter of a Cylinder 
rr the ſame Length as the 
Fruſtum. Then will S cpr be the Content of 


ſuch a Fruſtum, whoſe Fluxion =PxXxb—my *— 
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; Pon. XXXV.  Aufwered by Samuel Farrer. 

Let a+60® be reduced — and it will 
become =a"+mea"—""x"4-m. - = vs 2 
=, ae. "+ Gt. e mukighed 
97 — gives 47 Türe 
dm. — e . 5 


5 5 mea! x 


Area, whoſe Vous = om 7 be: +1 
1 m—1 = ET T m—2 
and * EDA OP 


+5 3 P 2 | 8 5 3 


gn=3cx5* V—cx ex- MUSICA" 


C 


MI 9-227 I Mz e 
— 75. oh I 99... 
2 PI 2 PD 


. 5 1 m—7 
Se. = pk wh > IP — xc * M., Joe Sh 


— — . 


FC Cn . gt aku 
„ * +: 2 by 53 : 2 * P * 


J : a 6 , | 
|| | — Male U—CX® m : 
Z. EDD, Se, therefore e 


e Wl — CO=303 x37 ER 


-_ 


ty 4 . ad F 
MM — —— 5 30 "" _ 


_ — "Ke 8 yy 
eren B5ih 
[mn m. — nr. 


r . 243 . 72 
— x8" NN 


D 5 


| dypn mY | 9 5 
* above found =— 2 5. — P * _» 


| . dec 4 h- * 12 | 
2 . Sc. — — _anto 1— . 


: * 
« * Perz 253 8 ln 
e e. eee . 


e PH giagts” 4 4 * 


Te, 2. . 4. 


— 


and the Elven. or 


Co- 
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OED LEE SY x. 


-» 


— may the Fluent OP fa 7 TE 


| becafily derived for let £— and be fub- 
Nitured in Place of p and m «otic, and; it will 


— m mr zr can | | 
5 DY A r Ir + Pe. for the Va- 
1 


4 «24 


co 2. 


Ile. and c=1; cherefore v=o and — 


2 RT” mir m+2r 
7 Hr 2H Har 


H_— But when =; 47. iel 


Tt te. 4 
P. pH Pp Pp + Ge. = —— z 
and 5 of the Terms, it will appr, 


7 m * . 2 hand 
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mr Fav od m-2r 
—— 3 conſequently 24r © 22 Far 


Mu m2 2 2 m W PAP 
P p+2r* +37 5 — 5 


=—2__—; .; and when m=o, and 
p—nm—r n 


„ GY Sq Gr. 
r 7 


TAT 


9213 


1 
Fi 


— 
. . 
ProBLEM XXXVI. Arfeered 5 Roſnillon. 


| It is evident that the given Series may be re- 
ſolved into the following onen, that is, | 


mnp into — + tint its I+=+ &c. 
D = Y ATI E. 
1 into =+ 4+ FEATS 3+ &c. 
i + I+=5+= _— 2 ＋ Er. 
whoſe Sum vill be found, s them wo be 
continued ad -infinitzm; to be equal to = — 


711 
| . CC 


— | = 3"; N 
Due. — 
1 — — 


tn . Fon] 


* 
» * 


The MATHEMATICIAN: #75 
. bor the above Series after the mth 
: a be reſolved into the ö ones, 
— into 


= . 0 415 
e % 
9 


e 2 ＋ + 2 4 &c adinf. 
24812 e, 
n | 


n 7 + 
e 


1 — J which, pap 


— 


*% * 
© F 


S Te ES } 


LA... wa. Ad — _—__ — 


EEE xr {EPI — 5 
2 ee, 2 x + : 4+; he | - 
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ProBLEM XXXVI. "Red hy John Turner. 


Since CE = 10, and BE=15, the Diameter c 
will be 32.5, which being put Sa, and CE, alſd 


any Diſtance Cm x, we ſhall have Fm=V az—xxe 


and conſequently the Area of the Surface of the bh 
quor at the Heigkt C C A (3 ing = = 
3.1416 3) which multiphiee by x gives . - p * 
ior the Fluxiof of the Solidity "PX 
ar- rd wilt be the Fluxion of the Time of De- 
ſcent when the upper Cock js ſtopped, whoſe Fuents, 


ven , will becorts 6e BE, Bur this 


Time is td the Time of Vacdatios? ſuppoling the 
2 to continue the ſame as at the Beginning, : 


ThE AOL ram * 1. to. .7g1 3 there- 


— 8 u, * yo — — 2.73 55 for the Quantity 
of Water run out of the lower Cock, with-the firſt 
Velocity; in ont TUI. 
Now let both the Cocks be Tad together, and 
let the Time of deſcending the ce EA Be de- 
noted by T; then the Quantity o iquor running 
in at the upper Cock, in the Time T, will be T, 
anch tliãt running out at the a Cock, in the ſame 
| * me, 


The 'M ATHBMATIOAR "mp: 


Tine, Abe 2 . i: 2 
6 


of Liquor in the fame Time will 6. dro by | 


whats Fn, — "A 


„ 10512 10352 


JE Te” Mi: ages ..- 


2 


| \ f 
PROBLEM XXXVIII. 2 John Turner. = 


Since it is proved, (in 1 149, Simpſon's 3 Fluxions) 


that when the Gravity. at the Equator is 1, the Cen- 
trifugal Force will be , and that the Central 


Force under the Equator is fo that in any given La- 
tithde as the Square of Radius to the Square of the. 
Coſme of tlie fard L atitade,. we ſhall * 991339 


equal de M0 * 5 
— — IVeS,,. 9986602 for the. 


Es py um in the pro ſed La- 
titude is actuated. Pur wy NIE of ibrations 


performed by equal Fendulums in the fame Time is 
in the ſubduplſcate Ratio of the Forces, therefore 
* (the {gaarcRoot ofthe Force when the. 
| is. in Motion): V1: : 24X3600 — -=<j 


: 86457.64 the; Number. of that would 


performed | in 24 Hours if the Earth's —— 
to 


N 2 


3, wv 00) red gc” 2 nt Ee a 


m XAC 
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to ceaſe ; therefore the Number of Vibrations or 
Seconds gained will be * 64—86400 (57. wo 
=57 · 36 

Otherwiſe, by "ITY os 
Let ArBA repreſent the Earth conſidered as 


rical : Put the Axis AB(=2AC) about which the 
Earth is ſuppoſed to revolve, a; the Diſtance An 


which a heavy Body deſcends, by means of its own 


Gravity, the firſt Second ; the Time of one Re- 

volution in Seconds =m ; the Periphery of a Circle 

whoſe Diameter is Unity — 2 the Coſine, to the 
ti 


Radius 1, of the propoſe by Car... Prop. 4 
abſolute Gravity : Then (by 
2 OR oy > aki 


* — 


a e in the Petiphery of the Cirele 
AFBA, made by a Plane paſſing thro* the Center, 
in order that the centrifugal Force at the Equator, 
may be equal to the Force of Gravity, will be , 
and the Arch deſcribed in the ſame Time ariſing 


from the Earth's preſent Rotation H, wherefore 


(by Cor: r. of the before mea Per) f. 


F209 :G: : 29 the centrifugal Force at the 


7 1 
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Equator; but this' centrifugal Force, is to that in 
any other Latitude, in the d Proportion, of 
the Radius, to the Coſine of the Latitude; there- 


fore Ze vin be the centrifugal Fore in th 


propoſed Latitude; which being taken from G gives 
G—E the accelerative Force of Gravity in 
that Latitude, when the Earth is in Motion ; but 
the Number of Vibrations, made in the ſame Time- 


by equal Pendulums, acted on by unequal Forces, 
being directly in the ſubduplicate Proportion of thoſe 


Forces ; it follows that J? 5 5 :'G:: ” 
or 86400 the [Number of Seconds, or Vibrations; 
in 24 Hours, when the Earth is in Motion, to 
86457.9225 the Number of Vibrations which would 
be performed in the ſame Time, was the Earth's 
Rotation to ceaſe intirely; therefore if from this laſt 

Number, 86400 be ſubtracted, the Remainder 
57,9225, ,will, it is manifeſt, 'be the Number of 
SER. Pendulum | would gain in one _ 
2 E 


1 XXXIX. Aloud by John Turner. 


The Ratio of the Equatorial Diameter to the 
Polar being given as 2 to 1, if & be put for the lat- 
ter, the former will be 2x, and therefore the Content 
of the Spheroid as 4x* ; which, RES 
Diamerer of the Earth conſidered as a Sphere, will 


8-* 24 
be za, mg and EA=7- 3 


which, when d is taken =2, will cms oral ro 
1.2699 and 2.5198 I reſpectively... 1 


j 
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gent of the Angle R 


0 A 
Top r= apps Obs, mn the 7 1 


given Latitude ; then by the Property; ,of the El- 
lipſis we have R RQ=297* , and RT=4z1 
therefore, ſince RI: N:: Rad.: ¶angeot QTR, 
we _— area,, ad conſequently. Za 


a e 3 whenos VB and are 


known. 


But, by/Simpſen's 3 ions, it. is ꝓroved * 
the Gravitation hen the / Earth is at reſt, under the 
Form of a Sphere, will be to the Gravitation in the 


„ eee e eee as 1 to QT 


nee by the Queſtion, the Body ls ſuppoſed 
to deſcend (along a Curve or an. inclined Plage) eyery 
where in the Direction of its own Gravity, it is eyi- 
dent that the Path QO, of the Body muſt he ſuch, 
as to be perpendicular to every 4. Hmilar and 
concenttic to EAS; «hich Path, therefore, will ve 
found to be a Parabola, whoſe Equation is z*=zx 


©, where RO, RQ=c, any AbſtifſaOK=2, 


and its correſponding Ordinate 'KI=y, m being to 
Unity as the Square ofthe greater Diameter co thr 
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of the lefſer ; which Curve, therefore, in the Caſe 


Ll 
* 
bY 3 0 # 
I £ 
Ld i 
2 * 
f THT 
— * * 4 
— « © 
14 8 þ 'F 
" 
= 
Lk 
" * 
8 4 —_— £ | ® 5 . * 4 as 
; a 1 44 x 242 — 
equa will dead by . — or 2= 5 
6 e - 


cos by Cir rue xf ry aer re | 
Now, IT bling fuppoſed to repreſent the Mite 
in the Direction of the Curve IO, we ſhall have 
Lv Ear Fx Lv f — * be- 
ing ſuppoſed-equal to the n the Point I, 
— 1 
— TOE 


n , de e. . == 2 | 
KE eta 


I hence 
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8 242 557 T 6. . #23 E 4 14-1 8 
2 Fi 7 
whence 27 == 5 will be the 
Z 5 
Fluxion of the Time required. 


ProsLem XL. Anſwered 5 John Turner. 


It appears, by Propoſition 2d, Page 3d, Simpſon's 
Effays, that the Part which a Star through the Ab- 
= erration appears to deſcribe, in a Plane parallel to the 
k 1 will be a Circle, let the Eccentricity of the 
| _ Earth's Orbit be what it will. Therefore, if the 
11 Ellipſis in which the Earth moves be ſuppoſed to de- 
| generate to a Parabola or an Hyperbola, the Path 
will ſtill, it is manifeſt, be either a whole Circle, or 

4 Portion of a Circle; that is, a Circle i in the Para- 
bola where che true Place of che Star will be in the 
Periphery, and a Portioti thereof in the Hyperbola, 
- where the true Place of the Star will be without the 

Periphery. Therefore, ſince the Projection of a 

Circle upon any oblique Plain is either a Circle, El. 

lipſis, or a Right one, it follows that, the 
Path will be always one of theſe three; that is, a 

Circle when the Star is in the Pole of the Ecliptic, 
a right Line when in the . trſelf, . an 2 


bps in all other Caſes, N 


. * 
0 ps 


7 SJ e = ; 


F , 4 F * 4 * us 4 
. * 5 
" hm FI 6. ; - ; 
2 — * N , : 2 3 13 #2 8 
£ ; , x : 
* * £ <4 x * 1 8 q ” 
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.- * 4 3 4 * 
7 N 
j f O N 
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PROBLEMS 
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| Anſuered in the next Nauen 23. 
* R 150 * | 4 os 
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PROBLEM ENG. bs OY 


wx 4 - 
% + is 


>. 


*WO ima — e ah 
308 J 65. 8 d. one whereof was 
due at the End of 6 Months, the 
other at 8, at a certain Rate per 
Cem. were preſented: to a Banker, 
do be diſcounted, who received 
31. 6 4. 8 d. as a Premium; the Intereſt of the 
two Sums, each for its reſpective Time, will amount 
to 45. 84.23 more than the Diſcount; from whence 
che Value of each Note and ns per yr 


daun are here requir, R > 


$ * & * 4 7 
*OX 1 | | 0 
ff o 
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Pubs Eu XIAII. by dane Mh. 


Our Ship coming into an unknown Depth of 
Water, we threw out an Anchor ; whenthat was at 
the Ground we were cloſe to a Buoy ; then, veering - 
away 50 Fathom of Cable more, made u War? Fa- 
thor from the Buoy 3 Quere, the Depth of 


chen XIII. by Saws! Herer. 


A Ship ſails from a certain Port, upon a S. W. 
Courſe, at the rate of 4 Miles per Hour; after ſhe 
has failed g3 Hours, another Ship, from a Port 22 
Miles North of the former, ſets out in Purſuit of her, 
failing ar che rate of 5 Miles per Hour: Now it is 
required to find what Courſe the ſecond Ship muſt 
ſteer W ſhorteſt Time 


poſſible ? 
ProBLEM XIV. by Jobs Moor. 


The Perimeter, and all the Angles, of any plain 
Triangle, being given ; todetermine the Sides ? 


PROBLEM XLV. by Nath. Seaſon. 


Io draw a Right-Line, to make a given Angle 
with one of the Sides of a given Triangle, fo that 
the Triangle, cur off thereby, mne the whole 

in a g Ratio. | : 


D 


— XLVI. by Samuel Farrer, | 
In I a given Pentagon, to inſcribe Square, | 8 


Pcs XLVII by Samuel Furrer. 


Wabbem Portion of a Circle, de nr 


angle, whoſe Length ſhall be 40 its Breadth, in a 
given 3 


N 
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+ ook, 


Thee Right Lines, roms Faw ts Ge 


Points, termunating in, and bileffigg che oppaſite 


Phe Perimeter, Area, and one of the Anglts;- 
of any plain Triangle, being given z 20 conſtrubR 
the Triangle; 


3 by Samuel Ferrer. FS 
If from a Point, either within, ar without, any 


right-lined Figure whatſoever, Perpendiculars be let 


fall onevery Side ths Ge 
made by thoſe Perpendiculars, GR CO 
e Ruere, the Demonſtration? 


" Pavutei II. by tho Oe. 


two right- angied cal Tmangles, - 
Xrorga gh ga — — 


their Baſes be biſected by a P 
as the Tangent of the leſſer P is to that 
of the : Rad.: pins 4 wg wo and as 


Rad.: to the Tangent of the Exceſs of this Arch 
above 45 f: Tangent of the Diftance of the Point 


N of x the Difference of their Bales. | 


Papi Ext LIL by Titho Ones” 5 
Abus Lines dravn from the Curve, de Brow: 


of a Parabola, be given 
tion; the Poſition __ Axis may be dete 


— pb * 


of Biſection from the common acute Angle: to the 


both in Lengeh and Poli- 


12 


eh XVIII W 1 


Pai XLIX: by Jobs r. hen 


; it will be, 


- ; 
: 
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OE he He hore" 46* 

the Cotangent 5 the fourth Part of the KANE” ia 

code by the ven Lines : Ne T oft 
Arch; then if the half of the Angle included by the 
given Lines, be taken from, or added to, the double 
of the laſt found Arch; the Remainder, or Sum, 
will give the Angle formed by the Axis, * che 
leſſer, or greaters; Line reſpectively. 13 


PROBLEM. LAI. by Samuel Ferrer. 


What is the Odds of not throwi either 35, 26, 
37s 7 ö ten Dice. 


1 luv. by Joby an 


una n Triangle, . sb 
Right-Lines, drawn from the Extremities of the 
- Hypothenuſe, terminating in the oppoſite Sides at 
equal Diftances from the right Angle, and interſect- 


4 23 . hi j * © #4 1 1. 1 « 
2 4 ; 45 - £ 1 " bs F a 
Fn 

4 - b * 7 
4 7 * 5 * ; * 1 0 . 4% 9 * - 
PI LE M LV b 5 
LROBLEM LV. by obn Turner. 
M1 RE 6 of s 2 ＋ 1 * . 5 


The Diſtance and Poſition of two Boats, whereof 
one is to croſs a River, and the other to fail di 
down it, being given; tis required to find in what 
Direction the firſt muſt croſs the River, ſo that 9 
may be as much before the other as poſſible, ſuppo 
ing the n Ser oh ſt 
| e TIDE: SA 

5 5 * 

Po- 
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Pronto LVI. W Farrer. 


Of all the equal headed Caſks, that Gan poſſibly be 
cut out of a given Spheroid ; to find that, which be- 
ing filled with Liquor and placed with its Axis per- 
pendicular to the Horizon, will require more Time, 
pan ſelf at a given Hole in in Baſe, ey 
other 


ProBL xm LVII. by ub Ginn. 


Jo find the Equation of that Curve, which ſhall 
ut an infinite Number of Ellipſes, ſimilar and cog- 


centric to Dr 
them all. : 


' 


PrzoBLEM LVIII. __ 


If two Bodies L and T, whoſe Males are reſpec- = 
tively equal to thoſe of the Moon and Earth, ere 
| ed at the ſame Time, and in the ſame Plane, _ 
from two Places A and B, at the Diſtance of 1d - 
Miles from each other; the former, L, with a Ve 
locity of 5 Miles per Second, an Angle with 
AB of 100 Degrees, and the latter with a Velocity of 
2 Miles per Second, making an Angle (on the ſame 
Side AB) of 60 Degrees; tis required to find the Di- 
ſtance and Poſition of the two Bodies with reſpect 
to the Points A and B, alſo with to each 
| other, after they have been 48 Hours in Motion, 
ſuppoſing them, when | in Motion, to be ey __ 
upon by each other. LY 
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AVING in our laſt given fone... | 
Account of Dr. Barrow's Improves. 

ments 'in Geometry, by conceiving 

the Generation Magnicudes 4h ; T. 
local Motion, from whence, in one | 
Inſtance, we ſhewed how lie detins. 

_ mined the Ratio of the Velocities of thoſe Motions; 

we do not think it proper now, to retard the E 
pectation of our Readers, by calling back their 
Attention to the ſeveral minute Improvements. in- : g 
troduced inen * — * curve Lines wy 
5 Eg . Des 


N 1 2 * * R 2 
* 1 — 7 0 1 > 2 — = 4 * - a 
1 K wm ”" N + — \ _ 1 RS ads _— b A 
r . 1 "RT G 
5 


of the Doctrine - 4 F the moſt noble and 


| The End we 


N of former Geometers Concer! 


ſublime Improvement that ever Geometry attained, 
a Method of moſt univerſal and comprehenſive 


Geometers, and 2 5 more; we ſhall there- 


fore in the enſuing Diſcourſe attempt an arduous 
Taſk, and endeavour to the utmoſt of our Abilities 
to ſhew, that in then el 
Author walked not upon inchan 
Jolid geometrical Terra firma as ever Euclid Fwy 
Atthimetes trod; whoſe: Methods of Demonſtia 
have ſtood the T elt· of 2000 Teais; and though this 
laſt Method has of late been formidably attacked, 
and charged with Abſurdity and Inconſiſtency, yet 
Has it been defended by ſome able Champions, ahd 
to be ſtiictiy geometrical and ſcientific. 
le at preſent, is, Iſt, -Toigive 
an Idea and Definition of Fluxions. 2dly, To ſhew 
the Manner of determining what theſe finite Mg 
nitudes are, -by-which their Relations or Ratios nit 
be expreſſed: And gdly, To explain by "what Nie 
thods and to what uſeful oy 2 any may be ap- 
plied: In ptoſecuting ſuch a Deſign dur- 
ſelves, that every candid — will allo; 
ſuch Indulgence to our Defects and Imperfections, 
as human Frailty, and the Nog: of ſuch abftruſe 
and metaphyſical Subjects req 6 | 
To avoid —— — the Dodrine 
1 ing curve Lines and 


8 { I 4 ; ; curvi- 
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curvilinear Spaces, Sir Iaac Newton- laid down or 
preſuppoſed this Poſtulate, viz.' That. irudes 


3 not under the Notion of being | 
increaſed, by a repeated Acceſſion of Parts, but as 


generated by a continued local Motion, or Flux of 
their elemental Parts: In Geometry, all Degrees of 
Magnitude may be produced, and in ſuch a way 
as may found a general Method of deriving 
their Affections from their Geneſis, we conceive the 
Quantities to be increaſed and diminiſhed, or to be 
wholly generated by Motion, or by a continual 


rated are ſaid to flow, and called Fluents, or flow- 
ing Quantities, and ſometimes variable or indeter- 


male Quantities, becauſe they are capable of re- 


ceiving an indefinite Number of particular Values, 
in a regular Order of Succeſſion. He next dif- 
covered a Method of determining and comparing 
the Velocities wherewith homogeneous Magnitudes 
Increaſe, and called it the Metbod of Fluxions, from 
the equable Flux of Time, which we conceive to he 


generated by the continual Acceſſian'of new Fat. 


ticles or Moments. 


In this Method, geometrical Quantities are not 
preſented to the Mind as compleatly formed at 


once); but as riſing gradually before the Imagina- 
tion, by the Motion of ſome of their Extremes: 
For local Motion ſuppoſes a Notion” of Time, and 


* implies a Succeſſion of Ideas. We eaſily diſ- 


ſh into what was, what 1 is, and what will be, 
eſe Generations of Quantities; and ſo we com- 
* — conſider thoſe Things by Parts, which 


vould be too much for Jas Faculties, and extremely - 


* difficult for the Mind to take in the whole together, 
: without ſuch artificial Partitions and Diſtributions. 


Sir Iſaac makes this Suppoſition, which may eaſily | 
© be granted, viz. That a Line may be conceived to be 


traced out TOW ually by a Point, moving n 2. 
B 2 


Flux analogous to it. The Quantities thus gene- 


— uw : 
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an equable Motion, or with a Velocity accelerated 
or retarded; and the Velocity or Degree of Swift- 
neſs which this Point moves with, in any Part of 
the Line deſcribed, or at any Moment of the Time 
of Deſcription, is the Fluxion of the Line at that 
Place, or at that Moment of Time. In like Man- 
ner Surfaces are generated by the Motion of Lines; 
Solids, by the Motion of Surfaces; Angles, by the 
Rotation of their Sides. Theſe Generations of 
tities we daily ſee to obtain in rerum natura, 
a is the Manner the antient Geometricians had 
often Recourſe to, in conſidering their Production, 
and then deducing their Properties from ſuch actual 
Deſcriptions. But the Velocity with which a Sur- 
face flows, or its Fluxion, is not literally and ſtrictly 
the Velocity of the generating Line, or of any of 
the particular Parts or Terms of the Surface, but 
the Celerity or Degree of Swiftneſs wherewith its 
whole Magnitude 1 is changed; being the ſame as the 
Velocity of à given right Line, which by moving 
parallel to itſelf, is ſuppoſed to generate a Rectangle, 
which is always equal to the Surface; for, in Rea- 
lity, it is the Rate of its Increaſe, or that Velocity, 
however expreſſed, with which the Space at all 
Times conſtantly increaſes, and denotes the Degree 
wherewith this Augmentation in every Moment 
proceeds. So the Velocity wich which a Solid flows, 
or its Fluxion, is the ſame as the Velocity of 2 
given plain Surface; that by moving parallel to = 
i fall, is ſuppoſed to generate an erect Priſm or C 
linder, that is always equal to the Solid, The Velo. 
city with which an Angle flows, or its Fluxion, is the 
ſame as the Velocity of a Point that is ſuppoſed to 
deſcribe the Arch of a given Circle, _ n 
e the Angle and ee 
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Hlence this general Definition: _ 


- Fluxions are not Magnitudes, but the Velocities 
"ab which Magnitudes varying by a conſtant Mo» 


tion increaſe or diminiſh ; and the Magnitudes them- 
ſelves are called the Fluents of thoſe Fluxions. 

And that this Account is conſiſtent with Sir 1ſaac's 
Meaning, we ſubmit to any Reader who will con- 
fider the Author's own Words, in his Introduction 


to his Treatiſe of Quadratures, where he ſays, 


titates matbemalicas, non ut ex partibus qugm mi- 
nimis conſtantes, ſed ut motu continuo deſeriptas hic 
confidero. Lineæ deſcribuntur, ac deſcribendo generan- 
t; non per appoſutionem partium, vga motum 


continuum orum, ſuperſicies per motum continuum 


lincarum, Sc. Confiderando igitur quod guantitates 


equalibus temporibus creſeemtes, & creſcendo” genite, 
pro velocitate majori vel minori qua creſcunt ac gene- 


|  rantur, evadunt majores vel minores ; methodum que- 


rebam determinandi quantitates ex velocitatibus motuum 
vel incrementorum, quibus generantur, & has motuum 
vel incrementorum velocitgies nominando fluxiones, & 


quaniitales genitas nominando fluentes, c. viz. I con- 
fider mathematical Quantities in this Place, not as 


conſiſting of very ſmall Parts; but as deſcribed by a 
continued Motion. Lines are deſcribed, and there- 
by generated, not by the Appoſiti 


the Motion .of Lines, &c; Therefore conſidering 
that Quantities which increaſe in equal Times, and 


by increaſing are generated; I ſought a Method of 


defining Quantities from the Velocities of the Mo- 


tions or Increments with which they are generated, 


and calling theſe Velocities of the Mptions or In- 
ene Fluxions, an the - generate 


tion of Parts, but 
by the continued Motion of Points; Superficies by 


: | "= 
Hence it 8 n 
-f DoBtrine, who Oppoſe: a — to be a * | 
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Part of a flowing Quantity, and that an Infinity of 
Fluxions conſtitutes it. | 
e * theſe Velocities, abſolutely conſidered, are 
Ideas only, or Modes of Motion, yet are 
— mathematical ies, being ſuſce of 
indefinite —— be intended or — 
increaſed or diminiſhed in different Parts of the 
—— deſcribed, according to an indefinite Variety 
ſtated Laws: And it is plain, that the Space thus 
deſeribed, and the Law of Acceleration or Netar- 
dation (i. e. the Velocity at every Point of Time) 
muſt have a mutual Relation to each other, and 
muſt mutually determine each other; ſo that one 
of them being aſſigned, the other by neceſſary In- 
ference may be derived from it. In order there- 
fore to repreſent the tity of theſe Velocities to 
the Mind, we muſt e Uſe of ſome regular Mag - 
-nitudes proportional to them in their Stead, the 
Difference and Proportion of wheſe Parts we can 
: eaſily diſcover: And as a right Line is moſt ſimple 
-and-perſpicuous of any, tis therefore the fitteſt to 
repreſent an — thereof. This may be done 
- commodiouſly enough, by the Aſſiſtance of that 
well known Pinciple in Mechanics, vis, That 
- when the Times are equal, the uniform Velocities 


are as the Spaces deſcribed, . So now, fince Spaces 


4 e. be well denoted by Lines, we have known 
—— — — can expreſs the Ratio of 

E hal Velochia or Fluxions, and to nee the 
0 Quantity of thoſe Ratios from. | 

Wee are further to obſerve, that tho the Fluxion 
of a Space, from what has been above ſaid, is not 
_ ſo ſimple and eaſy to be conceived as that of a Line, 
Jet it is poſſible to reduee the Fluxions of all other 
73 es to this of a Line, viz. by ima- 
|  gining a Point ſo to paſs over any Areight' Line, 
that its Length meaſured out, while the other flow- 
Wo deſcribing, ſhall —_— in ſuch 
ivy Proportion 


NT wag that ets 2 ſo a the 
Fluxion, or Velocity, or g Qui Increaſe of this 
Fluent, will ever. be proportional to the actual Ve: 
locity of the Point deſcribing the Line: Neither, is 
any other Thing neceſſary, than to determine the 
be == INN fuch Lins < us thele are de- 
d, in all Application of Fluxions to geometri- 
cal; Problems,- where Spaces ate concerned... 
This brings us to the ſecond Part of aun 
ſign, namely, To ſhew.the Manner of determining 1-4 
fnite Arete, 2. which ibe Kala of -Fiwaxs Fluxions 
aT he- great. Inventor. lays dowa the following 
Propoſuion as a fundamental one, vir. Fluxions 
dare very .. as the Augments of — 
$18 in equal, but very ſmall - articles, of 
*, Time 4 and to ſpeak accurately, they are in the 
6. firſt, Ratio of the naſcent Augments, or the laſt 
Ratio of the evaneſcent "wh : But they maybe 
| — po amor brenn which — 4 
to we 100004 2401 4 
Before we enter enn Denton of chis oerl fiti 
it will de proper to obſerve, 1ſt. That the Fhuxio 
of flowing Quantities, being the Celerities with i 
they are ſuppoſed to 908. and by which they are 
generated; the Fluxion of any variable 
ought never to be conſidered ahjaluteh, or by itſe 
but-ro/atively, or with Relation to the Fluxion of 
ſome other flowing Quantity of the ſame kind. So 
that if at any Time, for Brevity ſake, the Fluxion 
—y be mentioned abſolutely ; yet there 
. a ſuppoſed Relation to the Fluxion of ſome 
other Quantity, with which it is underſtood to 8 
3 and. ordinarily in the C on, one 
> theflowing antities is ſuppoſed to flow equably 
and uniformly ſo that its Fluxion being conſtant and 
invariable, is Arts as a Standard or Meaſure, to 
which the Fluxions of ms os variahleQuananes 
us referred. s 2 1 


*  S=TV and S=2v : i. e. ſuch Spaces may be juſtly 
- expounded by —— of the Time and Ve- 
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Adly. That if the Fluxion of any flowing Quan- 
rity, or its Celerity of flowing: by continually vary- 
ing, il. e. continually accelerated or retarded for a 
Time, the Fluxion in any one Place, or at any one 


Inſtant of that Time, is different from the Fluxion 


of that Quantity in any other Place, or at any — 
Inſtant - Do For whatever is continually va 
ry ncreaſe or Decreaſe, 'by the very 
2 muſt be of a different Vue in — 1 if- 
ferent Place, or at every different Inſtant of Th Time; 
otherwiſe it would not be continually varying. TO 
illuſtrate this in the Caſe of a falling Body: The ve- 
locity with which it falls in any one Place, or at any 
one Inftant of Time during its Fall, is different from 
the Velocity it hath in any other Place, or at any 
other Inſtant of Time; and it is all one whether the 
Motion be uniformly accelerated or retarded; or 
whether it be done according to any other La. than 
what obtains at preſent. 
Ia order to comprehend more clearly” the Truth 
of the Propoſition above, it 
remiſe a few Lemmas refpeRing orion. 
1. If two Bodies moving uniformly -deſeribe 
Spaces:denored by S and / in the Times T, and? 


Uh the Velocities V and v (where che Capitals 


ſignify the greater Space, Time and Velocity, and 
the ſmall Letters the leſſer) then from the Nature 
of Motion, as may be ſeen in our ſecond Diſſertation 


locity : Therefore S : /:: TV: w, and if the Times 


* Deſcription are equal, viz. if V=v, then T: :: 


8: & à cura; 1 „ viz. if 
V=u, then T: :: 8: C contre: If both 
Times and — are _ viz, if V=v and 
Tt then then S 
2. If the n Libe A0 be. Geſeribod by the 
Motion of the Point=B with a Velocity continually 
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atcelerated, the Spaces deſcribed in equal Times 
will ftill increaſe, as the Time Ben che REY 
of its motion increaſes. | | 


For if the Motion was equable or uniform, the 
Spaces deſcribed in equal Times would be equal, 
per Lemma iſt, therefore when it is continually ac- 
celerated, the Spaces deſcribed in equal Times 
muſt ill encreaſe, the. further the, Time is from 
the Beginning of Motion. 

3. If the Space or Augment By: by deſeribed by 
— Point B, moving with 4 Velocity continually 
accelerated or continually retarded in any Time, 
an uniform Velocity capable of deſcribing the Space 
Bb in the ſame Time, will fall in betwixt the two 
extreme Velocities, wherewith the Point B moves 
at the Beginning and End of the IT og Aug- 
ment Bs, 

For when the Motion atcolebinns; if the Ve: 
locity with which the Point B moves at the Begin- 
ning of the Space B, continued the ſame, it would 
not be capable. of deſcribing ſo great a Space as Bi, 


in the ſame Time it is deſcribed by the accelerated 


Motion; but the Velocity with which B moves at 
the End of the Space Bz, would produce a greater 
Space than Bb in that Time. Therefore an equable 
or uniform Velocity capable of deſcribing BY in the 
ſame Time it is deſcribed by an accelerated Velocity, 
muſt fall in betwixt the two, i. e. 1t muſt be greater 
than the former and leſs than the latter; ſince, 
when uniform Velocities or equable Motions are 
compared, and the Time the fame, the Velocities 
areas the Space deſcribed directly; and it is evident, 


the like e * n may be 1 8 to Mo- 
C tions 


* 
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tions continually retarded, whence the Truth of the 
Lemma appears. 
And now we apprehend the Way is ſufficiently 
ved for the Proof of the firſt Part of the Propo- 
tion above concerning the Relation of Fluxions : 
And as this ſeems moſt clearly explained by Mr. Simp- 
ſen in the firſt three Problems of his Treatiſe of 
Fluxions, firſt Edition, we?ll take the Liberty to 
offer them to our Readers in this Place, 
The Fluxions of variable Quantities, or their Re- 
lations to each other, are always meaſured and ex- 
preſſed by the finite Spaces that would be uniformly 
deſcribed in equal Times, with the Velocities by 
which thoſe Quantities are-generated. 
In order to determine what theſe finite Spaces 
are, and to aſſign their Proportion, let us imagine 
two Points m, 1, de move af d fame Time I” 
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from the Points A, C, towards the Points B, D: 
Then will any two Lines that are to each other as 
tze Velocities with which thoſe Points are carried 
in any two cotemporary Poſitions as R, S, be the 
Fluxions of the generated Lines, AR, CF. If the 
generating Points flow uniformly, any two Aug- 
ments, Increments or Spaces as Rr, Ss, deſcribed 
in the ſame Time, will exactly ex oreſs the Velo- 
cities of thoſe Points, or the of the Lines 
AR, CS. For by the Nature of uniform Motion 
and the Lame above, when Tat then V: :: 
8 / . 
| * pats The 
n 


In like Manner the Flurion of two plane me 
faces or Superficies may be conceived by ſuppo 


two Lines, as ab, cd to move continually . 


to themſelves over the parallel and immoveable 


Lines AF, BG, and CR, DS. . | 


D 9 . * py d. 18 ; Ty; e | 
Augments or Increments, the — oh; al 


be both deſcribed uniformly in equal Times by the 


Motion of the ſaid generating Lines, they will ac- 
curately expreſs: the Fluxions of the 
rallelograms Ab, Cd. And becauſe bb, dd, the Flux- 
ions of the Lines Bb, Dd, are as the Velocities with 
which the generating Lines are carried ; therefore 
the Fluxion of any Space generated by che Motion 
of a Line always parallel to itſelf, will ever be ex- 


actly as the Length of the generating Live mul. 


tiplied by its — 


This alſo holds true in the Generation of Curves, | 


where the Lengths of the 
nually vary: E. g. ' Suppole 
Amv and the. Parallleogram As to be generated by 


ting Lines conti- 
the curve-lined Space 


the continued uniform Motion of the Line rs in the 5 
ſame Time; then will the Fluxions of theſe two 


Spaces be to each ather, as the Parallelograms ma: 5a, 


(being the — LE Or Augments]. 
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or as the geuerating Lines mv: vs; and becauſe. vs 
s 1nvarlable, the Fluxion of the curve-lined Space 


Am will be always as the ordinate vm, becauſe the 


Space that would be uniformly deſcribed with the 
equable Velocity of the Line vm, by which the 
curve-lined Area is generated, cannot be proportional 
to any other Quantity, when the Abſciſſa Av flows 

uniformly, rang e 13008 1368 6: 

. Hitherto we have ſpoken concerning uniform 
Motions only, when both the generating Quantities 
low equably ; we ſhall in the next place ſhew how to 
aſſign. the Fluxions from the known Relation of the 
Fluents, altho*-one of them be any how accelerated 
or retarded; in that Caſe the Space or Increment-Ss 
will be either greater or leſs than that which would 
have been uniformly deſcribed in the ſame: Time 
with the Velocity of the generating Point S: and 
therefore the Ratio of Ss to Rr, is greater or leſſer 
than that of the Fluxion of CS to the Fluxion of AR. 
Suppoſe two Points m and to move at the ſame 
Moment of Time from the Poinis A and C con- 
tinually towards B and D, and the Velocity of the 
Point u to be ſuch, that the Space deſcribed thereby, 
ſhall always be equal to ſome Power of the Space de- 
 feribed by the other Point n moving uniformly, that 


i 
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is if AR x, then CS will be=cx* (where c repreſents 
ſome given Quantity and v any Number whatever.) 
Fake any two other cotemporary Poſitions of theſe 
Points, as r, 5; and put the Lines g and B, for the 
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Spaces that would be uniformly deſcribed together in 
the ſame Time, with the required Velocities of the 
Points in R and S; then theſe Lines which are as the 
Velocities themſelves by Lemma iſt, will exactly ex- 
preſs the required Fluxions of the Lines AR and C&. 
Nou to determine the Ratio of theſe Lines g to B, 
or of the Fluxions required, let us try if we can find 
two other finite Quantities in the ſame Ratio: Call 
Rr=p. Then cxx—p*"=Cs. But by infinite Series 
and Sir 1ſaac's Theorem x—p"=x"—o#*""p4+ox- 
Dr ps, Sc. Therefore CSC =S cee 
X T pp, Sc. Becauſe this Diſtance Ss 
is deſcricbed with a Velocity either continually acce- 
lcrated or retarded, according as v is greater or leſs 
than Unity, it will conſequently be equal to the 
Space that would be uniformly deſcribed in the ſame 
Time, with the Velocity that z hath at a Point, 
ſuppoſe e, poſited ſome where near the Middle 


= 


between 3 and 8, and therefore per Lemma 1, as 

5 6 — 1. 1 *UX ST Or. 5 8 5): 5 2 wb | 

| gun -N gc , Sc. the Space that would 
be uniformly delcribed with the Velocity of the 
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Point 8, in the fame Time that m is moving over 


the Space g: Therefore when 5, e, and S coincide, 
dix. when as Point u arrives at the mmoveable | 


Point S, we ſhall have. ohe pg | 


Sc. b; but becauſe p Rr) then becomes: o, 
all the Terms multiplied thereby will entirely va- 


niſn; therefore gevx*"*=b; hence we have as 1: 
ex": : g: h or as &: cu : : g b, ſo that if « 
be made to repreſent g, then 5 or the required 
Fluxion of c will "br expounicerd by cvx Dr, be- 
cauſe „: : cox” 1 . 

Having before proved that che Fluxion of a curve 
lined Space is as a Parallclogram, whoſe Length 


Fluxion of the Abſciſs; let us now deduce the Flux- 


ion of the Rectangle AC therefrom. 
ü ; 
h 
444 —— WET 
E 
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The Fluxion of the curve- lined Space DBC is a8 
5 — and the Fluxion of the curvelined 
Space DAB is as ABN AA W. 

But the Space DBC+DAB=Parallelogram AC: ; 
therefore yx-+x is as nnn 
or Parallelogram AC. .. 

And now we hope the firſt Part of Sir Iſaac's 
Propoſition above, 3 Relations of Flux- | 
ions 


is the Ordinate, and Breadth any Increment r 
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- jons by Means of the Increments is ſuffici 
clear; hence the Fluxions of all other Quantities, 
however expreſſed, may be determined, as being 
deducible either from a Power or Rectangle, as 
NERC all the practical Treatiſes on this 
Su 
| 2 true, the laſt Example but one for aſſigning 
the Ratio of the Fluxions of Powers, is drawn nat 
from. the Conſideration of Increments only, but-is 
alſo founded on the Doctrine of prime and ultimate 
Ratios, hereafterexplained; however, it is . 
enough in this Place. 
From ſuch Conſiderations as theſe, in regard to 
the Generation of Magnitudes, Sir 1/aac inſtituted an 
Analyſis for this his very extenſive and compendious 
Method of Calculation, which he readily applied 
in the Manner hereafter to be deſcribed, to the find- 
ing the Maxima and Minima, drawing Tangents, 
Aon the Curvature of Curves, ſquaring cur- 
vilinear Surfaces, and to other Problems in the 
higher Geometry; all this he was Maſter of about 
the Year 1665, about which Time he introduced 
this Doctrine of Fluxions into his Calculations, that 
he might proceed without Indiviſibles, as much as 
ſſible; — as he ſays, we have no preciſe 
eas of infinitely little Quantities z nor can we 
a purſue the variable and fleeting Forms of the in- 
ſcribing and circumſcribing Figures in inſinitum 3 fo 
that, when they ſhould become equal to the Curve, 
they may not totally withdraw themſelves from the 
Imagination, and all Idea about them be loſt. But 
in determining the Proportions. of theſe. Fluxions, 
until about this Time, he ſtill allowed himſelf ſome 
Uſe of / infinitely little Quantities: No doubr, but 
upon reading the Ancients, he from thence would 
have been enabled to have demonſtrated the Pro- 
portions of Fluxions according to their accurate Me. 
"2 3 did A in finding out one of his 
. ; own, 
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own, viz. his Method of prime and ultimate Ratios; 
which is more compendious than theirs, and equally 


_ geometrical. - This ſerved not only to demonſtrate 


the Proportions of Fluxions, but was applicable to 
the ſynchetic Demonſtration of all Propoſitions re- 
lating to Curves. When he diſcovered this Method 
we do not certainly know; but we are ſure he had 
Part of it in the Year 1669, on Account of a De- 
monſtration added to the End of his Auahſis per 
iones, Sc. which was ſent at that Time 
Dr. Barrow to Mr. Collins. But moſt probably he 
had not then compleated this Method, ſince in the 
Lectures he read the ſame Year at Cambridge on his 
admirable Diſcoveries in Optics, he did uſe Indivi- 
ſibles in his Demonſtrations. 

It was in 1686 he firſt diſcloſed his Doctrine of 
prime and ultimate Ratios, in his immortal Work 
45 the Principia naturalis Philoſophia mathematica. 
It is ſurpizing with what Modeſty, as if it were with 
Fearfulneſs to offend ſuch as had been Admirers of 
Indiviſibles, he introduced ſo excellent and truly geo- 
metrical a Method, by cenſuring the other in the 
ſofteſt Manner. Tho' in anſwering the Objections 


that might be ſtarted againſt his own. Method, he 
evidently proves, that he was fully apprized of the 
real Im Safe ions of Indivilibles, at the ſame time 
— a Way to avoid them; yet he ſcarce con- 
demns them himſelf, and frequently makes Uſe of 
Expreſſions peculiar to them, thinking it ſufficient 
once for all to inform thoſe who did not approve 
of Indiviſibles, how to correct ſuch Expreſſions, and 


render them conformable to his Method of prime 
and ultimate Ratios. 

Im the Year 1704, he publiſhed his Book of 

ratures, a Work worthy his profound Genius. 


ih had now: ſufficiently ſeen the Abuſes that had 
been made of infinitely ſmall Quantities, in what 
1 — the differential ä (of which you 


_ 
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y find ſome Account in our firſt Diſſertation.) 
13 the Introduction to this Book, he delivers à very 
diſtinct Account of his Method of Fluxions, and 
teaches how to find out their Proportions, by this 
Method of ny and ultimate Ratios ; in order, as 
he fays, to ſhew there was no Occaſion in the Uſe 
of Fluxions, to introduce 'infinitely little Quantities 
into Geometry; but ſtill ſaying, with his uſual Mo- 
deſty, that Errors might be avoided in the other 
Method, if we proceed cautiouſly. In all this plain 
Narrative of Matter of Fact, there appears no In- 
conſiſtency in Sir Iſaac Newtons Account of his 
Methods, or the jeaſt Shadow of his having been 
ever puzzled or confounded in his Ideas about chem 
as is miſrepreſented by the Author of the Analyfl 
for want of his rightly underſtanding the Nature 0 


theſe Inventions, 


In order now to evince the Truth of the Lake 5 


Part of the above Propoſition, for inveſtigating the 
Proportion of Fluxions accurately, it ſeems 5 
that we ſhould explain what is meant by the 
trine of prime and ultimate Ratios. 
Sir Iſaac Newton's 1ſt Lemma in the iſt Section 
of his Principia contains the Foundation of this Me- 
thod, and runs in theſe Words; Puantitates, ut & 
quantitatum rationes, que ad ualitatem tempore quo- 
vis finito conftanter tendunt, 2 ante nem temporis 
illius propiùs ad invicem accedunt, quam pro dai 
quavis diſferentid, fiunt ultimo æquales. j. e. Quantities, 
as likewiſe the Ratios of Quantities, "which con- 
ſtantly tend to Equality during any finite Time, 
and before the End of that Time come nearer to 
one another than by any given Difference, at * 
decome equal. 
If you deny it, ſays he, let them be at laſt un⸗ 
equal, nd let their laſt Differende be D. There- 
fore they cannot come nearer to Equality than by 
the Been Difference D: ** to the Hypotheſis. 
D Hence 


3 
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Hence we think it very evident, that Sir Jade 
neither has demonſtrated, nor intended by this 

Lemma to demonſtrate, that any Moment of Time 
was aſſignable, wherein theſe varying Quantities 
vould become adfualh equal, or the Ratios really the 


cel! 


© 


— If it ſhould be alledged by any, that notwith- 
ſtanding the Demonſtration above, yet the Quan- 
Pins and Ratios mentioned in the Lemma may dif- 
fer at laſt ; altho* that Difference be leſs than ny 
given or aſſignable Difference: Thoſe Perſons woul 
do well to conſider, that ſuch a way of ang 
being admitted, would overturn ſome of the fineſt 
Demonſtrations of the moſt accurate Geometricians. 


among the Anticnts themſelves, viz. Euclid and 


ö Archimedes, 
| z 


. 
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As chimedes, whoſe Works have undergone the ſtrict- 
eſt Scrutiny , and Examination of the beft Geothes 
tricians, ſince” their Time to this very Day. Por 
Example, How does Archimedes demonſtrate, that'a 
Circle is equal to à rectangular Triangle, haying its 
Baſe equal to the Circumference, and its perpendi- 
cular Altitude equal to the Radius of the Circle? 
He does it by ſhewing that a Circle can neither be 
greater nor leſs than ſuch a Triangle. But how 

he prove this? By ſhewing that the CNN 
neither greater nor leſs by afy given Space. in, 
Euclid Fenn ag ain! Gs are 922 ater 
the Squares bf their Diameters, by ſhewing that 
the Square of the Diameter of the one Circle, is to 
the Square of the Diameter of the other, neither as 


the firſt Circle is to a Space greater, nor yet to a 


Space leſs than the other Circles. But let us fee Nhat 
he means by a Space greater of leſs than the other 
Circle; Why; he means a Space differing from ir 
by a given or aſſignable Difference; i. e, according 
to the Lemma ptemiſed to 2. E. 12, ſuch a Dif- 
ference as, repeated a certain Number of Times, 
may exceed that Circle, as appears to any one who 
reads that Propoſition and Lemma; which Lemma 
is the Foundation of the Method of Exhauſtions, 
made Uſe of by Euclid and Archimedes in theſe and 
many other Propofitions. If any one ſhou}d now 
object, that notwithſtanding What Euclid and Arelu- 
medes have demonſtrated in theſe Propoſitions, the 
Circle may be greater or | leſs than . 5 
Triangle; and the Ratio of the Squares of the Dia- 
meters may be greater or leſs than the Ratio of the . 
Circles, alcho* por 'by 207 given or afſigoed Djf- 
ference, yet by x Difference leſt than any giveh 
Difference: Is not this the very ſatne Objeftion raifed 
againſt Sir aacs Lemma? And therefore, if it be 
of no Weight againſt Euclid and Archimedes, no more 
is it againſt him, But = Truth of the —_—— 5 


. 
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— ND OI 
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that a Difference leſs than any Thi 23 
the ſame Thing as no Difference Ky For r 

it as often as you pleaſe, it can never be equa 5 
any finite Quantity; and therefore can bear no Ra- 
tio to it, by Def. 4. E. 5. conſequently it can be 
of no Importance to make the Thing greater or 
leſs. This Difficulty being removed, let us proceed 
in our Explication of the Doctrine. 

DET. 1. In this Method, any fixed Quantity, 
which ſome varying Quantity, by a continual Aug- 
mentation or Diminution, ſhall perpetually approach, 
but never paſs, is confidered as the Limit, to which 
the varying Quantity will at laſt or ultimately be- 
come equal; provided the varying Quantity can be 
made in its Approach to the other to differ from it 
by leſs than by any Quantity how minute ſoever 
that can be aſſigned. 

Dr. 2. Ratios alſo may ſo vary, as to he con- 
fined after the ſame Manner to ſome determined 
Limit, and ſuch Limit of any Ratio is here con- 
Adered as that, which the varying Ratio can approach 


with any Degree of Nearneſs, and with which it will 


ultimately coincide. 

More largely a prime or ultimate Ratio may be 
this defined, viz. If there are two Quantities, one or 
both of which are continually varying, either by 
being conſtantly augmented, or diminiſhed; and 
if the Proportion they bear to each other, does by 
this Means perpetually vary, but in ſuch a Man- 
ner that it conſtantly, approaches nearer and nearer 
to ſome determined Proportion, and can alſo be 
brought at laſt in its Approach nearer to this deter- 
mined Proportion, than to + other that can be 
aſſigned, but can never paſs it: This determined 
Proportion i is then called the ultimate Proportion, 


or the n. Ratio of thoſe varying 6 r 


"Si * * A 6 +. 5 * . 1 r 3 : | n 
1 x , 
= . 4 ; 2 
* ; A 4 3 44s * * 6 S; P 7s F- 
6 1 & # * * Pe — * 8 _ 7 nee 7 * + $J ar 
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From any Ratios having. ſuch a Limit, it does 


that Ratio have any final Magnitude, or even Limit, 
which they cannot paſs. 

For ſuppoſe two Magnitudes B and B A, whoſe 
Difference ſhall be A, are each of them perpetually 
increaſing by equal Degrees. It is evident from the 
Nature of Proportion, that if A remains unchanged, 
the Proportion of B, A to B is a Proportion, that 
tends nearer and nearer to the Proportion of Equa- 
lity, as B becomes larger; it is alſo evident, that 
the Proportion of BA to B may, by taking B of 
a ſufficient Magnitude, be brought at laſt nearer to 
the Proportion of Equality, than to any other aſ- 
ſignable Proportion; and conſequently the Ratio of 
Equality is to be conſidered as the ultimate Ratio of 
B-+A to B. The ultimate Proportion then of theſe 
Quantities is here aſſigned, tho? the Quantities | 
themſelves have no final Magnitude. The ſame 
holds true in decreaſing Quantities. f 
According to the firſt of theſe Definitions, a 
Circle is to be called the ultimate Magnitude of the 
Polygon circumſcribing it; becauſe this Polygon, by 
increaſing the Number of its Sides, can be made to 
differ from the Circle, leſs than by any Space that 
can be propoſed how ſmall ſoever; and yet the 
Polygon can never become actually equal to the 
Circle, nor leſs. 

In like Manner the Circle will be the ultimate Mag- 
nitude of the Polygon inſcribed, with this Difference 
only, that as in the firſt Caſe the varying Magni- 
tude is always greater, here it will be leſs than the 
ultimate Magnitude, which is its Limit. 

Suppoſe EG=the Sum of the Sides of a g Bic 
n and DE=the + Diameter of the 
Circle, and EF= the Circumference of the Circle; 
then is the Triangle DEF the ultimate Magnitude 
of the Wr DEG; * the ** EG 1 


always 
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always equal to the Circumference of the Polygon, 
will e 7 than the Baſe EF, equal ro 


the Circutdference of the Circle only, and yet EG 
ma be made” to approach EF nearer than by any 
Difference that can named. 2 5 

this {firſt Definition and Explication we 
may found. the following Propoſition, viz. That 
when varying Magnitudes keep conſtantly the ſame 


are in the ſame Pro 

This is almoſt ee for if they pony 
. Proportion all the Time they are moving to 
their fixed Limit, without doubt chey, have 1 it 257 


N * NY 2 ft theEquality 
; ce we ma infer ity 
the Circle and Triangle DEF; far the Cle being 


he ultimate Magnitude of che Polygon 3* and 
4 Triangle 


tion to each . their ultimate Magoitudes 5 
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cog Di DEF 2 1 * Magnitude of the Tri 

le DEG 4 olygon and the Tria 1 
I ed Propoſition, the Circle 
Tage DE; will alſo be equal. For the ultimate 
agnitudes of \ the fame or equal varying Magni- 


tudes: are equal. 
al the the 2d Definition 1 5 1a infer, That | 
e ultimate Ratios yaryin "mp 

9 ſame with each other. 285 
9, Ade the Ratio of A to B continually varie 
77 Variation of one 5 Fucg of the Terms A . 
if, Ne e Ratio of C to P be the yltimate Ratio of 
A to B; and the Ratio of E to Kip: likewiſe the 
ultimate Ratio of the ſame ; ** we lay the Ratio 
of C to D is the ſame with the Ratio o E to F. Sor 
Tbe Truth of this.is evident by 21. E. 5 0 
It now remains that we take ſome No. of the 
— Meaning of thoſe Words, naſcent and eve- 


F which of late have been diſputed. 
80. Tear 


firſt compared ſuch Augments as 
—“ a dee is, a 1 Magnitude, and found 


their Proportions z then he is willing to know what 
that Proportion will be in a particular Caſe, vix. 
when they are * the End of Heir vaniſhing States 
and for that Purpoſe, he ſuppoſes; theſe Augmenis 
continually ta diminiſh; oT 5 50 determined the 
neareſt Proportion to which they conſtantly tend 
during their Diminutian, affigns this as the true 
Proportion of the Velocities or Fluxions. 
lace therefore theſe vaniſhing Quantities are ex- 
preſly declared in the Words above quoted from 
Sir Jaac to be finite and vatiable.z his Expreſſion 
muſt be underſtood to relate ta the whole Time cher 
are vaniſhing. F 
And his Words are free from any Im riery.3 
for the Term vaniſhing is daily applied to 
during the Time of their diſappearing, before they 


: we e out of TO * * no 5 


* 2 4 
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* 


| 


to be accurately true, it muſt l 
ſignable Quantity whatever, that is, it muſt be a 
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more than going to vaniſh. Juſt as we ſay the Sun 


zs ſetting, in the moſt limited Signification of that 


Word, as foon as its lower Limb touches the Ho- 
rizon, and as ſoon as ever the Sun is quite out of Sight, 
it is no ſonger ſetting, but actually ſet: So theſe 
Quantities. being of a finite, that is, a real Magni- 
tude, do not vaniſh inftantaneouſly, but with the 
utmoſt Propriety may be ſaid to be vaniſhing all 
the Time they are undergoing the Diminution aſerib- 
It has been objected, that theſe vaniſhing Quan- 
ities are utterly impoſſible, inconceivable, and ut- 
terly uninmtelligib!'e, and would have it thought, 
that the Conclufions derived by their Means, muſt 
be precarious at leaſt, if not erroneous and impoſ- 
-fible. Theſe Objectors ought to conſider, that the 
Symbol o, by which theſe Quantities are generally 
denoted, at firſt repreſents 'a finite and ordin 

Quantity, which muſt be underftood to dimini 

continually, and as it were by local Motion, till 
after ſome certain Time, it is quite exhauſted, and 
terminates in mere Nothing, In its Approach to- 
wards Nothing, and juft before it becomes abſolute 
Nothing, or is quite exhauſted, it muſt neceſſarily 
8 through a Multitude of varying Proportions; for 


cannot paſs from being an aſſignable Quantity to 
Nothing at once z that were to proceed per ſaltum, 


and not continually, which is contrary to the Sup- 


poſition. While it is an aſſignable 8 the? 
ever ſo little, it is not yet the exact Truth, in geome- 
trical Rigor, but only an Approximation to it; and 

K be leſs than any al- 


vaniſhing Quantity. Therefore the Conception of 
a vaniſhing Quantity muſt be admitted as a rational 
*Notion, and intelligible. 

If the Impoſſibility above objefted was granted 
which we deny) yet would not the * 


* 


be at all affected thereby, or the Concluſion the 
leſs certain. The Impoſſibility of Conception may 
ariſe from the Narrowneſs and Imperfection of our 
Faculties, and not from any Inconſiſtency in the 
Nature of the Thing; ſo that we need not be very 
ſolicitous about the poſitive Nature of theſe Quan- 
tities, or the Names they are called by, but we may 
confine-ourſelyes-wholly to the Uſe of them, andi to 
diſeover their Properties. They dle nöt introduted 
for their own Sakes, but only as ſo many interme- 
diate Steps, to bring us to the Knowledge of other 
Quantities, which are real, intelligible, and required 
to be known, It will appear bythe Sequel, that 
Fluxions will be afed in the ſame Manner as Scat- 
folding is to a Building 3 they will aſſiſt in raiſing 
à Structure, but before it is quite finiſhed, they will 
be duly eliminated and taken away. The 3d Part 
of our Deſign, viz. the Application of Fluxions, 
and, the further Proſecution of this Subject mu 
be deferred to our next Number 
ae 
To be continued; 
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The Properties of the ELLIPSE 
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be <qual 40 te Diſtance (in che Aue) from each 
Vertex, to its adjacent Focus. reſpeci 
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continued. 
Selens kts Prov. LI. 


7 HE conjugate Axe, continued from 
9 the Center to the focal Tangent, is 
Y equal to the Semi. tranfverſe Axe; that 

is, CL'=KE)=CE. | 


Paro r en In. 


ndiculars be drawn from the Vertices to 
Tangent, then theſe Perpendiculars ſhall 


Ws, 


Gees * Page 152.) 


ry 
besos row. 1 


. For the Point of Contact of the focal Tan- 
gar, a * drawn to the Vents, and 


- 
Py 
* 
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any Ordinate be uced to the Tangent to cut 
chat Line; then, the Diſtance, between the Tangent 
and Interſection of theſe Lines, is equal to the Diſ- 
tance (in the Aue) from the Focus to the A 18 
tion wy Ordinate; that is, DN=KYV, + 


— 


DzMONSTRATION. 


The Triangle LDN is fimilar to the Tring 
LAO, therefore OA: DN ; : (LO: LN KA: 
| QED + (& 51.) AO AK., therefore DN=KV. 


Poros ron Iv. | 
 - If, from any Point (P) of the conjugate Axe, a 

right Line PO, equal to the Difference of the Semi 
tranſverſe and Semi- conjugate, be applied to the 
tranſverſe Axe, and from thence continued, ſo that 
the external Part OF be equal to the Semi- con- 
jugate Axe; then, I ſay, the Extremity F, of that 
Line, ſhall be in the Curve of the Ellipſe, 


DxMonsTRATION. 


| Lei CO—b, OG==d, CG=x (b+4) and the other 
Symbols as uſual ; chen PO=3#—36, OF fe, and 


(by Kalke; Triangles) ö. 2 HI 2c3 abepes 
6 en or * Gch: 4 8 x and & 


* K 2. chercfore e 5 — bir) 
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2c — 57 couſequentl 0 "= . — e | 


$ + 


x! —x 


2 * 


. . PE, > e , , and 150 0 
3 . : it 2 94 2 

„ ANC -x: 3*3. os , Ac- 2 

CD* : : AGXGB : GF*. Q.E. D. N 


"FENG {PT Lv. | 


Tf a Circle be deſcribed on the tranſverſe Axe of 
the Ellipſe, and Ordinates be drawn to both Curves ; 
it will be, as the tranſverſe Axe is to the Conjugate, 
ſo is any Ordinate in the Circle, to its correſpond- 
ing Ordinate in the 1 an ts, AB: CIO 2 


$5 Us 2 


* 
en 


4 « 
© 


DEMONSTRATION. 
By iſt. AB“: DE* :: ( 35. E. 3. ASN) 


7%; therefore AB: DE: 4 *. * E. * 


S569 oP & 0 * 08171 0 N IVI. 


As the tranſverſe Axe, is to the coojupate Aze, 


ſo, i is the Area: of a Circle on the n Axe, 
10 the Area of the Ellipſe. 1 


ws | DENON. 
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74 * 
Ws # £3 


1 „ 

By the preceding 5- £24 : : (by 12. Z * 
all the 9's ; all the 5r's 3: the Circle din 92 
t: the Ellipſis. 7 


PROPY⁰OSITION LVII. 

The Area of every Ellipſe is equal to the Area 
of a Circle, whoſe Diameter is a Line equal to the 
Square Root of the Rectangle of the — A 
into the Conjugate, 


/ 


5 


DrMONSTRATION, 


By the er the Circle deſcribed on 7: "the 
Ellipfis : : :Þ : ca: : (by 2. E. 12.) the Circle 
| deſcribed on ?: to that deſcribed on a Line N 
therefore the Ellipſis= the Circle ; deſcribed * a 


a ne ii. en ee 


iS 


Corortany 1 


Since the Circle on 7: : Ellipfis : : *: tc, it ap- 
pears that the Areas of Circles are tg thoſe of Ellip- 
les, as the Square of the Diameters of Circles to the 
Rectangle under the apes and eee Axes 5 
dea Ellipſes. „„ 2 61 


CT Za "7 if * I 1 x . , : 
? E 11 N : . þ 1 


l pas Fe £70 L. vil. 00 


Every Ellipſe is a Mean-proportional between the 
Circle on its tranſverſe and. that BREDA Axe, 
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By 56, the Circle on 7: Elliph 1 2 27 op 76 
&::*(by 2. E. 1.) the Circle on nl e tc 
the Cirole on c:: Grau Ellipfis : Circle on c. 
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PrxoeosITION LIX. | 


Ellipſes are to each other, in a Ratio, compound- 
ed of the ſubduplicate Ratio of their Parameters, 
and ſeſquiplicate Ratio of their us Axes di- 


rectly. 


DEMONSTRATION. 
By the 57th, the Ellipſis Ez the Circle on TC, 
and the Ellipſis e= the Circle on Vc, therefore 
E: e:: the Circle on Te: the Circle on Vic :: 
(by 2. E. ee, (becauſe c ip, and C 


- Þ ! 


Ire „ . QE. D. 
,  PrRorosITION LX. 


8 drawn with their Sides parallel 
to the ya; 4 Ren and Wann the 


Ellipſe, are equal 


nn 


On the tranſyerſe Axe deſcribe the Circle &N p. 
continue the Ordinate through the Point of Contact 
to I; draw the Ordinate MX, and Cd perpendi- 
cular to the Tangent; then, I ſay, n 
Ck. For let Gl= (by 48.) 8 Cn=d, 
CD, Cap, GF=y, Cx=c and CK; "p 

: | * a M 


*. 
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(by Prop 2 zer, therefore y but 


LE 39h) = 6): e::e:4 and (by Sim. —_— 


D: : Pp: 45 ks by campuing/the wo 1K 
Proportions, we have q =. or Db; 
that is, CaxCM=CxxcCk. Q. E. D. 


PRO POSITION LI. 


As the Diſtance r 5 


tranſverſe Axe, ſo is the Diſtance between the Focus 
and the Venex, to the Diſtance between the Ver- 
tex and Interſection of the focal Tangent with the 
Axe produced; that is, Ian AB:: RK: * 
See Fig. 10 Prop. 51. 


. 
By the 19th. AK: BK:: AT: Br, therefore 
AK — (BK) AH: BK: - AT-=BT: BT 3 ares 
KH : BK:: AB: BT. Q.E..D. | | 


. PrxorosrTionN LXII. 


| we Cn i : 
Tory of the _ ik from that I '4 * | 
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be drawn parallel to the Axe, and continued to the 
Perpendicular. which cuts the Axe produced in the 
Point of Interſection of the focal Tangent; then 
theſe Lines are in the conſtant Ratio of the Diſtance 
between the Foci to the tranſverſe Axe; bat is, 
KE: E:: KH: AB. See Fig. to Prop. 51. 


F 


By Prop. 51, CL=KE, and (% 52.) BQ=BK z 
therefore (by fow. Trian.) CL : CT : : BQ: BT; that 
is, KE: Ex:: BK: BT 5: 175 the Pe HK : 
AB. QE. D. | 


IEG 8 1-0 10N LXIII. 

The focal Diſtance of any Point in the Curve, is 
to a Perpendicular let fall from that Focus to the 
Tangent of the ſaid Point, as the Semi · conjugate 
I. to the Semi-conjugate Axis, 


: ? 


DEMONSTRATION. . 
The Triangles FHI, FKL (by Prop. 27.) are ſi 


milar, therefore HF: FK +: HI LK, whence 6 


: 54 js, $ - * 7 
1 Tas 
5 * - wot 
2 T ©! 
** 3 — 3 P 
N * _ 1 f IS 
4 6 
; AT] 
2 — — . at 1 
+ % K —_ ( w 4 £ H : B 
| a 1 
, 
| D 0 


Compiſition © and Alternation,) HFAFK ( BC): 
HI+LK {(2CO) :: BC: CO: : FH: HI: : BC 
CD: CO CD; bur (by Prop. 60. YOCXCD=BCx 


— 5 therefore FH: HI: + BOXED : BCXCE : 


CE QB Da: oor 54 
"3a CONIC 


2 N * 
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* 
Py, N 1 * 1 ö 1 
5 „ 3 of” . . N 9 1 e 7 1 


PART. III. 


0, the HYPERBOLA, 02 


n GENE —— 


== PO N a Plain, take any ftraight 2 
Af, in which, — — both Ways, 
make PKR=AH and let the Point G 
be taken any where (without H and 
K) in that Line ; then; if, with the 


Rades AG from the Point H, as a Center, you 
deſcribe an Are; and from the Center K,. with 


% 
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the Radius PG, you interſect the former Arc at F; 
alſo, if, from the Points H and K, you draw the 
Lines HE, and FK, I fay, HF- FRA | 
For, by Conſtruction, NE ( AG)=AP4-PG, and 
FK PG; therefore HF-FK=(AP+PG—PG=) 
AP: In Kher Manner, an indefinite Number of 
Points may be found; and the curve Line drawn 
through them all is called an Hyperbola. 


| 'DezyrFiniTIioONs. 

1. The Points Th: and K are called the focal 
Points, or Foci. 

2. A — of che H yperbola is is a right Line 


which paſſes through C, the Middle of AB, and 
being 422 biſects all the Eines wanne W r 1g 2a 


which are parallel to the Tangent drawn through 


the Point where the Diameter interſects the Curve, 


and the Lines ſo biſected are called Ordinates to 
that Diameter. Thus, FT is a Diameter, and r%, 
bz are Ordinates being parallel to the Tangent FT, 
which touches the Curve in F the Vertex of the 
Diameter, or the Point where the Diameter inter- 
ſets the Curve. 
3. The Point of Concourſe of all the Diameters 
(as C) is called the Center. | 
.._ _ 4- That produced Diameter to which the Or- 
dinates ſtand -at right _— (as AB) is called 
the Axe. | 's. The 
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5. The common Interſection of the Diameter 


produced and the Ordinate (as G, or 9 is called 
the Point of Application. 


6. That Part of the Diameter 1 which 5 


is intercepted between the Vertex and Point of Ap- 
plication, is called the Abſciſſa, as BG or F. 
7. If, on (P) the Vertex of the Axe, a Perpen- 


dicular to the Axe be drawn and continued both 


Ways (See the Fig. is the Genefis) and then, if, from 
the Center C, with the Radius CK, you interſect 


that Perpendicular in the Points D and E, Right- 


lines drawn from the Point C through E and D are ö 
called Aſſymptotes; and the Perpendicular inter- 
cepted between them (as ED) is called the conje- 


gate Axe, 


Pave did J. 
As the Square of the tranſverſe Axe, is to the 


Square of the conjugate Axe, ſo is the Rectangle of 


the Abſciſſa into the Sum of the Tranſverſe and 


Abſciſſa, to the Square of the Ordinate applied to 


that Abſatla ; that 15, AP* : ; DE*: en! 
2 a r 1h L8 
Put AC=z, AE=!c CG=x, CK=CH=4, GE 


D, and FK=z; then GR- x or x—5 OG 
as the Point G falls on this or that Side the Focus — 


 KH=24;' alſo (by the Genofs) FH=1+2, and 


AE*+A Cz (CE*)=CK*, that is, = (by 


47. E. 1.) *; and HF*= (by 12. and 13. E. 2, 


KH*+FK*2:2KHXxGK, that is, aH + 


Os 


* 
6 


. —4¹ therefore n= - and by ſquar- 
ing both Sides 242 = . S' 


 2bx4+Þ,which elude gives 1 Gr.L 


. Now if in this 3 er 166 and *% 


% 
: 
_ _ - 
i 
| 
4 & 
E 
. [3 
= 
1 
{ 
: 
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} 
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we ſubſtitute their reſpectire Values found from the 
firſt, we ſhall have #*y*=c*x*—23*c* ; which con- 
verted to an Anolagy gives ?* : c* *: TIN 
Lb e DE“: : BGXAG : FG“, mi R 


Con v. 


Let the cranſverſc and conjugate Axes be repre- 
ſented by t and c, any Abſciſſa and its Ordinate by 
# and y, then by this Theorem PP z; tax#t 9, 
therefore 459 IE NYE. x, which i * Equation 
pf the Curve. 

Definition. A third Proportional to the tranſverſe | 
and conjugate Axe, is called the Parameter of the 
Axe; that is, if p be * for he Parameter 7 : Lo 
c:Þ therefore Ip=c* | ; 


1 
As the tranſverſe Axe is to the Parameter of the 
Axe, ſo is the Rectangle of the Abſciſſa into the 
Sum of the Tranſverſe and Abſciſſa, to the Square of 
the Ordinate applied to 1205 e ; that 105 4 


Pp: 2 J 9 .. EF Tg | by 
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DzMONSTRATION. 


By the pregeding Definition pc; therefore if, 
in the Equation of the Curve, 7p be ſubſtituted for 
eb, we ſhall have h =/px+px* (which is the Equa+ 
tion of the Curve in the Terms of the Parameter) 


which being 5 in an a, © Wes E315 FA 
* "RF 4 


Cees ti K 


Hence it appears, that the Rectangle of any Ab. | 
ſciſſa into the Sum of the Tranſverſe and the faid 
Abſciſſa, is to the Square of the Ordinate applied 


to that Abſciſſa, as the Rectangle of any other 


Abſciſſa into the Sum of the Tranſverſe and that 
Abſciſſa, to the Square of the Ordinate applied to 
that Abſciſſa: For (by tbe Prop. , LAH: La : 388 
9 : 1+XXX : X*, 1 1 need 


PROPEOSIT ION III. 


As half the tranſverſe Axe, is to the Sum of the 
Tranſverſe and focal Diſtance, fo is tlie focal Diſ- 
tance, to half the Parameter of the Axe; that is, 
(by putting q for the foal Diſtance) a: V2: * 


1 


# % 


DxMONSTRATION. 
 CK(CE)—CA=AK, that is VIE" + —— I 
but (by vbe preced.) Ac apt, therefore T 

A _ and TROWEL SL RES, JE "THE 


a %. 
* * Y 


 ProposiTion IV. r 


The Parameter of the Axe is equal to double the 
Ordinate paſſing tho* the Focus; that is- (if 2K * 
wh the 9 72 thro' the * Focus) Y=4 ; 


3 


Druon- 
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-' mn MONSTRATION: 
By & the 2d (putting 9 for the focal Diſtance) 42 


Pp: :t+4X9 : 2 „and (by the preced.) T= . 
therefore, by 8 ti 5 =p" N 


whence y=3p. Q. E. D 
|  PxroPosITION V. 


As the Sum of the tranſverſe Axe and its Para- 
meter, is to the Diſtance between the Foci, ſo is 
the Diftance- between the Foci, to the tranſverſe 


Axe. | 

DEMONSTRATION. 

Let KH =, then 22 (+KH=CK=CE ) 

. S343 3 and 2*=36 +26%, or be. 

But (by Prop. 2.) #p=c*, therefore 6*=1*-+1Þ, 

whence 1: 6::6 : f. Q. E. D. 
PrzxoeoOsSITION VI. 


A Fourth-proportional to the conjugate Axe, 
tranſyerſe Axe, and any Ordinate, is a Mean-pro- 
portional between the Abſciſſa of that Ordinate and 
the Sum of the Tranſverſe and Abſciſſa. 

DzMONSTARNAT IO R. 


Let the Fourth - proportional be &; then 271: 
: _ b, therefore 7. But (2y Zrop. I.) 2: *:: 


i+xXx : , or tc: V Tx: , therefore 
e 2. Q. E. D. 


ATE Es VII. 


As the Square of any Ordinate, is to the Reet 
b of the Abſciſſa into the Sum of the TT 
4 a 
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and Abſciſſa, ſo is the Square of the conjugate Axe, 
to the Difference between the Square of the con- 
jogare Axe and that of the Diſtance of the 1 5 


DENON TIA Ton. 4510 

Let the Diſtance between che Foci be , ae 

. whence =-. But (by the 9 
Tx: 2c Pc (f). QE. D. 


er VII. 


As the Square of any Ordinate, is to the Reas 
angle of the Parameter of the Axe into the Abſciſſa, 
ſo is the Sum of the ſaid Rectangle and the Square 
of the conjugate Axe, to the Square of the eee 
Axe; that is, * J 


, 
" & 
y * * 
* 


F 


By the . of the Curve #*=c ir- Kerr, 
and (by the 24) 7 = ; therefore (by Subitutivel, 
Ec.) > (erate dn whence * e * 


E. D 
„„ Se IX. 


As the Diſtance from the Center to the Ordinate 
drawn from the Point of Contact of any Tangent, 
is to the Abſciſſa of that Ordinate, ſo is the Sum 
of the Tranſverſe and Abſciſſa, to re per 5 
that i ts, CG: AG: . GT. 


EF 


G //A 


1 Fx * 


i; K. 
3 I , : 
1 * - [3 a , £ 
— * | * 
6 f 4 . p ; SS 
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DEMONSTRATION. * 


> 4 


Suppoſe Fp an indefinitely ſmall Part of the 3 


and produced ſo as to cut the Axe in T; draw the 


Ordinate FG and pg parallel thereto alſo draw Fr 


parallel to the Ae. and put AT=a, Fr= 
qgG=n, and 7p=m; then GT=a+x, Bq=!+x+1 


: Ag = xi, and * Now, pr: F:: FG: GT, 
that is, m: 11:5 * a, therefore a = x+a; 8 


over ( Prop. 20 75 p. TT : In X 
An, and r: Þ!: 14+#Xx : y* 3 whence (by the firſt 
Analogy) pix pin. pr Nahen 21ym=ly*= (by the 
24 Anal.) Pix pit 5 therefore Fay pen. aim, and 


2 n. But a+x= - therefore *. 
25 —— 259 gs Sa ee 
(Ex m  plbkzpx p 1 . 10 


2 2xþ2x*) _\ 1x+x | 
Ta Tz Af which converted to 
an Analogy gives 2 f: x: 1: 4x, or CG: 
AG: e 


n X. 


The * of the Abſciſſa of the Ordinate, ** 
the Point of Contact, and half the Tranſverſe 
Axe, is to half the — Axe, as half the tranſ- 
verſe Axe, to the Diſtance (in the Axe produced) 
from the Ceuter to the Interſection of the Tan- 


gent; bat 155 CG: CA:: CA: CT. 


Peer 
CT=CG—GT : But CT -a, CGS Tx, 


and 105 the laſt) GT= 2, 


therefore 31 —a= 


(xt+ 


% EIS ry 


wp 
@; ® 


Mc 0 tr 
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7 beers 4 


A =) TI | * e +407: ts 7 


2-4, or CG: CA:: CA: CT. QE. b. 


1 — | 


, 


ProryosITION XI. 


be Sum of the Abſciſſa of the Ordinate, a 
from the Point of Contact, and half the Tranſverſe, 
is to half the tranſverſe Axe, as the Abſciſſa, to 
the Diſtance between the Vertex and Interſection of 
the Tangent; that i , CG: AC:: AG: AT. 


a 5 8 DzmoxnsrT R A ron... 


2 - 


/ the preced. 3 | eherefore E 


: = ; whence A: xt: : $34 or CG AE 
AGS AT. uinPi. 


IL POTS fe XII. . 


$* ++ s + 


The Sum of the Abſciſſa of the Ordinate, from 
the Point of Contact, and half the Tranſverſe, is to 
half the Tranſverſe ;. as. the Sum of the Tranſverſe 
and Abſciſſa, to the Difference between the Tran 
verſe and the external Part, bas. Te CG: CA: 
BG : "x. 

DIA AAT. 
25 . 


i 

| x XI. TAI nete: 

6 dx 22 Se eee 2h 2 Kr: 
7 or CG: CA:: BG: BT. QE. D. 


.* 


* , 
1 _ $ 0 * 
CS 33 : 8. * 2 , * 1 


* 


By the preced. a= = therefore — 


* 


„ XIII. 


The Sum of the Abſciſſa of the Ordinate, from 
the Point of Contact, and the Tranſverſe, is to the 
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Difference between the Tranſverſe and the ex 
Part, as the Abſcifla, to the external Part 3 t i 
BG : BT : :GA: AT. 

1 TWEENS» 48 ak 


"DpuonsTRATION. | 
By the 11th. n 21 * , and (oy the 
* Z +4 xt: tw: ; therefore (by 
quality) e or e 
8 E. P. Ys Porn 


Po. POSITION: XIV.. 

As the Difference between the e e and the 
external Part, is. to. half the Tranſverſe, ſo is the 
external. Part, to the Abſciſſa of Ordinate from 
the Point of Contact; that ts, : : CA: 12 8 : 


05 


ws 


Dt MOneTRATION. EE 
-— '. of. 
By the 11th, 2. IIs 3 ' therefore #= = 
and ors UN. ESTER 7 11 82 
| "Du os 081 210% XV: SHO 
| — the Difference between the external Wa " 
half the Tranſverſe, is the Difference between we 
Franſverſe and the N Part, ſo is the exter 
Part, to the Sum of the external Part and the Ab- 
ſeiſſa of the Ordinate from the Point of . ; 
that is, CT : BT :: AF; GT. 


Dzuows TRATION, 2 | 

ria 
—— . decker x+0= 
bs | — 
=) 2 - 3 whence Uma 3 fa; 20; 


e or CT; BT: ; AT; 101 GED . 


The MAT HENATICIAN 237 


R 


TO THE 


e 


ns wer" in 2 the Third NounzR. 


1 
* 


- 


\ Prentz XII. k W 
E T the” Pence in 308 / 65. 84, the 


az the Pence in 8 J. 65. 8 d. the given 
Premium by 3; and the Pence in 
8 J. 115. 44.5, the given Intereſt, 


by c: Alſo let x repreſent the Pence in the Note 


due S ſix Months, and y the Rate of Intereſt ; 
then 2 2 vill be the Intereſt due * and 


= that due upon a whence, by the 


Queſtion, 2+ = =e © therefore * = uf 


3 0 2 is the Premium for discos 


Sum of the Notes, be repreſented by 


Da 
2 

et 1 
E 


2 
7 
rat 
11. 
11 
1 4 
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43 
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WE of” * + —— Ls nas" =b 
S 
e 2 


J 
12 , and therefore * 
U e e, which reduced gives y=.o 5 che 
Rate of Intereſt required, and therefore x=49200; 
conſequently the Value of the Note due at the End 
of ſix Months is 2057. and that due at the End. of- 
eight Months 103 J. 65.84, 


PROBLEM XLII. _ 65 My. W, Kingſton 


therefore and & = | 


= 


In the right * Triangle ABC, let A — 
ſent the Anchor, B the Place of the Ship i in the firſt 
Poſition, and C her Place in the laſt Poſition, and 


upon A as a Center let the Arch BD be deſcribed 3 


then, if BC(=7 0) be put- ga, co "IR and 
AB (AD) *, we ſhall have L N 2bx+x* 3 
- = 24 the required Depth of che 


* 1 
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The ane aforetly Ms Thomas Mok of Dede 


Chi AU cer 10 1 


Draw the indefinite right Lihe AE, in which take 
EB= (go) the Length of Cable veered out; make 
BC perpendicular to AE and equal to (70) the Diſ- 
rance between the two Poſitions of the Ship; then 
join E, C and draw CA to make an Angle with EC 
equal to the Angle AEC, and the Thing is done. 


DEMONSTRATION. 


| Draw BD parallel to EC : 
Since the Angles E and ECA are equal (by Conftr.) 
and BD parallel to EC, it is evident that CA=AE, 


BA=DA and DC=BE=the Length of Cable 


veered out; therefore BA=the ON 1 * 
Water. Q. E. D. 


 CaLeviaTioN., 


In the right-angled Triangle EBC are given the 
two Sides BE and BC, whence the Angles E and 
BCE are given = 542. 27. 35". and 35*. 32. 25. 
reſpectively ; and from thence BCA=ZECA (E) 
B A will be found: Then, ſince BE and BA are 
Tangents of the Angles ECB and BCA to the 
Radius BC, it will be as Tangent ECB: Tangent 


BCA: EB: BA 24 che required Depth of Water. 
Paco XLIII. Anſwered by John Turner. 


Let S be the ſouthermoſt and N the northermoſt 


of the two given Ports; make RSA=45* the Angle 
which the Ship from the former makes with the 


Meridian, and let ST (=20) repreſent her Diſtance | 


run before the other Ship ſet ſail: Then in the 
Triangle STN are given the Sides ST and SN to- 


gether with their included Angle TSN,, 351 


NT 38. 81 „ _F « * 


6 
< . =D yy mn - Cay — — - vs 1 , - 7 
hs =" Led as 8 n bY To” p x —_— r _ * r ap 7 IIS — - 44 > 49g» 
y * e . 4 5 
re * * Pr 3 TAS », 2 y 
l as dee” I» Hp 7 
_ * bs 


. * 


by Right-lines 
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SNT=21*. 22“, 12”, will likewiſe be given. Then; 
in the Tria ngle NTA will be given the Side NT, 
the Angle F and the Ratio of NA to TA as 5j to 43 


" _— 7 
ba A * 7 
. 


whence * Angle ANT will e. 42. 19; 
which added to TNS gives SNA=40?. 4, 22". the 
Courfe required. Moreover, becauſe in the Tri- 
angle SAN the Side SN and all the Angles are 
known, the Diſtance SA failed by the firſt Ship 
and NA that failed by the ſecond will be found= 


165.27 and 181, 12 reſpectively. 5 
PROBLEM XIV. Anfwered by *. W 
Kingſton. 


COnSTRUCTION. 
© Upon AB equal to the given Perimeter, with 
Triangle ABD be conſtituted Pup, Yr to that 
required, and let the two Angles A, biſected 
each other in C; draw 
el ta DA and DB . 


be the Triangle required. | 
* * Pe 


CE and CF | 


* »- 
= "=: ; 
A 


| — 
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: * : 
£ | 5 , 4 
* . , * h _ a 
— _ _ * 
S — as, ac - 
4 * * 
* 4 i 1 
A F E 7 4 * B 
_— 3 
8 p EY wes E's * mm i Late E 

N x 
g £'*% 


ee e eee 10 M. 


It is evident (by Confr.) that the Triangle 'BFC 
* ngular to ABD. Moreover, the Angle 
ERC being (=CAD)=ECA, the Side EC will be 
equal to EA ; and for the like Reaſon FC=FR; 
es ng * — 5 = EFT rie == AB. 
he 9 D. , 


1 Q 5 Pe Gun Aion Ban 
| i" the Triangle, ABC are. given. all the Angles 
and the Side AB, whence 40 and CB will be 
known; then, in the iſoſceles Triapgles AEC. 
BFC are given all the Angles and one Side in a 
from which EC and FC vill alſo become known. 


ProBLEM XLYV.' Anſwered by John Turner. 


ConsTRUGTION. 


Let ABC) be the given Tri and ABD the 
Angle which the dividing Line is to make 
with the Side, AB; alſo let AC be produced to 
meet BD in D. and let the Ratio of the Fart cut 
off to the whole, be that of AE to AC: Take 
AF a mean Proportional between AD and AE, 
draw 1 Pe to DB and the en is done. 
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D,gMONSTRAT 1-0 N. 
in B, E Then AFH,: ADB :: AF* (AD 
Ne AR. : AD :: ABE: ADB;  there- 
2 the Conſequents being the ſame the Antece- 
dent AFF, ABE 6 JE ABE(AFH): i 
ABC: : AE: AC. Q. E. D. 5 
I F |.) 

In the Triangle ABD are given all the Angles 
and the 'Side AB, whence AD, and ar 
wy (= AEXAD) will be found. * 85 


3 \PronLEM XI. VI. Anſwered by John Turner, * 
5 Cons rauer ren I 
Join the angular Points A, G of CPE ren 


%. 
ef 
ww +3 =o * 

: * „ 8 
„ 4 4 
4 of 
— 1 + 19 * 
G3 ; 

* 8 hot U 1 
11 
"7 % 
@*-* 4 28 4 - 
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ABCDE and draw AF perpendicular and 
to AC; alſo join F, B and from G the Point 
where BF interſects AE draw GH. parallel to FA, 
which will be a Side of the Square. | 


"DEMONSTRATION. 
| Becauſe AF, HG as well as AC and the Side of 
the Square HI are parallel, the Triangles BAF and 
BHG as well as BAC and BHI will be fimilar ; 

therefore BA: AF:: BH: HG; and BA: AC: 

BH : HI: But AF and AC are equal by Conſtrue- 

tion, therefore HG and HI, being Conſequents to 

G KY Antecedents, muſt likewiſe be (aus. 
1 


ProBLEM XLVII. Anſwered by Mr. William 


Kingſton. 


Consrivcrron 


Let ABL be the given. Portion of a Circle, and 
upon the Chord AB let the Rectangle ABCD be 

conſtituted whoſe Length is to its Breadth in the 
given Proportion: Biſect AB in E, and draw DE, 
and from the Point F where it interſects the Circle 
draw FG parallel to AB; alſo draw FI and GH 


parallel to EL, and the Thing is done, 


1 . 4 , 'F- 
| . . 
= "2 PY — — ww 1 
X * — H - — 1 $ 


"mY 3 TY 
8 of the ſimilar er EA, EIF, it 
vill be AD: IF; : AE: EI: AB AB: IH. QED. 

| | | ROD 


1 
* a 
& i404 


* 
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PROBLEM XLVIIL. A by Geometricus 


Consraucrtion. 


Leba Triangle FCB be conſtituted, whoſe Sides 
are reſpeCtively equal to two thirds of the given 
biſeting Lines, and complete the Parallelogtam 
FE; alſo draw the Diagonals FE and BC, in the 
latter of which, produced, take CH Rz join 

F, Hand E, H and FE II will be the Tring 
| required. | 


1 enn 


Let FC and EC be produced to meet the Shes 
of the Triangle in G and A :—Since the Diagonals 
of a Parallelogram biſect each other EI is there- 

fore equal to FI and Cl BCA CH; whence HI 
(biſecting FE) is equal to 3BC, one of the given 
Lines by Conſtruction: Moreover, the Triangles 
HBF and HCA being ſimilar and HC HB (+y 
Conſtr.) it follows that HA is=AF, and d that CA 
AE, and therefore EA (biſecting HF) ECA 
CA=BF+CA=3BE. In the very ſame Manner 
LE I een : 
8 * E. D. | 


MzrTHoD | 
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e of CaLevianion. WP. 


| * the Triangle FBC, all the Sides b known, 

the Angles will be found; then in the 
ICF, beſides the Angle C, will be given the Side 
FC, and Cl=43BC, whence FI and the Angle 1 
1 de bed 5: whence (HT bing hide) GET 
| HE will be found. © 


PROBLEM XLIX. Anſwered b John Turner | 


ConsTRUCTION. 


Biſect AB the given Perimeter in C, mad von 
AC conſtitute the Rectangle AE equal to the Area 
of the required Triangle; make CAF equal to half 
the given Angle, and from H where AF cuts D 

let fall the Perpendicular HG ; take GY equal to 
GA and biſect BV io O, .then with OB- (as a Radius) 
deſcribe an Arc cutting AF in K; join O, K and 
make AKL. equal to/OAF, Hd id in oe 


er , 


FF 


Biſect the Angle OKL with the Line KT meeting 
DE (produced if needful) in T; alſo draw AR pa- 
rallel to LK, and HS, nana, wt TK, meeting 
| AR i in 8; then join L. T p 


Hz TY Becauſe | 
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Becauſe the Angle AKL=OAK= the given 
Angle ( Conftr.) OLK and conſequently OAR 
will be equal to the whole given Angle; . whence 
AL=KL and conſequently OK (OB) +OL+LK 
(AL) =AB the given Perimeter. Moreover, ſince 
the Lines IK, HS; and LK, As are parallel, we 
ſhall have K T SH, and LK = AS, alſo the 
Angle TRI. = HSA, and KLT = SAH = 
OAK = : the given Angle (by Confir. ) whence LT 
biſets the Angle OLK. Now, if from T the ſe- 
veral Perpendiculars TQ, TW, TX be let fall, 
and the Line TO be drawn, it is obvious that the 
Area of the Triangle OKL will be equal to TQx 
TOLFZERFIOK=TQx3AB= CEXCA= =CD= 
the 5 Area by Conſtruction. W. W. D. 


01 ler MET ROD of Calcviar 10 wie? 25 
In the Triangle AHG are given all the Adele 
and the Side HG, whence AG=GV is found, and 
conſequently BV=2BO=AB—AV. Then in the 
Triangle AOK are given the Sides OK (OB) and 
OA, together with the Angle OAK, whence the 
Angle OKA and conſequently the Angles OKL and 
KOI. may be found. Moreover, in the Triangle 
OKL all the Angles and the Side OK are known, 
whence the other Sides will likewiſe be known. 


 PrRoBLEM 4 Anfevered by John Turner. 


It is evident tat 
AF*+FE*= (AF:'=) AG*+GE2 ; 
GC*4+GE*= (EC*=). CD*4-DE*; _ 
and DB*+DE*= (BE. =) BF*+FE* ; whence, 
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by- adding each Side of the Equations together, 
we have Aae DE a eee A. | 


Eee LI. Howard by Maul ey 


Let ABC and ADE be the two Triangles, F the 
Point of Biſection, and let POR be a plain Triangle 
whoſe Angles P and Q are reſpectively meaſured. 


or expounded by the Arches AB and AD. 


* 


* R ak} -: 0: > WooE 


Then, it will be RQ: RP: : Sine of (AR: 
Sine of Q (AD) and Sine of AB "Sine of AD : : 
Tangent of BC: Tangent of DE (by t well known 
Axiom): Whence, by Equality, KRQ :RP3:. 
Tangent BC: Tangent DE. Therefore, by Equa- 
lity and Prob. 3. Ne. 3. Tangent BC: Tangent 
DE:: Radius: Tangent of an Arch, and as Ra- 
 dius': : Tangent of the Exceſs of chis Arch above 


452 : : Tangent 2 EW = 2 AD: Tan- 
[gent on . ? 285. which 415 "R 


_ Proportions that were to be demoſtrated. 


'ProBLEM "LN Anſwered 7 Marhematicus. 


Let BC and BD be the given Lines, and let CE 
and DF. be Tangents to the Curve meeting AF, 
the Tangent at the Vertex A, in E and F; alſo 
bee I BE and BF be drawn, which will regis 


l biſect 
7 | 


Q= is yy no 2 
N Er AEN 


' » 
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biſe& the Angles ABC and ABD, by a known 
of the Parabola, and therefore EBF win 
alſo be equal to aCBD. Moreover (by another knows 


reve, V'BC : n Tangent of an 


docks and as Radius : Tanger of the Exceſs of 
this Arch above 459 : Tangent HE 
1809%.—FBF BI 


[Tangent — e. 
Conn =): Tangent of the required Arch 


BEF—F__ -E 90% — . 


7 therefore Os: ABE + Abr, ont 


20 ERF (2CBD) =2ABF = ABD, and 2 
EBF (aD) = ABC. Q. E. D. 


ProBLEM LIN. Auſwered by John Turner. i 
The Number of Chances for throwing 35, 36, 


$78 or 38 Points wat ten Dice . 4395456, 


: — 8 — — — be 


For ABE4+-EBF=FBC4-CBD ; but ABE=EBF+ 


FEB, 2 e conſequently 


Er . | 4325310 
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4325310, 4121260, and 3801535 3 (as 
s in Prob. 22. Simpſon's Laws of | 
Sum 16643561 deided = 676606 will = 
the Probability of the propoſed Event happening 
the firſt Throw, therefore 3 Probability of the con- 
438226198 164355. 

trary will be 60466176 © _—— bo4b6176*,. whence; 
the Probability of not happening in any Number 
14618 

G) of Throws i = T4 755 4 
Probability of its happening in # Tryals will be 1— 


43822015ʃ 0 e 
60466176 the Odds | 22 6617 to 
einge, 
nd 466176) * which, when #=3, will be as 


5 5\3 gs : 
6046617 n 60466176 

ProBLEM LIV. Anſwered by John Turner. 
Let ABC be a Triangle ſimilar to the propoſed 


one, and let AB=x, BF=BG = y, and BC=1 ; 
then will AF=x—y and CG=1—y. Now 15 


conſequently the 


| Gil Triangfes AC: AB:: AB : Aves; 


AC: BC::BC: bee. But (&y Theor. 16, 


- Book 


and 
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Book 4. Simpſon's Geom.) DCX&AFxBG=AD x 
BFXGC ; therefore becauſe BF = BG, DCxAF- 
will be=ADXGC, and by ſubſtituting for AD and 
DC their Equals as above, we ſhall have AF 


40 CGx RE 5 Ren 55, IXX—y= (x 1— 
.; therefore x—x:=y—yx*, whence y= 
«„ © "05 e Ss 2,14 
I I Now 1+ 1 as CF* and * ＋ 
_ 


Je = AG, therefore. by imilar Figures 14. 


x* ra" | 
or * ＋＋ Ar :: : (a and 3 repreſenting 
the two given Lines in the required Triangle) con- 
ſequently a * ＋tf 24 x* + = *42—2 Px=b* 3 whence 


x and from thence the Sides of the Triangle required 
may be found. ne hea po 
PROBLEM LV. Anſwered by John Turner. 
Sk _ [|C Suppoſe the Line CA to 
| 2 repreſent the River, C the 
D | | Boat going down it and D 
B the Boat that is to croſs it; 
then, if DB be put = a, 
BC, the Velocity of D to 
that of C as m to », and 
AD x, we ſhall have 
AB=V x*— and AC 
. But n: 
CE the Diſtance ſaild 
N +E Nn - 3 
by C, therefore 4+ N= 


; AE =AE muſt bea Max- 
MI imum 


. 
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imum, and i its — == _— whence 


* 
33 —, which rel gives æ = — 


Paola LV. Aufwered by John Turner. 
Firſt, in order to find the Time in which . 
giren ſpheroidal nn will be emptied, i ict 


AD, CD=3, DE=DG=e, and GK=y: Then, 
if p be put . 7854, we ſhall have IK* = = 


, and the Area of the Circle, deſcribed by 
KI, = * a, which multiplied by 5 
(=K&) gives 2 GIA * for the Fluxion- 


of the . 3 this Ade . V Ge 


. 


— | | 

x 2 7 1 ee 5 I the Fluxion of 
theTime of Evacuation, whoſe Fluent, when ybecomes 
I equal 


- * 
2 þ A : 
4 * 4 9 4 * "PIR ry r- * «x w . 
n Ore = 8 r 5 2 8 N ; a , 80 J * « — 
5 . : * 1 = „ * * * . #. - nh 9 * : 
be 5 P 8 Tit Ori fs oe SE l FO 2 A ? : 
* 


* „ e 
* „ . 


R 


- a = 2540 * — 
13 4 REO * 2 = ty 
FIT” ad ln "REES 4 I 
EE oa r e 


which ſubſtituted in EF (=Z V2) gives 
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equal to 2c, will be equal 0 x LEE 
Ve the Time of Evacuation in the Caſk whoſe 


Altitude is 2c, Now, in the Caſe propoſed, this 
Time muſt be a Maximum, therefore its Fluxion 


| oa 33 | 
( ſuppoſing c variable) „ 
92 So; whence 3oa* = , and c=aV 35, 
b 
a 


2 7 | | 
4 — = . the head Diameter. 


ProBLeM LVII. Anſwered by John Turner. 


Suppoſe ADBC to be the given Ellipſis, the 
Square of whoſe leſſer Diameter is to that of its 
greater as 1 to n, and from any Point M, in the 


Semiconjugate- OA, let MQ be drawn parallel to 
CD; then ſuppoſe FEHG- to be an Ellipſis fimitar 
and concentric to the former, and draw KI parallel 
to CD, and my infinitely near thereto z putting 


# $6 2 1 1 
— e 


— 


„„ „„ 6 


ra 
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OM=3, More, EO=s, KO=z, and KI=z, and 
we ſhall have KT, by the Property of the Ellipfis, 
N. But, by fimilar Triangles, 3: 2 2 : Mx, 


therefore mri hl, 22 _ , and in Log. y= Log 


2: +D: ö and 

y equal _— then m Log. c= Log. 5: + D, 
1 DS = Log. c— Log. 5; —— 
Log. y = Log. 2+ Log. c— Log. b, and y= 


T » which ſhews that the Curve ib Pabel. 


» 4 þ Tack: " 


* 


Fuse M LVnI. Hnfeered b Abenden 0 


In the annexed Scheme; let L and T repreſent 
the Bodies as N whoſe . 95 * 


e ; * * * 


„448 4 


* 
Py . 


"4. 3 0 


tively ond, to thoſe of the Moon and Earth, or in 
the Ratio af Unity to 39. 778; and let AV and BV, 
the abſolute Directions of the two Bodies meet each ' 
other in V: Then, in n ABV are * 
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all the A ngles and the Side AB =100000 Miles); 
whence av will be found equal to $55.08 8163, 
and BV=287938.4609 Miles reſpective 

No as 5 ide the abſolute Space ae keribedd by 
the Body n to 2 Miles, the 
deſcribed by the Body T in the fame Time, fo is the 
Meaſure of AV, in "Miles, to 101284.5265, the 


Meaſure of the Space, i in Miles, which T would uni- 
formly deſeribe in the Time that uniformly de- 


ſcribes the Space AV. 

Let this Space be denoted by BT. then it i mani- 
feſt, when the Body L. by an uniform Motion hath 
deſcribed the Space AV, and is arrived at V, the 
Body F wil have deſcribed the Space BT“ in the 
725 Tim Fe Bip at T; refore if T'V 

T=2 38.4509 — 10128 2PM 


1195 91109 de Gade at C in the given Ratio 


their inverſely, or CT be taken to T'V 
10 the Ratio eo Unity to 1 + 39.778, then C' 
will be the common Center of Gravity (of the two 
Bodies) in this Poſition, and the Diſtance CT will 
be found = 4577.3440 3 which added to BT” gives 
BC'=105860.8705, whence VE'=18077.5904. 
Moreover, let BC be taken to BA, in the Ratio 
of Unity to 1439.78, and then C will be the 


Point of Equilibrio or Center of Gravity of the two 


Bodies L and T at the Inſtant of Projection, and con- 
ſequently the Space CB will be found = 2452 3027 
and AC = 97547.6973. Now, if the Right-line 


CC be drawn, it is plain, that in the Time the 


Bodies L and T would reſpectively deſcribe the 
* AV and BT. their common Center of Gra, 
vity will deſcribe che Space CC; therefore in the 
Bar BCC:, there being given the two Sides 
os and the included Angle CBC=60*, the 
2 BCC. Hewihg the jon of the Path of 
ter phe will tze found = 18* 52, 


2 Space CC (1046 6.2697 Miles) de- 


ſcribed by * ſame Center ia the Time that L 
uniformly 
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uniformly deſcribes the Space AV. Hence, it will 
be as AV: CC:: 5 Miles, the Space deſcribed by 
L in one Second, to 2.0666 Miles, the Space de- 
_ ſcribed by the Center of Gravity in the ſame Time. 

Furthermore, draw BF equal and parallel to CC, 
and let the Parallelogram be completed, and join 
V, FandF, F,; then in the Triangle FC'V arg 


= 
4 — 82. 
given the two Sides CF (AC), CV and the in- 
cluded Angle F'C'V (GO whence the Angle C'F'V, 
the relative Direction of L with regard to the com- 
mon Center of Gravity, will be found 86* 44' 50, 
and the Side F'V=1 57938.2468 Miles the relative 
Diſtance ; hence it will be AV: VF':: 5 Miles, 
the abſolute Velocity of the Body L in one Second : 
3.118735 Miles, the relative Velocity in the ſame 
Time. | ; 
Moreover, ſince the Triangles VC F, and FC T. 
have one Angle C common, and the Sides about 
that Angle proportional, thoſe Triangles are ſimilar ; 
therefore the Bodies L and T will deſcribe. Gmilar 
Figures (which in this Cafe are Hyperbolas) about 
their common Center of Gravity; and the 8K 


i 
1 1 
— 
% 


4 - 


4 
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CF being to CF as 1 to 39.778 ; the relative Ve- 

locity of T will be to that of L in the ſame Ratio. 

Let now F'LR repreſent the Trajectory, or Conic 

Section deſcribed by the Body L, to which FV 
will be a Tangent at the Point F'; and let FC'L 
be the Area deſcribed about C' the Focus, or Center 
of Force, in 48 Hours the propoſed Time, and let 
CC' (=AF=BF) be the Diſtance which the com · 


mon Center of . or the. Plane ha the 
[otions are performed, is carried uniformly. in that 
ime ;. alſo let Q be the Vertex of the Trajectory, 

and y CQ, to which draw FP and 105 pers 

ndicular, putting the Sine of 86˙. 44. 50”. the 


Rage CF V. {to the Radius I), Sci i 
bahay 3982 


© "9 
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3982 the Number of Miles in the Earth's Radius 
=; 0.003046, the Parts of a Mile which a heavy 
Body will deſcend in a Second of Time at the 

| Earth's Surface r; V r=0.00519133 9754 7.6973 . 
(CF) the Diſtance of the Point of Projection from 


the Center of Force d; 3.118735, the relative 
Velocity of L in a Second, = v; the tranſverſe 


Diameter of the deſcribed Section ='26; ; Conjugate 


Sic; Eccentricity Se; then G Pa. 26. — — $ 


 Efiye.) we have wire == 24941 05 3 26= 
— aus f ; 


£1 542 40 


2005 Vs sd _ 
3 the Diſtance of the Focus from the Vertex 
=e—2=97371.38 (=g). 

Now to find the Area deſcribed about the Center 
of Force in 48 Hours, put QN =x, LN =y; the 


Names of the given Lines remaining as above: 
Then, becauſe ”y the Property of the Curve 


= 218263, 415 U 1096479 93 


2 7 av S 22 : 
— +a =", we haves =—<FL a; 
therefore += —Z , and y* = 2 —=< 
Of Vox 


FI 4 , mf 1 +9%) xy 

——= = into , 
c, ee, ee, 
Fluxion of che Area A. whoſe Fluent — into 


the 


V_== 
"IEF — {x Hyp. Log Bf — = the 


0 QLN, to which ang E XY , the Area 
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of the Triangle CLN, we ſhall have LN 2 —£; 


Hyp. Log, 2 — for the Area of che hyper- 


bolical Sector QCL. But, fince FC is given=6, 


by the Property of the Curve, it will be as e: :; 
ard: QP::d—g:QP (= On wana" 
a—e==—g,*as demonſtrated in DeL. Hoſpital's 

Conic Sections Prop. 1. Book 3; whence FP will 
be found = 6493. 19243 which let be denoted by m, 
and ſubſtituted inſtead of y in the general Expreſſion 
for the Area of the - IRE Sector, and there re will 


come our Tex —2 x Hyp. Log. — IE 
for the Area of the Setter QCP; » which added to 
that of the former gives L282 — = x Hp. 


mb eamxI+v ibe Area deſcribed 
Log. * 
about the Center of Force i in 48 Hours, ours, the given 
Time; which Area is likewiſe found by multiply- 


ing =, the Area deſcribed in one Second, by 
R the Number of Seconds in the given Time, 
whereſore Er „ Hp. 1 


2 — e 
whence y vill be found = 499 651 1:2 and conſe- 
quently the Diſtance (LC') of De Body L from 

the Center of Force = 502296, : But WR 

1 


* 


err 
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TC. :: 39.778: 1, therefore TC'= 
e 79-778 


12627, and conſequently TC ALC, the abſolute 


— 
— 


Diſtance of the Bodies T', L from each other = 


514923. 


Since in the two right-angled Triangles CLN, 


CF there are given two Sides in each of them, 
the Angles LCN and NC/F will be found gg“. 7. 
and 35. 49. reſpectively ; the Sum of both which is 
875. 567, the true Anomaly of each Body, or the 


Angle deſcribed about the Center C' in the given 
Time; but the Diſtance CC' uniformly deſcribed 
by the Center of Gravity of the two Bodies in that 


Time is -2.0666Xx 48x60X60=35710.848- Miles; 


therefore if AC and BIT be drawn, in the Triangle 
AC'F” will be given the two Sides AF (=CC), 


F'C' and the Angle AFC = (180*— 1189. 52} 
61®. 8“; whenee AC'= 103020, the Angle CAF- 
=56*®. 2', and, conſequently, the Angle ACF 
629, 5c-; therefore in the Triangle ACL are given 


the two Sides AC», CL. and the included Angle 


ACL ISO. 46, whence the Diſtance of the Body 


L from the Place of Projection A will be found 
5943 20 and the Angle CAL = 24%. 23% and c- 
ſequently the Angle BAL, or the Poſition of 


Body L 87. 13". : Laſtly, in the Triangle ACT 
are given the two Sides AC, CI“ and the included 


Angle ACT”, whence AT“ 97489 and the Angle 

1 AC =. 10; therefore in the Triangle ABI“ 
are given the two Sides AB, AT and the contained 
Angle BAT, whence BT, the Diffance of the Body 
T from the Place of Projection B, will. be found 
"il 878 5 and the Angle of Po!t on ABT 05. 172 


- 8 2 
4 2 2 . 4 
. 7 - 


; ate 
" 
„ N ? 22 


33 wh $3 Cu ET 
. @ 4 8 I # 7 $5 
$i © 2A wi. * * 
1 s 3% 8 < 
© F EA F * * 
#4 ” 9 
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COLLECTION 


ROBLEMS 


To be anſwered in the next Nowpas. 


5 Re * by John Turner. 
2 N HRE E Ships fail from three different 
= Tf 2 Ports, whoſe Latitudes are 14, 125 
| IH and 107. reſpectively ; now ſuppoſing 
that, after the firſt Ship (which ſaild at 
the Rate of five Miles per Hour) had 
| been thirteen Hours under fail, the ſecond ſer out 
failing E. N. E. at the Rate of ſix Miles per Hour; 
a ſo that, after the ſecond had been out two Hours, 
the third moved off with a Velocity of ſcven Miles 
per Hour, and after ſailing 23 Hours fell in with 
"the other two at the ſame Inſtant. of Time; tis 
required from thence to determine the Latitude of 
the Place arrived in, with the ſcveral Courſes and 
Departures of the firſt and third, likewiſe the By. 
Pe of the {ecor.d. 


We 
— 


PROBLEM 


j RE hc. 


» oO 


= 


F 


1 
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PROBLEM: Jack Sinbad, f St. Joh 
ie in Antigua. 1 #5 Jl 
Ad Antigua bears from Montſerrat N. NE, 
and that a Ship bound from the latter to che former 
fails, as near as ſhe can lie to an Eaft Trade-wind, | 
with her ſtarboard Tacks on board *rill ſhe is to; the 
Northward of —_—_— .2 Miles: Now, ſuppofing 
that her neareſt Di upon that Tack, to An- 
tigua is 3.87 Miles, and that * Sum of the Diſ- 
tance ſailed — the Place where ſhe is neareſt to 
Antigua, and the Diſtance failed with her larboard 
Tacks on board is 18 Miles; tis required to des 
termine the Diſtance ſailed on each Tack, and how 


POLEN EXT: by John Turner. 
hs Sum of the Squares of two Numbers beg 


41, and the Sum of their Cubes. 399 what as 
the Numbers? 


PROBLEM LXII. by John Turner. 


To determine the Ratio of the Altitude, and 
baſe Diameter of the greateſt Cylinder that can be 
cut out of a given Paraboloid of. any Kind. | 


PROBLEM LXIII. 3y John Tarner: : 
If the greateſt: horizontal Range of a Piece be 
2000. Yards; at what Diſtance (ſuppoſing the 
Elevation and- Charge of Powder to continue the 
ſame) will it be able to ſtrike- an Object elevated 
54 Yards above the Plane of the Horizon? 


- PropLeM LXIV. by Mr. Thomas Mok. 


The Difference of the Segments of the Baſe, the 
Difference between the Perpe — af 6 and the 25 
Segment, and the Ratio N the Perpendicular, 
the greater Side of any plane Triangle being given 5 


to n the Triangle. 


K 2 PROBLEM 
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PronLEM LXV. by Mr. William Kingfton, - 


The Perpendicular of any plane Triangle, the 
yertical 1 and the Angle formed by twa 
Right · lines drawn from the Extremities of the Baſe 
to 192 — Middle of the Perpendicular, being 1 A 
to determine the Triangle, 


ProBLEM LXVI. by John N 


One Side of à Triangle, together with the Rad 
of its circumſcribing and inſcribed Circles, being 
given; to conſtruct the Triangle 1 5 


ProBLEM Lvn. by John Turner, - 


Suppoſe that, in the Triangle ABC, DE is . 
Jel to AB and EF biſects DC; alſo that AB, BE, 
AD. EF and the Angle FEC are given; tis re: 
quired to determine the I : 


— 1 LXVII. by Mr. Thomas Mok. 


T0 Right-lines, meeting in a Point, being * 
both in Poſition and Length; to draw a Right- 
line thro' the Point of Concourſe, ſo that if Per- 
pendiculars be let fall thereon from the Ends of the 
two given Lines, * two Triangles — bg, 
55 een 


Fn Fasten | 
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| PROBLEM LX. by Mr. Thomas Moſs. 
To find the Hour, Minute, Second and Third 


on Marth 10, when the Suns Altitude in che . - 


Th Latta Deg, : 50 


3 LXX. by John Turner. * 


en the Latitudes of two Places, together 
with their Difference of Longitude, to be given; 
tis required to determine the Sun's: Declination 


when he ſets to the Inhabitants of mod two Places at | 


the, au Inſtant of . x} 11 [4 | 5 
enn i IXXI. IB, Ont ” 


4 1 * 
2 
— — — 


10 FTE Latitude will a Right-line, drawn from | 


the Point of Suſpenſion of a Pendulum and con- 
tinued through the Earth's Center, make the great- 

eſt Angle Sable with the Pendulum; and how 
great will this Angle be, ſuppoſing che Ratio of the 


229? 


| ProBLEM LXXII. by 4 Thomas Moſs. 


There are two Places, under the ſame Meridian, 
at the Diſtance of 80 Miles from each other; where, 
if two equal Staves 16 Feet in Length be erected 
perpendicular to the Horizon, it will ſo fall out, 
that on a certain Day of the Year, the Area of the 
Ellipſis deſcribed by the Shadow of the Northermoſt 
will be an Acre, and that deſcribed by the Shadow 
of the Southermoſt twice as great; *tis propoſed, 
from hence, to determine the Latitude o each 


Place, and alſo the Declination of the Sun when 
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| PROBLEM LXXIII. T. 
To determine at what Time of the You the 
- meridional Shadows of Objects, from Noon to 
Noon, admit of the greateſt Increaſe ; the Latitude 
of the Place — ge a F . 32.) and the 
Motion of 'the Sun * rg ag as 
equable. | 


Prone. LXXIV. Ge Set.” 18 


There is a certain Place on the Surface of the 
Barth. from whence a heavy Body, deſcending in 
a Right-line, will fall to the Center in one Second 
of Time leſs, than if it had deſcended from a Place 
under the Equator; tis required from thence to 
determine the Latitude of the Place, ſuppoſing the 
Earth an oblate Spheroid whoſe equatoreal Diame: 
ter is 7974 and polar Diameter 7940 Miles. 


* ProBLemM LXXV. by John Turner. - 
. Suppoſe a given Weight C tobe ſuſpended by Means 
1 to a given Point R, and n tuo 


* 
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other given Weights A and B to act upon the for- 


mer by two Strings paſſing over two Pullys at the 
wen Points P, Q in the fame horizontal Line 


3 *tis required to determine the Poſition of each 
Woght when they are in Equilibrio. 


Prov LXXVI. by T. 


| To determine the Gravitation at any Point in the 
produced Axis of a given Solid, the Attraction of 
each Particle of Matter in that Solid . as any 
Power (i) of the ä 
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DISSERTA TION Va 
L pom abe Pramas a Improvement 


of GEOMETRY: 


N our lat » we e to give an 
Account of that great modern Im- 
provement of Sir Jſaac NVeruton, 

called the Doctrine of Fluxions; in 

proſecuting whereof, we firſt ex- 
laitied the Natute,” and gave a De- 

Snition of it, and ſecondly ſhewed, in ſome Inſtances 

the Manner of Jetermining what thoſe finite Magni- 

tudes are, by which the Relations of Fluxions may 
be expreſſed ; which finite Magnitudes (in uniform” 

Motions) a ppeared to be the Augments of their 
Eluens generated in * Particles of Time, and in 
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accelerated or retarded Motions) after explaining the 
Nature of prime and ultimate Ratios, we ſhewed 
that the Magnitudes required, where thoſe 22 
in the firſt Ratio of tbe naſcent Augments, or laſt 
Ratio of the evaneſcent Parts, We ſhall — x 
hibic ſome more Inftances of determiuing ſuch Mag- 
nitudes as are proportional to, and expreſſive of 
Fluxions, generated by accelerated or retarded Mo- 
tions, by the help of the Doctrine of prime and ul- 
timate Ratios before explained, and then proceed to 
the third Diviſion propoſed | to be treated of in our 
Jaſt Diſſertation, 

The Examples we ſhall now give, are thoſe M r. 


Ditton has uſed; in his Inſtitution, where he has 


happily elucidated the fundamental Principles, and 
Algorithm or Manner of operating in this Method ; 
pity it ĩs that he dr his Readers when he came 
to the Uſe and Application of Fluxions ; for there 
is no doubt that his able Hand could have treated 
this latter Part, in as familiar, explicit, and peripi- 
EEE 8 


Let the aht Line PB dn dns Sy 
P as. a Center, and continually. cut — 7 1 
Line as AB given in Poſition; tis requited to find 


the Proportion of the Fluxions of theſe right Lines 
Ag and PB. Suppoſe the Line PB to move out 


of; its Place hy iis revolving Motion, and to come 
into a new Place PG. In PG let us take PC=PB, 


„ B, C, let the Line PD be 


drawn, 
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drawn, ſo as to make the Angle ary), 
zBC; then will the Triangles D and ICB be 
ſimilar. Now. C5 is the Incremem of the Line PB, 
as Bb is that of the Line AB, and both theſe Incre- 
ments are evidently generated in the ſame Particle 
of Time; for while the Line PB by flowing is 
augmented into P5, the Line AB is allo augmented 
into As, From the ſimilag Triangles it"is'Bs : Cb:: 
Pb: Db; that is, (ſince P=PC+Ch, and DS 
DB+B5) Bs: Ch:: PC CSO: DB+B5 ; this is the 
Proportion of the finite Augments, Now to obtain 
the laſt Ratio of theſe” Augments (conſidered as 
vaniſhing, or which” is all one, the firſt Ratio of 
them conſidered as ariſg,) we mult imagine the 
Line P56 to return back into its former Place PB, 
by which Means the Augments BC and C will 
vaniſh, and become equal to nothing. Then if in 
finite Terms the Ratio of BS to Ch, be equal to 
the Ratio of PC CS to DBB, certainly the 
ultimate Ratio of BG to C5, juſt in that particular 
Caſe when vaniſhing, can be no other than the 
Ratio of PC to DB, or its equal PB to DB (PB 
being PC,) becauſe when the Augments are vaniſn- 
ed, the Expreſſion of the Ratio comes to this. But 
Fluxions are in the laſt Ratio of the evaneſcent 
Augments, and conſequently the Ratio of the Flux- 
ions of AB and PB, is equal to the Ratio of PB to 
DB, that is, they are one to another as PB to,DB. 
Again, Let the right Line PB turning about the 
Point P as a Centre, interſect the two right Lines 
AB and AE (given in Poſition) in the Points E, and 
B: Tis required to determine what Proportion the 
Fluxions of thoſe Lines AB and AE have, when the 
Lines themſelves are generated by ſuch a Motion. 
Suppoſe, as before, the Line PB to move from the 
Place PB into the new Place P, which cuts the 
Lines AB and AE in the Points #, Sc. Draw BC 
parallel to AE A”. Pb in the Point C. Then 
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are the Triangles BC, and Abe ſimilar, as alſo the 


| Triangles PRC, and PEz. *Tis plain that Bo and Es 
are the Augments of the Lines AB and AE gene- 


rated in the ſame Time. Now from the ſimilar 


Triangles BIC, Ale, tis Bb : BE: {Ab : Ae, whence 
BCC A= Ab 


MSI; and from - the fimilar Triangles 


PBC, PEe, it is, PB: : PE::BC': Ee; whence Ee. 


'PEXBC , BCxAb BCE 


PB ; Conſequently Bb; Ez: A * PIT. i 
B neat wile 
Ad EB A AB+Bb PE (for Ab ABEL. 


and Ac AE E. ) Wherefore the Ratio of the finite 
up ABx PB EB PR. 
Augments, viz, E, being = AEX PETENKTPE 


N BE. - AB 
SI the ultimate Ratio of — E is = ER 


fer now the Augments Band Ee are ſuppoſed to 


vaniſh, and conſequently the Terms drawn into 
them, vaniſh alſo. Therefore the Proportion of the 


Fluxions, is the ſame with that of theſe Rectangles; 


or the Fluxion of AB, to the Phaxion of AE i is $3 
an a 


Again 


Ll 


KK 7 © * © | 
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Again, to ſhew how the Proportion and 25 
benen of Fluxions in curvilinear Figures are to be 

derived and demonſtrated, from this ker e . 
of pre dee fe Er N 
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Let ACo be apt e Abſcis i is AB. On. 
dinate at. right Angles CB, and TangentatC, TCV; 
tis required to aſſign the Relation of the Fluxion of 
the Ordinate, to'the Fluxion of the Abſcie. 

Suppoſe the Ordinate BC to. move uniformly, 
'and come into the new Place bt, and drawing CE 
parallel to AB, tis plain that the little Lines CE 
and cEare the increments of the Abſciſs and Ordinate 
generated 1 in the ſame Particle of Time; for while 
AB by flowing becomes Ab, CB flows into cb. 
Draw the right Line cC ſubtending the cu 
Arch C, which Line C 3 till it cuts, A 
produced in Y: Then the rectilinear Triangles CE, 

c = ſimilar; therefore CE: E:: Yb + "Y that is, 
CE: : YB+Bb: (or YB+CE; for CE 5 
Ce. vberefore in finite Terms the Ratio of the 


CE TBTCE 
Augments, viz.” X = TBE) oppoſe now the 


Ordinate 
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fo Nee the « one 6 gy) hen raken for the other; there. 7 
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Ordinate <> to return back into its firſt Place CB, 
or (Which is all one) imagine the Points c and C to 


coincident with the Tangent TCY, and fo TB will 
become VB, and the retilinear Triangle CE, in 
its laſt evaneſcen Form, will be ſimilar to the Tri- 


angle (Vn. Therefore the ultimate Ratio I =" 
VB 


beg. . the Fluxion of the Abſciſs, will 


be to the Fluxion of thr e as the Subtan- 
gent VB is to the Ordinate CB. 
2dly. Let it be propoſed to 6nd the Proportion 
of the Fluxion of the curve Line AC to the Fluxion 
of the Ordinate BC. The Augments of theſe flow- 
ing Quantities generated in the ſame Time, are the . 
little curvilinear Arch Ce, and the little right Line 
Ex. Now arguing with the right Linc Cc (the Sub- 
tenſe of that little Portion of the Curve Cc) from 
che Similarity! of the forementioned Triangles, we 
have Ce: E I : ch or: Ce :cE: : O: 


Ce. Cr 
cE+CB, | to; that in finite Terms 5 BT, 


But when the Points c and C come together, then 
the Secant CY will coincide. with the N hp CV. Ss 

and the evane/cent Triangle CE: will, 
Form, be ſimilar to the Trian © CVB,. LT the 
Sides of the one be proportion ” the Sides of the 


other. "% "herefore the ukimate Ratio = 5 


will 1. 8b. But the ultimate Ratio of the Sub- 


tenſe Ce, to the Curve Ce, is a Rao of Equaliay 


fore 
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R . te = Ss 


oy ny the Fluxion of the Curve, is to the Fluxion 
. to the Ordi⸗ 
nate CB. fame way of reaſoning it will 
be found, char the Fluzion of the Curve, is eo the 
Fluxion of the Abſciſs ;; as the is to the 
Subtangent z the Fluxions of the Curve, Ordinate, 
and Abſciſs, being” as the Tangent, Ordinare- and: 
gdl — be propoſed find th P 
y it to e roportion 
of the Fluxion of the curvilinear Area ABC, to the 
Fluxion of the Rectangle ABGD. The Augments 
here generated in the ſame Particle of Time, ate the 
little curvilinear Trapezium BCcb, and the little Paral- 
lelogram BDab; and for Brevities Sake we'll call 
theſe Augments reſpectively A and 4a. Call the 
curvilincar Space included between the Curve Ce, 
and the Line CE, q ; then is the curvilinear Trape- 
rium BC = BCx Bb + 2; that is, equal to 
the Rectangle BCE& + the curve Spate ia 
cluded | between the Arch Ce, and right Line 
CE. So that A: 4: 5 BD&Bb in 


finite Terms; that isas BC fg 2 BD. But when 


the Points C and c coincide, then the Spice 4 ves 


niſhes, Therefore the ultimate Ratio 7 —= 155 for 


* 


4 


5 goes « out and ider entirely, and e 


the Fluxion of the Area ABC, is to the Fluxion of 
the Area ABGD, as the Ordinate BE, to the Ordi- 
nate BD. 100 
Tho! we are ſenſible this Truth was proved in 
our faſt Diſſertation, im a very ſhort Manner, from 
the? fimultaneons Treremerits, we hope this laſt Me- 
| mod will not be thought e eſpecially-as | 
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Speculation purely. geometrical, may perhaps be 
more intelligible and os than thoſe e 
wich e or Algebra. 
let us determine the Proportion of 
Ge bn Fluxion of. Sf the Solid generated by the Rotation 
of the curvilinear. Area ABC about the Axe AB, to 
the Fluxion of the Solid generated by: the Rotation 
of the Rectangle ABDG about the ſame Axe. 1 5 
Augments of theſe flowing Quantities 
the ſame Particle of Time, are the Solids ——— 
by the Rotation of the little curvilinear Area BCcb, 
and the little Rectangle BDdb. - But the Solid ge- 
nerated by the Area BCcò is to be conceived. conſiſt. 
ing of two others, even as the generating plain Figure 
conſiſis of two Parts, the Rectangle BCEꝭ, and the 
curvilinear Triangle CcE. So the whole Solid pro- 
duced by the Rotation, conſiſts of the Solid gene- 
rated by the Rectangle BCE, which is a Cylinder 
whoſe Baſe is BC, the Aldtude CE or Bb; and the 
Solid by the curvilinear Triangle CEc 
which is a Sort of Ring or Annulus. Uſing the 
Symbols A, a, as before; let ꝙ now denote the little | 
Solid ted by the Rotation of the curvilinear 
CE about the Axe AB. Then ſhall A and 4 
be expreſſed by BC. BU Ag and BD. B; for the 
Circle deſcribed by BC and BD are as the Squares 
of thoſe Lines r and ſo BC B= is to the 
Cylinder deſcribed by the Rectangle BCE as BD* x 
Bb to the Cylinder deſcribed by the Rectangle BD4b. 
Since therefore A: a:: BCM BU : BD*xB5, in 
| finite Terms ” that is, as 50. 55 : BD* 3 then 


ſhall the i Ratio 2 A. — = = 7 For e — 


Points C and c an the little Solid 4 deſcribed 
by the curvilinear Triangle CE, vaniſhes. There- 
fore the Fluxion of the Solid deſcribed by ABC, is 
to the Fluxion of the Solid deſcribed by ABGD, as 
the Square of BC, to the Square of BD. B 


> 
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By the like Way of Reaſoning may be found, 
the Proportion of the Fluxions of the eurve Surface, 
generated by the Rotation of the curve Line AC, 
to the Fluxion of the cylindrie Surface, deſcribed by 
the right Line GD, revolving about the ſame Axis 
with the former, viz. AB; by reducing it from a 
curve Surface to a curvilinear Area: But we ſhall not 
trouble the Reader with any more Inſtances of this 
Kind, and hope the Importance of them will 
excuſe us from dwelling ſo long upon theſe Propo- 
ſitions, which to ſome may ſeem very plain, but are 
not therefore to be deſpiſed for next to a juſt and 
clear Idea of Fluxions, there is nothing more neceſ- 
ſary for completely apprehending this Doctrine, than 
the determining their Proportions; becauſe it will 
by and by, that from hence may be virtually 
deduced, one of the principal Operations in this Me- 
thod, 912. the deriving a fluxionary Equation from 
a fluential one 3 tho? the ſame is generally done by 
certain practical Rules laid down in the Agog 
of Fluxions for Eaſe and Expedition 
If it ſhould be objected, that there cat be be ul- 
timate Ratio of continually, diminiſhing: and at laſt 
evaneſcent Quantities ; becauſe, before they vaniſh/ir 
is not the laſt ; and after they vaniſh, they have no 
Ratio': The Anſwer, according to the great In- 
ventor who foreſaw it, is this; that the ultimate 
Ratio is neither the Ratio of them, before they va- 
niſh,: nor after they vaniſh ; but the Ratio where- 
with they vaniſh, or the Limit to - which. their va- 
rying Ratio no ſooner arrives, chan they vaniſp. 
If there was any thing in this Objection, it ,would 
infer, that when a falling Body is ſtopt in its Me- 
tion, it has no laſt or ultimate Velocity; for the 
Velocity before it was ſtopt, is not the laſt, - and the 
Velocity after it is ſtopt, is none at all. But every 
one may ſee, that by the laſt Velocity is meant, 
* the one or * Lg the Ve- 
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locity it has at that very Inſtant it ſtops, which it 
does not arrive at before it is ſtopt, and no ſooner 
arrives at but it is ſtopt. For ſince it moves with a 
continually accelerated Velocity, it has a different 
Velocity, for every different Inſtant of Time, and 


therefore at that Inſtant it ſtops, it has acquired a 


Velocity different from the Velocity it had at any 


other Inſtant of Time. And the ſame is the Caſe of 


the ultimate Ratio of evaneſcent Quantities, whoſe 


Ratio is continually varying; it is that Ratio they 
have at that very Inſtant they vaniſh : For, ſince 


they are ſuppoſed to have a different Ratio for every 
different Inſtant of Time, they muſt have a certain 
determinate Ratio, with which they vaniſh, other- 


| wiſe they never can vaniſh, which is contrary to the 


Hypotheſis ; and that is the ultimate Ratio of the 


-evaneſcent Quantities. 


It ſignifies nothing to ſay that altimae Quantities 
cannot be aſſigned, in regard Quantity is diviſible 


without End; for it is not the Quantities themſelves 


that is hereby determined, but only their Ratio; 


-which is capable of being determined. 


Altho' this Method of inveſtigating and demon- 
ſtrating the Proportions of the Fluxions of plain 
Figures, is both certain and geometrical, yet ſuch 


perhaps may be the Scruples of ſome, and ſuch the 
Obſtinacy of others, againſt the whole of this Doc- 
trine of prime and ultimate Ratios, of naſcent and 


evenaſcent Quantities; that we hope it will not be 


unacceptable to the Reader, if we ſhew, that the 


Proportion of the Fluxions of plain Figures, (and 


conſequently by Analogy of all their flowing Quan- 


tities) may be demonſtrated in another Manner, 
upon the moſt indiſputable Principles of Geometry, 


without introducing either infinitely little Quantities, 
as has been done without ſufficient Caution by ſome, 

but purpoſely avoided . Sir Iſaac Newton ; or yet 
de VN and evaneſcent — with their i) 
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and ultimate Ratios, upon which Foundation he 
has built this Doctrine. 

Let ABC and ABDG be a curvilinear Area and 
Paral'elogram deſcribed by the uniform Motion of 
AG, and Ordinate CB, along the Abſciſs ; and let 
ABC be another Parallelogram deſcribed at the 
ſame time by a given Ordinate AF, ſo that all the 
three Areas ABC, ABDG, and ABC F be deſcrib- 
ed by the uniform Motion of their reſpective Ordi- 
nates, lying always in the ſame right 1 0 then 
wil F. ABC : F. LONG . BD; | 
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For ſince the Ordinates or Sides of the Parallel- 
ograms ABDG, ABC F are given or invariable right 
Lines, and theſe Lines are ſuppoſed to move uni- 
formly along the common Abſciſs AB, the Fluxions 
or Velocities of flowing muſt be conſtant and in- 
variable; for the Spaces generated in equal Times 
are evidently equal in the reſpective Parallelograms ; 
and the Fluxions or Velocities of flowing in that 
Caſe are as the Increments generated in any the . 
ſame Times, or by Compoſition as the whole Areas 
— that is, F.ABCF : F.ABDG::(ABCF : 

T7 TED ABDG) 
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ABDG) : BD. But the Velocity with wlüch 
the — ABC is deſcribed, muſt be leſs than 
the Velocity -wherewith the Parallelogram ABCF is 
deſcribed, atanyTime before the Ordinate BC arrives 
toits preſent Poſition, as when it is in guq, becauſe gu 
is leſs than gꝙ: Again, the 3 with which ABC 
flows, at any Time after ABC has paſt its preſent 
Poſition, as when it is in %, is greater than the 
Velocity with which ABC flows, fince bc is greater 
than F; and theſe Things are true, let px and 
Ze be as near to BC as: you pleaſe, becauſe the 
Curve AC and right Line FC interſe& in one Point 
only ; but the Velocity with which the Area ABC 
flows, is continually or inceſſantly varying, ſince the 
Ordinate BC never. continues of the ſame Length, 
for any the leaſt Time : Wherefore betwixt the two 
Inſtants of Time that the Ordinate BC has the Po- 
fition pu and bc, the variable: Velocity with which 
the Area ABC flows, muſt be in all the intermediate 
Degrees poſſible; therefore alſo in that very Degree 
of Velocity wich which ABCF- flows, which is in- 
variable and intermediate: But it has been proved, 
that this cannot happen at any Time, when the 
Ordinate BC is out of the preſent Poſition, there- 


fore it muſt happen when the Ordinate BC obtains 


the preſent Poſition. But the Fluxions of flowing 
Quantities are the Velocities with which they flow 
or increaſe ; therefore, when the Ordinate BC comes 
to the preſent Poſition, the Fluxions of the curvi: 
linear and rectilinear Areas ABC, and ABCF, are 
equal; but, as was before ſhewn, F. ABCF: 
F.ABDG : : BC : BD, therefore F. ABC: F ABDG 


3 "Ordinate BC : BD. 


The Reaſoning in chis laſt „en of 
Mr. Stewart's, is analogous to that of Mr. Simpſon's, 


ou. in our laſt Diſſertation, where the fame 


ruth is proved; thoſe that eaſily apprehend the 


general ' Reatonings of Algebraiſts about abſtract᷑ 
Quanti- 
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Quantity, may perhaps prefer the former, but they 
that are moſt familiar _ Speculations of Figures 


purely geometrical, will be pleaſed with the latter, 
cipecially as it is independent of infinite Series ; 
and as the ſame Truth when ſet in different Lights 
is more likely to convince, than when in one View 


only, we hope to be excuſed. from having dwelt ſo 


_ upon the geometrical Proportions of Fluxions 
only, tho' it be a fundamental Conſideration z we 
hall afterwards proceed to enquire what it will avail 
us to have thoſe Proportions expreſſed in finite 
Terms. And here let us remember that Sir Iſaac 
tells us, his principal Enquiry was, 0 determine tbe 
Quantities themſelves from the Relation of the Velucities 
with which they are generated ;, we now ſee at large 
how he obtained this Relation or Proportion geome- 
trically 3 but if we obſerve what he did with them 
when obtained. we ſhall find his Invention as pro- 
lific in Algebra, as it was penetrating in Geometry 3 
never did his invincible Genius exert more amazing 
Efforts, than in completing this Method of Flux- 
ions, by an Analyſis that ſurmounted all Difficulties; 
it was then he enriched Algebra with all the various 
Management and Uſe of the Doctrine of infinite 
Series, and Diſcovery of his binomial Theorem, 
(now carved on his Monument in Veſtminſter Abby, 
to perpetuate the Memory of his divine Genius) and 
purſued algebraic Quantity thro? all its ſerpentine 
. Shapes and pens Mcanders, - ſua face i 
viam. 

Tho che — 9 of a Fluxion, as hitherto defined, 
ſeems more immediately to geometrical 
Magnitudes, (which are naturally conceived to be 
generated by Motion, ) than to Quantities conſidered 
abſtractedly, or as they are expreſſed by general Sym- 
bols in Algebra; the Evidence of the Method alſo 
has been diſputed, and Objections made to the 
Number 2 employed in it, as if they 1 5 

ſerve 
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ſerve to cover Defects in the Principles and Demon- 
ftrations : Yet it is an important Part of this Doc- 
trine of Fluxions, and as the Improvements that 
have been made by it, either in Geometry or Philo- 
fophy are in a great Meaſure owing to the Facility, 

Concifeneſs and great Extent of the Method of Com- 
putation or algebraic Part; it may therefore be pro- 
for us to ſhew in this Place, in order to make a 
Tranſition from Geometry to Algebra, that all che 
Truths that have. been proved in this Method to 
reſult from the Contemplation of geometrical Mag- 
nitudes,, may with equal Force and Certainty be 
demonſtrated of abſtract Quanrities in general, to 
ſhew the Univerſality of this Doctrine. Algebra is 
only a Kind of univerſal Arithmetic, and infinite 
Series are analogous to decimal Fractions; this Uni- 
verſality can never be ſuppoſed to derogate from its 
Evidence, if we have no Ideas more clear or diſtinct 
than thoſe of Numbers, and often acquire more ſa - 
tisfactory and diſtin Knowledge from Computa- 
tions than from Conſtructions ; for without doubt, 
Obſcurity may be avoided in this Art, as well as in 
Geometry, by defining clearly the Import and Uſe of 

the Symbols, and proceeding with Care afterwards, 
Any Quantities that are produced from each other 
by an algebraic. Operation, or, whoſe Relation is 
_ expreſſed by any algebraic Equation, being ſuppoſed 
10 increaſe or decreaſe together, ſome. will be found 
to increaſe or decreaſe by greater Differences, or at 
a greater Rate, others by leſſer Differences, or at a 
leſſer Rate; and while ſome are ſuppoſed to increaſe 
or decreaſe at one conſtant Rate, by equal ſucceſlive 
D ferences, others increaſe or decreaſe by Differ- 
ences that are always varying. Thus when a Quan- 
tity A increaſes by Differences equal to a, 2A in- 
creaſes or decreaſes by Differences equal to 2a, then 
it manifeſtly increaſes or deereaſes at a greater Rate 

than A, in the Ratio of 23 to a, or of 2 to 1. 1 | 
| +, 


Li 
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To accommodate. the Doctrine of Fluxions to 
Quantity in general, we ſhall therefore now under- 
ſtand by the Fluxions of. Quantities, ary Meaſures 
of their reſpective Rates of Increaſe or Decreaſe, while 
they vary or flow together. There can be no Dif- 
ficulty in — thoſe Meaſures, when the 
Quantities increaſe or decreaſe by ſucceſſive. Dif- 
ferences, that are always in the ſame invariable 
Proportion to each other; while A becomes A-+e 
or A - a, 2A becomes 2A 24 or 2A — 24; and 
as 2A varies at a greater Rate than A, in the Pro- 
portion of 24 to a, ſo the Fluxion of A being ex- 
ed by a, the Fluxion of 2A muſt be expounded 
y 2a, or by any other — ies to 
them, as za and a. 

When the Quantities increaſe or decreafs by Dif- 
ferences that are not in the ſame Proportion to each 
other, theſe Meaſures may be.commodiouſly deter- 
mined by Sir [azc's Moments; which in his Me- 
thod of Fluxions and infinite Series, he defines thus: 
The cotemporary Moments of flowing 2 
as the Velocities of flowing or increaſing, that is, ar 
their Fluxions. Now if this be proved true of Los, 
it will equally obtain in all flowing Quantities what- 
ever, which may be alu ays —— repreſented 
and expounded by Lines. But in equable Motions, 
the Times being equal, the Spaces deſcribed will be 
as the Velocities of Deſcription, as is known in Me- 
chanics: And if this be true of any finite Spaces 
wbatſoever, or of all S in general, it muſt 
alſo obtain in indefinitely little Spaces, which we call 
Moments. And even in Motions continually accele- 
rated or retarded, the Motions in indefinitely little 
Spaces, or Moments, muſt degenerate into Equa- 
bility: So the Velocities (or Meaſures of their re- 
ſpective Rates) of Increaſe and, Decreaſe, or the 
Furions, will be always as the ee Mo- 
0 | Br mant. 
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ments. Therefore the Ratio of the Fluxions of 
Quantities, and the Ratio of their cotemporary Mo- 
ments, will always be the ſame, and may be uſed 
promiſcuouſly for each other. 

For the commodious Expreſſion of the arion 
of Quantities in general, eſpecially thoſe whoſe 
Fluents vary by Differences continually e 

Sir Jaac inſtituted an Analyſis for operating in 

Fluxions, manageable by, and conſiſtent with the 

Rules of common Algebra. We ſhall here give ſome 

Account of their Notation, becauſe it was our 
feſs*d Deſign, to lay down the Rationale or Theory; 
but for the practical Rules ſhall refer our Readers 
to thoſe Authors who have taught the Algorithm 
thereof, viz. Hayes, Dition, I' Hoſpital, Simpſon, 

Muller, Stone, Emerſon, & c. 

The conſtant or determinate Quantities are de- 
noted by a, ö, c, d, Sc. the firſt Letters of the Al 
phabet; flowing or variable Quantities or Fluents, 

dy v, , y, 2, &c. the laſt Letters thereof; and their 

Fluxions, or Celeritics or Rates of Increaſe or 'De- 

creaſe, by the ſame Letters with a Dor over their 

Heads, as , +, 3, *, &. 

The ſynchronal Augments, or momhmtunebev In- 
crements of v, x, y, ⁊, generated in the firſt or laſt 

* of their Exiſtence, are repre- 
ſented by the so, ox, oy, o, and are very 
properly and Gignificantly called Moments. This 

Term Moment, we know in its common Uſe, inti- 
mates a product of Magnitude into Velocity, and 
appears to do the ſame here. For e is the Pro- 

duct of o multiplied into =, that is, of the indefinitely 
ſmall Quantity o, multiplied into the Fluxion or 

Velocity of the arifing Increment of the flowing 

| Quantity 2, and ſo of the reſt. And ſurely if there 

can be no Increment, how ſmall ſoever aſſigned, but 

there are yet Increments leſs and leſs, aſſign as ſmall 
ones as you Pleaſe 3 (which is a natural Confe- 
quence 
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from the infinite Diviſibiliry of Matter, 
Lane at leaſt, tho* not aftually ;) and ſince 
may form a Notion, not indeed of abſolute, but 
relative and comparative Infinity, we may Far So 
be — to aſſume a Notation denoting naſcent 
or evaneſ- ne Increments, which are indefinitely 
ſmall, altho' we have no poſitive adequate Idea 
— fuch TikEmetits or Moments. For a negative 
ex is ſyfficient in many Caſes for determining the 
Nag and Propertions of Quantities: What 
otfier than a negativ- Idea have we of the infinite 
Decimaſ 6. 666, Se. ? Yet we can demonſtrate that 
it is exactly =3 After the ſame Manner, tho 
the W 0 Increments of flowing Quantiti 
cinnot be diſtinctly and adequately conceived by the 
Mind, yet we may make uſe of ſome Kind of No- 
tation, by way of Symbol or Repreſentation of them; 
and their Relations may be determined and expreſf- 
- — kene . Which are diſtinctiy con- 


1 tho? the Increment of any one flowing G 

tity may congruouſiy enough be repreſented by one 
indefinite Quantity o; yet the Increments of ſeveral 
together cannot poſſibly be expreſſed — and the 
ſame Quantity, becauſe the Ties and of flow- 
ing, is not the ſame in all of them, but rate and 
various: Therefore we cannot put æ , y+0, x+0 
for the Increments of 2, y, x generated in a given 


Moment of Time: On the other Hand, neither 


can we repreſent the Increments of * flowing 


tities thus, viz. 2+%, 45. * CES 


_ the Fluxions, that is, . the Ve ** of the 

Increments of theſe flowing Quantities ; and 
ir cl be dif] roportional to repreſent the Incre- 
"EE 7 1 Qu 


: mm” fairly repreſenc — w 


antities, by Sy — — that denote 
: So that hither of theſe Ways of 
T but we 


* 
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dudts 05, 9j, er: For here is: Difference. and Variety 
in this Notation, that . ſerves, to expreſs the dif- 
ferent Increments of different, and differently flow- 
ing Quantities ; becauſe. tho one Factor a, is the 
ſame in all, yet the other Factors are all different, 
and conſequently the whole Moments are ſo too. But 


then (which is the main Point) theſe Moments are 


in Proportion to one another, as the Fluxions of the 
flowing Quantities reſpectively, for or, , r, are 
as =, I, 2; and Sir Jſaac has expreſly told us, that 
the Increments generated in a very ſmall Particle of 
Time were quam proxime, very nearly, as the Flux- 
ions. So that in Congruity to that fundamental 
Lu, the Increments ought to be expreſſed fo, as 
that their Expreſſions might be proportioned to thoſe 
of the Fluxions; which could not be, but by re- 
preſenting them in this Manner, as Moments or. Pro- 
ducts. From whence the conſiderate Reader may 
ſee what wonderful Art. and Contrivance there is, 
even in the moſt minute Steps taken by the great 
Author in abs Method. Et -42.4odot A 

_ . Tho' it ſeems evident to us, that the Notation and 
Uſe of Moments are ſufficiently juſtified, yet as ſome 
Objections have been advanced againſt them, and 


particularly againſt Sir 1/azc's. Manner of operating 


by them, in finding the Fluxion of a Rectangle; 
and as an adequate Conception of them is not caly.; 
it may perhaps be acceptable to ſome, . to have the 


following ſhort hiſtorical Account of them, taken 


from Mr. Rabins; and as it is not foreign to the 
Deſign of our Diſſertation, we hope it will not be 
deemed a faulty; Digreſtion, tho" it does a little in- 


terrupt the Series of our Explication. About the 
Year 1666, Sir Iſaac drew up a ſhort Diſcourſe de 


Ana per ægualiones numero terminorum 4nfinitas ; 
here the Word Moment frequently occurs.“ He has 


8 1 4 * 7 ny y % "1 * 4 — 2 7 wk | 
Ss 1145-2; taxis 29018 0h © einge 
| Phil. Tranſ. No. ron vowed wal 
* 7 * * * 6 8 . — : e „ „ 4 PET: * töle 
» p4 d 
; #7 


/ 


Me MATHEMATICIAN. 259 
told us, this Tra teaches bow to reſolve finite Equa- 
tions into infinite Ones, and how by the Method of Mo- 
ments to apply Equations both finite and infinite to the © 
Solution of Problems, He ſays, that he. there called 
the Moment of a Line a Point, in the Senſe of Cava- 
lerius, and the. Moment of an Aren, a Line in the 
ſame Senſe, The Paſſage in the Book. to which this 
relates, is as follows, Nec vereor loqui de unitute in 
punttis, froe lineis infimt# parvis, ſiquidem proportio- 
nes ibi jam contemplantur Geometre, dum utuntur me- 
thodis indiviſibilium; that is, Nor am J afraid to ſpeak 
of Unity in Points or Lines infinitely ſmall, ſince 
Geometers do now conſider Proportions even in ſuch 
a Caſe, while they uſe the Methods of Indivifibles.. 
He had juſt been expounding theſe Moments by 
Unity. He has alſo told us, from the Moments of 
Time, he gave the Name of Moments to the momenta- 
neous Increaſes, or infinite ſmall Parts of the Abſciſs 
and Area generated in Moments of Time. He lays, 
Leibnitz Baib no Symbols of Fluxions in bis Method, 
but uſed the Symbols of Moments or Differences dx, dy, dz. 
All this is ſuitable to the Doctrine of Indiviſibles, 
He likewiſe tells us, becauſe wwe have no Ideas of in- 
fimitely little Quantities, he introduced Pluxions into his 
Method, that it might proceed by finite Dntities as 
much as poſſible. Hence it appears, he had not at 
the firſt diſcovered his Doctrine of prime and ulti- 
mate Ratios, which-entirely rejects Indiviſibles, or 
infinitely little Quantities z but at length falli 
upon it, be founded bis Method (of Fluxions) on rhe 
primz quantitatum naſcentium rationes, which bate 
4 Being in Geometry, whilſt Indiviſibles, upon which 
the” differential Method is founded, have no Being 
eithtr in Geometry, or in Nature. Accordingly he 
tells us. ben be is demonſtrating any Propeſinon, be 
uſe3"the Letter o for a"fitite Moment of Time, or of its 
Exponent, or of any Q'iantity flowing uniformiy, and per- 
forms the whole Calculation by the Geometry of the 
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Antients, in finite Figures or Schemes without any Ap+ 
Proxima:ion : And jo ſoon as the Calculation is at an 
End, and the Equation is reduced, be ſuppoſes, that 
the Moment o decreaſes endlefly, and vaniſhes. Lag 
when be 15 no! demonſtrating, but only arveſtigating 
Propoſition, for making Diſpaich, be ſuppoſes he Md Mo- 
ment © 10 be infinitely little, and forbears to write 5 
dewn, and uſes ail Manner of Approximations, whic 
be concetves will produce no Error in the Concluſion. 
Here Sir 1ſaac declares he was wont to uſe the Wr 
Moment in two Senſes; Examples of both which he 
then mentions. And it is = Eh A in his Rule 
for finding the Relation of Fluxions, as publiſhed 
out of his old Papers by Dr. Wallis in 169 . 
Word Moment is din the Seals of lde 

but when he came to give that Rule cel i i 
Book of es firſt printed in 1704, 

that Wo in dhe aber Senſe. — 

Before he had publiſhed any Thing on theſe Sub- 
jects, he thought fit, for the Sake of Brevity, to 
introduce this Term Moment, in the 2d — 
Principia Phi .. As Geometers 

Time had * — — to Indiviſibles, 
he did not ſcruple there to deſcribe Moments accord 
ing to the Senſe of that Doctrine, as he had done 
formerly, to be incrementa vel decrementa momenta- 
mea, As in another Place of that Treatiſe he ac - 
knowledges his uſing ſeveral Expreſſions favouring 
Indiviſibles, but at the ſame Time ſhews how: that 
Idea may be corrected, when ſuch Expreſſions 
occur ; ſo likewiſe here he does the like : He ue 
how to correct the Idea ariſing from this Deſcri 
tion of Mome:ts. He ſays, You muſt + 
their Magnitudes, but their — Lat: He adds, 
it wenld come to the ſame Thing, if inflead of theſa Mo- 
ments, you w/ed the Velocities of Increaſe or Treg 
of Quantities, which be is wont to call 4, Or 
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if you uſed am other finite er e fe 


why ee. the Clamour ariſcn againſt Sir 1) 
Method of determining the Moment of a. 
are Miſtakes, occaſioned by not ſufficiently attend- 
to his laſt mentioned Caution. From thence it 
will appear, that in 4% and 40, the Halves 
of the Moments of A and 10 meant finite Quan- 
tities in the prime or ultimate Ratio of 3 
ndent Increments or Decrements of A and B. 
Bron this Principle, if the Sides of the Redtang] 
which are denoted by A and B, be 8 — — 
diminiſhed by half . Lines expreſſt and 5, 
as ſhall be in the a l the 
or Decrements of the Sides A and B, generated in 
n Portions of Time; the Difference (aBbA) 
ſuch Rectangles, as are contained by the Sides 
pres che Mon er and Grp _ 
Moment 
= is deduced the Method of expreſſing th 
Moments or Fluxions of Powers, Frattions, | 
the practical Rules for all w are. laid down 
the Authors afore mentioned. From what has been 
already ſaid, and from Sir 1/aac's own Definition of 
Moments (in his Treatiſe of Fluxions and infinite 
Series, tranſlated by Mr, Colſan his T HO 
| Succeſſor) vis. The Moments 0 
. (that is, their indefinitely ſmall. Parts, by the ie Arlo 
of which, in indefirite:y ſmall Portions of Time, they 
are continually increaſe ) are as ibe Velocities of their 
flowing or increafing * It is beyond all Doubt, that 
he did mean by that Word Moments, the very fame 
Things as Leibnitz did by his Infinite/amals, in his 
differential Calculus, and has expre ſſed them by the 
fame Kind of Notation z notwithſtanding all the 
Pains Mr. Robins has taken to ſhew they are ſtrictiy 
1 from any ſubſequent Cautions Sir Iſaac 
has given for * that Idea of them, which 
| naturally 
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naturally occurs from the Definition in the laſt pa- 
rentheſis above. However, as their Notation is very 
commodious in analytic Demonſtrations, and as we 
are taught to regard only their prime and ultimate 
Ratios, Which are truly aſſignable, whether their 
final Magnitudes be ſo or not; we may be there- 
fore'permitted to uſe them in finding the Relation 
of the Fluxions of flowing Quantities, whoſe Rela- 
tions are expreſſed in are by any Equation given; 
provided we proceed with Caution. But to return 
to our ſe: The Things above premiſed being 
well underſtood, we come now to propoſe and ſolve 
a general Problem, which is the Foundation of all 
our Operations about Fluxions, _” * 
An Equation being given, including any Number 0 
flowing woah ; tis required. 10 55 the Fluxions 
the 
7 Or in other Words, From a fuential Equation pro- 


721 to find its proper Fuxional 2 in Terms 
given One. 


| vation is meant, an Equation 
containing flowing Quantiries, whereby their Rela- 
all Times, and in every State, is determined: 

The Equation thence deduced (from the Principles 
hitherto laid down.) which contains Fluxions, and 

determines the Relation of the Fluxions, is 
called a fluxional Equation. But the Solution of the 
Problem, and further Proſecution of the Suhject, 
muſt be deferred to oor next, with which we ſhall 
conclude this 4 EET 
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DSS: the Sum of the Tranſverſe fans 
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Point of Contact, is to 2 


1 Abſeciflfa and the external Part, to 2 EX= 
83 Part; that , ä : AT. (Swe 
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the Subtangent to the Abſciſſa of the Ordinate 


ee ee "th? 7, BT 


8 "IG. 
3 * * 


bzuens r aA 10 . 


By the 14th. 27 


- 


| —— 4 = = bende t.— 42 


11 


6 4 2 Er, and — -a: 51146 1 


BT; CA::TG : AG. QED. 


: i foe XVIII. 


| The Rat of the Oer dern rom the Pri 
of CoataR, to the Subtangent, is equal to the Ratio 
ed.of the Ratios of the Piſigace berworn 


the Center and the Ordinate, to the Ordinate 5 he 
of the Parameter of the Axe, to * 11 


. 


* the * 2 and a 0 0 | 
51 Pt: G F y 5 therefore q = 


80 eee hence (dividing by &. Ce and 9) 


9 8 SEE x pp F 
7 85 "3g _. BF. 


854 QE.G. 


2 Pioro sir io XIX. 
Ik, from the Vertices of the 
a6 oc the Getter eee 


Sections, 
drawn to the 
Axe, 
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Axe, and cut cut any Ting, and alſo an Ordinate 
from 


be drawn Point of Contact, then theſe 
| four Lines ſhall be f Ong B 
FG A Jun Bt — * 9417 


DEMONSTRATION. | 
By the 1g th. TB: TC: : TG: AT; therefore 
(by 4. E.6) BO+CP: ; FG: AR QE.D. 


— 


CoROLLAR 1. 
Hence, BOX AS cx FG. 


eee XX. 


If Perpendiculars to the Axe be drawn. from the 
Vertices of the oppolite Sections, and cut any Tan- 
gent; the Rectangle of theſe Perpendiculars ſhall be 
equal to the Rectangle of the greateſt and leaſt Diſ- 


tance of either Focus from —9 Vertex; that is, 
eee e 


DN PE LRens 5 I 


< Amilar Trianghes)-m 29: 2 20a: #4442 2 1 bythe 6th) 
3t 2 eee alſo, =. $92 5 x . by * 17 


FY ? # Ae N 4 K 0 WIT 


Wt; F4 therefore m = == e and mw = 


1 * Ve 1 «A 
Fee (whence. unn: _—_ . beten th. 
L 1 and m - Gpraiy 5d) Hrs! or BOX 
EEEPC 


— 


If a Ri t-line DQ, paſſing thro? (Ade Center * 
any Cirele, cuts two other Right: lines BQ-, AD, 


we are drawn W to 1 Extremities 
| | of 


1 
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of any Chord AB in the ſaid Circle, the external 
Faxts O, PD of char-Lape de be equals and the 
: Rectangle of the Per ſhall be equal 

the Rectangle of the Secant QP into 0 — 
Part Q. Fr: 


On AST2: 
— 4 * * % 
. ' o 


* * 


7 * #4 pp; ts 7. * 1 N "_ < # 8 0 th * * 2 * 
þ : p * = . 
BIEETE: LETTER & © » > 4 5 þ 4414 F 


* f 


* 12 — Y $4 - 14 } ö 3 E 
G7 = 71. 2 182 7 k 
2 D 

* 6 : Pp , 
8 4. * = 1201 * 3 v4 ; 


TIP ben NATION. 


From N, the Point where the P erpendicular AD 
interſects the Circle, draw NB: Then i it will appear 
that BN is a Diameter, and that the riangles CBD 
"and (ND are ſimilar, therefore CB : CN: C 
D: BQ: ND. Bat CB CN, therefore CQz 
D, BQ=ND and QP DO. Alſo (by-36. By ) 
 DAx(DN=)BQ=DO X DP=QPxQO. Q E. 5 


n XXI. 7 


If, from the Points P, S where a Circle deſcribed 
on the Tranſverſe cuts any Tangent, the Lines Pb, 
St be drawn perpendicular to that Tangent, they 
will interſc& the Tranſverſe Axe produced in the 

focal Points K and H, 


2 
W 


t tt amm, 


zona 0. 


The Triangles TOB, TP, TAQand TSt having 
the Angles ac Sen and each a ae N 


. 
2 
* 


: F: 
F 
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ſintilar ;/ therefore BO: PB: © &: AQ, and BOx 7] 
AQ=(PhxSk=by prec. Lem.) BAB, or X BEA. 
But (by 20) BOXAQ=HAxHB, or KA KB. 
therefore the Points K, & mad: _ b are coincident; 


4 D. 1 1 Ii. 125 
ran Serosa JH 
Py Ape (Gl 3d.) therefore K 
3 | 
Pere XXII. ub N 


If, from any Part of the Curve, Lines be drawn 
to the Foci, and the Angle formed by thoſe Lines 
be biſected, then the biſecting Line will be a Tangent 
to the Curve in the angular Point. ; 

| N 


\ 


DzmonsT RATION. A 


Take FX=FK, then (becauſe by Hypotheſis 
the Angle HF T the Angle TFK) if you take any 
Point 8, in the Line FT, the Line KS will be 

8 (by 4. 3 )Draw SH, then AB (HX) + (SX) 
SK is * than SH, therefore * Point S is 


W . 
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— 


without the Curve; for, if it were in the Curve, 
AB+SK would be equal to SH, by the Geneſis. 
COROLLARY. 

Hence, Lines drawn from the Foci to the Point 
of Contact, make equal Angles with the Tangent. 

PrxoroSITION XXIII. 

A Right-line, drawn cular to the Tan- 

gent at the Point of Contact, biſects the Angle made 

by Lines drawn from the Foci thro? the ſaid Point; 
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| Demons rrATiON, | 

The Angle LFY = Angle TFY by Hypodieſis; 
9 th LEE er ER bs Ge 


which being taken from the former leaves the Angle 
ZF a Angle HFT. E. D. 


PrxoPOS1TION XXIV. 


If, from the Point where a Line, drawn perpen- 
dicular to the Tan ent from the Point of Contact, 
cuts the Axe, two Lines be drawn perpendicular to 

the Lines which conne& the Foci to the Point of 
Contact; the Diſtance in theſe Lines, between the 
Point of Contact and the Perpendiculars, will be 

equal to half the Parameter of the Axe; bat is, 


FA = Fr. m 


DEzMOoOnSTRATION. 

From the Points S, P where a Circle on the 
Tranſverſe cuts the Tangent draw Lines to the Foci 
H and K, which (by be 21) will be perpendicular 
to the Tangent, then PK, HX, and YF will be 
parallel; continue HS to X, then (by the 22) HS 
SX and HF=FX, therefore KX ABN, and the 


5 | _ Triangles 
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Triangles KFT, KXH- are ſimilar; alſo, becauſe 
the Angle FPK = VF and the Angles PK F, gFY 
are the Compliments of the Angle EL, the Tri- 
angles PK F, Y Eg are ſimilar; therefore KX: XH: : 
(KF: ET: :) KP: Fq and KX x FR XHxKP-: 
or KX Fg = SH (XH) x KP; that is, 2 
Fg = (SHxKP = h 21) Abt, or Fp; but (by 
26. E. 1) Fr Fg, therefore Fa = Fri. Q. E. D. 


einne 

If Perpendiculars from the Vertices cut any Tan- 
gent, the Part of the Tangent intercepted between 
the Interſections ſhall be the Diameter of a Circle 
whoſe Periphery ſhall paſs thro' the Foc i'. 


DEMONSTRATI1ON. 


By the 20th. BO x AQ = HA x BB, therefore 
BO : BH : : AH: AQ.” Bot the Angle QAH = 
Angle OBH, therefore (by 6. E. 6.) the Triangles 
AQH, OBH are ſimilar, and the Angle BOH = 
Angie AHQ. Alſo the Angle AQH=the Angle 
BHO, but the Sum of the Angles AQH, AH 
| is 
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A R ght - angle; whence the Angle QHO = 
(AHQN＋ BHO ==) a Right- angle, and ( 3 1. E. 3) 
OQis a Diameter. In like manner l ME de 
Proved a Right-angle. Q. E. D. 


ö 


iO bleed in N, then NOSHN=NQ. 


rie XXVI. 


If from the remoter Focus, a right Line bs 8 
to the Point of Contact, and in that Line HX be 
taken AB, and from: che other Focus KX be drawn 
cutting the Tangent in 8, then a right Line | drawn 
from the Centre to that Interſection will be equal to 
- half the rer Axe; that 1. e CA. 


9 


4 A * PO w | ? a 


„„ 
In the Triangles KCS, KHX, the Angle K is 
common, KC CH, and (by 22) KS = SX; there- 
fore (by 6. E. 5) the Triangles are ſimilar and CS 


is parallel to HX; 5 alſo, CS = 9 . 2 
CBC QE. p r 


Eser A XXVII. 


If, from the remoter Focus, a Line be drawn to 
"the e Point of Contatt, and another from the Center 
| parallel 
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lel to the Tangent; the Diſtance between the 
Point of Contact and Interſections of theſe two 
Lines is equal to half che tranſyerſe Axe; that is, 
FZ AB. Ld £) rer 


DEMONSTRATION. 


Draw CS parallel to HF, then is the Figure 
FZCS a = therefore ZF = Seh 26) 
AAk. * Wi? 1 a 


PA o O84 oN XXVII. 


I, e qhe-Garve;” Lines be ene | 
any Tangent, they will be biſected by a Diameter 
produced throꝰ the Point of Contact. Alſo the 
Triangle BCS will be = Triangle CDr — Triangle 
_ paz Triangle CVo— Triangle * | 


Den s T4110 5 4 
FOES; dp—c, Cd=n, BS=r.,. dp Va==y, 
CV g. Ve=g, Vp=p, and the A Bd, 
BV=zx and X reſpectively, then 5 

1. By -Gimilar Triangles 7, . by 40 

CG 
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Fo x 7 Fe Bur SES N 7 2 : by ſimilar Triangles, 


and 240 = 7" X — Alſe (h the 2d.) x = 


tæ , therefore 4/cy=rxix +x*, and rn — 410 = 


GM rxn*—tx+x* but (&y 6. E. 2) 
MTA, therefore mi r * , 


whence 7 — =_ 7000 = . Moreover, by Gimilar 


* * 


Trangles z: 1112: 2 ere (by Subſti.) 


. 2 pooh 1 BSxBC; 


that is, the n Car — 3 Pd = ys 
BCS. . : 


2, ny mil Triangles = (A5 16 


8 


„ * 5 but 


l Bey 
(by Prop. 2) Y* x— = 1X + X*, therefore gh 


2 TT and g —gbY E — 
e, AA. Again (by 6. E. 2) g*—tX+X*= 
24 therefore g -g N, whence 282 
pe , but (by Sim, Trian.) g: 4:12: r = on 


therefore (by Sub.) gg—bY S riert, or Vox CV 
8 that is the Triangle CVe—Tri- 
; angle 


7 


how omg: o . TEE CO OD 


3 


* is the Rectangle of the Abſciſſa into the Sum of 
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angle Vpx = Triangle BCS = (by the former Part) 
Triangle Car — Triangle pdz, and (by Tranpoſi- 
tion) Triangle CVo— Tü Car = Triangle 
Vox — Triangle pdz. 

3. From both Sides of the laſt Equation take the 
Figure dzboV, and the. remaining Triangles ox, 
bzr will be equal and fimilar, whence xz. Q.E. D. 


Prxoryost TION XXIX. 

The Triangle BSC = CFT, alſo the T rapezium 

dBSr = Triangle langle pdz, Triangle bzr = Trapezium 
bF 157 and FT FT +bpxbF=2bxrb. 


V 


From ſimilar Triangles. BS : FG:: (BC: GC:: 
by 10) CT : BC, therefore BSX BC FON CIT; or 
Triangle BSC = Triangle CFT = (by 28) Triangle 


Car.— Triangle pdz. Triangle CVo—Tringle Vpx.; 


therefore (by Tranſpoſition) Triangle BCS. Tri- 
angle pdz Triangle Car; from each Side take Tri- 
angle BCS and we have the Triangle pdz = Tra- 
pezium 4BSr : Again from the firſt Equation Tri- 


angle CFT+Vpx= Triangle CVo, whence (taking 


Triangle CFT+Trapezium phoV from each Side) ) 
”_ have Triangle br (obx) = Trapezium bF Typ, 


and (by Lem. to Prop. 11 of the PARABOLA) FT+ 
bpxFb=zhxbr., Q. E. D. 


Dzr1NITION. 


Let FS: FQ ::br : bz::2FT : P, the Parameter 


of the Diameter FY , then P= . and, 


PxorosITION XXX. 
As any Diameter is to its Parameter (ſo obtained) 


the 
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the Diameter and Abſciſſa, to the Square of the 
Ordinate of that Abſciſſa; that is (putting D= 


FI, * Fb, and y==bz, or bx). D: =: D 2 


1 Thin ns e 


By the Definition P == — , therefore P2c 


D+xxx X2FT D xXx 
N == 5 She D+xxXxx 


nally But . Trian.) * 2 = (89) 


Tu PxD+xxx 
aa therefore (by Subſticution) | 1 


(E 2 (by Lemma 10 Prop 36. of the 


Elipſe) £ 2 yen therefore D  P:: B 
NA 7 QE. P. 


Rare XXXI. 


1f a Tangent cut a 2 Diameter, and from the 
Point of Contact an Ordinate be drawn to that Dia- 
meter, then the Sum of the Semi · diameter and Ab- 
ſciſſa is to the Abſciſſa, as the Sum of the Diameter 
and Abſciſſa is to the Subtangent on that * 

* GL FP : IP: PT. a | | 


DemonsTRATION. 


Let Q be an indefinitely ſmall Part of the 8 
and produced to cut the Diameter in T; draw the 
Ordinate GP, and, parallel to it, QO; draw Gr 
Gr =" to (YO) the Diameter continued ; and put 
= Qr=m, and F Ta, then YP=D+z, 
F.2 - _ Voa 


| 
3 
2 
| 
ö 
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YO=D+x+*, OF, O, and PT= 
æ ra, alſo (by ſimilar Triangles) m: n: 71 * Na, 


therefore gx. But (by Prop 30.) D: 


1 


P:: BTT TNT: Tn; and D: P:: 
DFÞxxx : *, and reducing the firſt Analogy into 
an Equation, we ſhall have PDx + PD» + Px* + 
2Pxn—2Dym=(Dy*=in! the 2d Analogy) PDx+- 
Px*, therefore PD» + . = 2Dym, and 1 = 


r . Allo 4 L=. Ro 2 e, *＋ = 


1 
EE: _ 2D . . 
(BN 2 — PD+2Px © ol D © 
TIES 2Dx+2x* Dx+x* cs 
Dx+x* x DT Daz =) DI dern 


zD+x : #::D+x: x+a; or CP: wh IP: PT. 


QUE. D. 


| 3 T10n XXXII. 
The ſame Things being ſuppoſed as before, the 
Sum of the Semi- diameter and Abſciſſa is to the 


Semi diameter, as the Semi · diameter is to the Dif- 
ference 
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ference between the Semi-diameter and the external 
Fart; bat is, CP: CF:: CF: CT. | 


| DEMONSTRATION. | 
cp PT=CT. But CP Dx, CT: D-, 


and (by Prop. 31) PTS 9 ct 5 therefore i3D+ 


Pu 
Det. „ . 
1D+x 25 D-; that is, 20. 
x: ;: 30h: Pg ar CP: CF.::CF: CT. 
0H  » Bhs 


i. XXXIIL 


As the Sum of the Semi-diameter and the Ab- 
ſciſſa is to the Semi- diameter, ſo is the Ahſciſſa to 
the external Part; bat is, CP: CF: : PF: FT. 


2 


DEMONSTRATION. 
1 


nee 
By Prop. 32. 75 5 = 3D—, therefore 30 
2D T D- Da — xa, and Da xa Dx, whence 
2D TT: 2D; : ͤ: 4; or CP: CF: : PF: FT, 
QE. D. 5 
Fa XXXIV. 


As the Sum of the Semi- diameter and Abſciſſa is 
to the Semidiameter, ſo is the Sum of the Diameter 
and Abſciſſa to the Difference between the Diameter 
and the external Part 3 that is, CP: CF: LE? 
. 1 


MSI IG GRAY BRI 


; | De 
rer 33. = DF? 3 therefore D—2= 


. 


1 
5 
4 
x 
i 
$4 
ö 
. 
i 
f f 


= - 
4 
+4 
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| 2Dx 2D* 
o-) F an d 204 1 E 


Dx: D-a; or CP: CF :: TP: YT. QE. D. 
PROC OS H Io XXV. 


As the Sum of the Diameter and Abſeiſſa is to 
the Difference between the Diameter and the exter- 


nal Part, fo is the Abſciſſa to the — Part; 


that is, IP: IT. PF: FT, 


Dt tf ag 
D/ Poa: 33. DTX: 2D :: x: a, and (byprec.) 


2D+x : 4D :: D+x : D—4, therefore (by Equality) | 
Dr.: D—@;:;x:4; or, YP: IT:: PF: FT. 


Ap. 


„ xXXVI. 


As the Difference between the Semi- diameter and 
the external Part is to the Semi. diameter, ſo is che 


external jon to the Abſciſſa; bat ME CA”: ys 
: FP. 


e Pe. ih gd 
„ 
＋ 2.— 
By Prop. 32. B= 2D—a, therefore 20. 
20 — 2 Da+2Dx—ax, and n 3 that 
1 D;: j cf CD: CF :: ME FP, 


Q. E. D. 


Poros 1110 XXXVII. 
As the Difference between the Semi · diameter and 


external Part is to the Difference between the Dia- 
meter and the external Part, ſo is the * Fart 


to o the Subtangent ; that is, CT: IT: . 


* 
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{ $2 
3 I PO 


Me A pak r 
By! Peer. 2Dx— xa = L Da, therefore #= . 
2 
PRs Da — | 
and 4 ＋ x= . whence 


1D—a: D-: : 4: e, or CT: YT: 2 FT: 
„ 


PROPYOSITIOY XXXVIII. i 
As the Difference between the Semi · diameter and 
the external Part is to the Semi- diameter, ſo is the 
Difference between the Diameter and the external 
Part to the Sum of the Diameter and Abſciſſa; bat 
1 CT: WF: IT: 12 


Ds nenn 


By K Pree. * = HY therefore Nn G 


Da 2 '—D a 


I * qr, dps: 20 : Da: 
* or CT : CF : : YT: YP. Q E. D. 0 


1 isi xxxXIX. 


If any Ordinate to the Axe (as Vx) be continued 
to (N, in) the Focal Tangent (TO) then the Diſ- 
tance (VN) from the Axe to that Point in the Tan- 

gent, ſhall be equal to (Ks) the Diſtance from the 
Focus to the * of that Ordinate. 


DSO TA 1 1 oi: 


put CK. CB=cj CV==9, then AK Ie, 
BKI, VK=do 6, — _ AV Safe . 


then 
x: The : 
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1. The Point K being the Focus (by Prop. 4.) 
KL=half the Parameter of the Axe, and (by Prop. 3.) 
FE 


„3 
| N 


F 


CB: AK:: KB: KL, or c: b+c:: be 
- (KL=)ap. Allo (35 Prop. 10.) CK: CB: : CB: 
Ora: ic: F roi Tra, 


7 

2 _B— 
that i is; gy © _— KT, and or- 
vr, ee, = Vr, therefore (by /imi- 


Pr 
lar Triangles) KT: KL: : VT: VN, "TY 


T6. 4. 0..." «8 
2. By Prop. 2. CB: : KL : : AVxVB: Va, or 
e [cs ltr; thr * 


c . 75 


. 


and 
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and VD. A 25 LU. But (by 47. E. 1 A 


. e. e 
V. Sy, br . whence 


bd—c 
c 


1 


© w/pp ot in 00 XI. .# 


Ut Gcrpendiculars be drawn from the Verticesito 
the Focal Tangent, then theſe Perpendiculars ſhall 


1. 


=by the firſt — VN. 'Q E. D. 


be equal to the Diſtance (in the Axe) from each 


Vertex to its adjacent Focus 3 that is, 
AO=AK, and BQ=BK. 


4 EMONSTRAT TO. 


"By th the 20. AOXBQ=AKYXKB, therefore A0: 
AK:: KB: BQ. But (by Prec.) We N theres 


fore AO=AK. Q. E. P. 


. — 


9 — ** * 


i XLI. 


if this? the Point of Contact of the Focal Tan- 
gent, a iRight-hne be drawn to the Vertex, and 
any Ordinate be produced to the Tangent and cut 
that Line, then the Diſtance between the Tangent 
and Interſection of theſe Lines is equal to the Diſ- 
tance (in the Axe) from the Focus to the 9 
tion ol. the Ordinate; ibat is, DN KV. 


DEMONSTRATION. 


From fim. Trian. A0: DN: (LO: LN:; AL: 
LD::) AK : KV ; but AO=AK, (by the e Frech 
cherefore * KV. . E. We” 


8 ; | ; ' SI 
5 6 * N . a 
- 
} A r WEI 
* 
5 4 . 2 « — 
. - * 
k | — 
iD þ 
: as ** 4 0 " ® 2 a me 
, ; 
„ 
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ANSWERS 


PROBLEMS 


Propoſed in the Fourth NumszR, 


Pzonzere-LIX.. fwired iy Jehn Turner.. 


This Problem, in the manner it is propoſed, will ad- 
mit of four different Anſwers ; but ſuppoſing that 
each Ship ſails on the eaſtern Side of the Meridian 
departed from, the Solution will be as follows. _ 


MN the annexed Scheme, let A repreſent 
+ the firſt Ship when in Port, B the ſecond, 
Br 1 3 and C the third ; alſo let M repreſent 
Ike 1# the Place of their meeting, Then, in 
dhe Triangle BMN are given all the 
Angles and the Side BM, whence NB will be found 
=188.407 Miles, and MN=78.067, which added 
to, and ſubſtracted from the common Difference of 
Latitude gives MO=198.067, and MP = 41.933. 
N A gain 
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Again, in the Triangle MOC are given the two Sides 


MC and MO, beſides the right Angle, whence CO 
will be found = 104.604, the Angle MCO = 


9 


8 « 
1 * — n 
„ 


. 


. and CMO = 29%. 50. 31“. Alfo, in 
the Triangle APM are WA the ts Sides MA 
and MP beſides the right Angle, whence AP will 
be found = 231. 346, AMP = 79 52. 8 and 
MAP 109. 7. 3 


This Aehin v Was 44% SPUR by Mr. Moſs. 


Pros LEM + Anſwered by Mr. Moſs of Deptford. 


Loet M repreſent 
Montſerrat, A Anti- 
gua, MD the Diſ- 
rance failed with her 
Starboard Tacks, DA 
the Diſtance failed 
with her Larboard 
Tacks, B the Place 
where (in her firſt 
Tack) ſhe is neareſt to 
Antigua, and SN the 
Meridian of Antigua ; 
let MD be produced N f 
to C, ſo that DC | gon th 
DA, and join C, A. Then in the 7 CBA 
are dn the two Sides BC, AB including the right 
G 2 18 Angle, 
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Angle, whence the Angle C will be found. = 
12, 8. 17, conſequently BBA=2BCA=24* 16.3“ 
therefore, it will be BA: AE:: Sine, BDA: Sine, 
ADE=779. 24. 2”. the Coſine of the Courſe ſailed 
with her Larboard Tacks aboard: Again, in the 

Triangle ABD are given alt the e Side 
BA, whence DA the Diſtance ſailed upon the ſaid 
Tack will be found = 9.4162 : Moreover, ſince 


BDA and ADE are given, BAE the Supplement | 
of their Sum is alſo given = SMC = 789. . 55”. 

the Angle of Direction with the Wind on the firſt 
Tack : Laftly, becauſe AMS is given; BMA will 
alſo be given and is = 109. gr". 55”, whence MB 
the Diſtance ſailed with her Starboard Tacks aboard 


will be found = 20. 816 Miles. | 


PropLeM LXI. Anſwered by Mr. Thomas Perryam 
of Yeovil. A 


Put x4-y for the greater Number, and x—y for 
the leſſer ; then 2x* ＋ 2y* will be the Sum of the 
Squares, and 2x3 + 6xy* the Sum of the Cubes; 
therefore, putting @ = 41: and þ= 189, we have 


from the firſt Expreſſion = 20-43", 20—4x* „and from 
= laſt * 7 6 therefore ie 
ZE | 


6 whence 4 3a = = = , and x= 4.5. 


conequendy the Numbers ſought are 4 and 5. 


The ſame anfwered by John Turner. 

Let x repreſent the greater and y the leſſer Num- 
ber; then x *+z'= (41) 4, and & +y*= (189)#; 
pane * 3x49*+ 323 +35 , and * 22 
, therefore zaxy'—2x%Y -. Put 2= 


** 
„ 
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, and we ſhall have 3028 5%; whence 
2 = 20; the Double of which added to and 
taken from the firſt Equation gives . 2 
44+22=8 * and x*—2xy+z*=4—22=1, from the 
firſt of which we have x+3=9, and from the laſt 
X—y=1 ; whence x=5 and y=4. 
This was likewiſe anſwered by Mr. Samuel Aſhby | 


of London. 
P ROBLEM LXII. Anſwered by John Tn: 


Parameter = a, and put 


AE=x, and ED=y: Then, tba 
the general Equation of the D DO, | 
5 ma man E 
Curve being 5. 27 T4. 
m 1 
* will be=L - and there- 
2 | | mt+o 
fore PE=4— =; which being multiplied by 
| * : | | 
nd m+ 3% 
* n ; | | % 
„ gives nei 2a; WM a Maximum, whoſe Flux- 
= * 
- mT 2" 2 


ion 2nha * AM * j=0; therefore 
= ww” 
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"Mg 


m7  2nba mn. 


whence PE: 2PF:: Nr ad 


CoroLL. 1. If m and 1 be each equal to 1, the 
Curve will then be the common Parabola, in which 


PE: 2PF::Vb: 2 T. 
Cool L. 2. If n i, and y=2, the Curve will in 


that Caſe be the Semicubical Parabola, in * 
PE : 2 PF: 357; 44 * i. R 


PROBLEM LXIII. . Avfeered 2 John Torner. .- 
E Let Ag be the 


given Horizon- 
tal Range, AKB 
a Semicircle de- 
| ſcribed thereon, 
- ADBthe Curve 
deſcribed by the 
Ballinits Flight, 
and D the Ob- 
ject to be ſtruck; 
then by ſimilar 
B Triang les BE: : 
AE: 
AÞF>.: (by the 
Lawsof Deſcent 
in heavy Bodies) 
BE : FD; there- 
fore 
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fore BE“ x FD = CF*x BE, and BE x FD = CF», 
whence BE: CF:: CF : FD: But BE: FC:: AB: 
AC, therefore FC: FD : : AB: AC, and by Di- 
viſion FC: DC:: AB: BC, alſo AC: CF :: AB: 
BE; whence, by compounding the two laſt Pro- 
portions, we have AC: CD:: AB“: BCXBE and 


ACXBC e. LeDHbe bene! t0 EA, 
then CH = SD : and hag AC * BC = 


088, > 
AB X CH, © or CK* = AB x CH, whence OC = = 


VIAB—ABXCH and CA = ZAB + VEAB— 


ABXCH, which in the Caſe propoſed, where CH= : 
CD, gives this 

- THEOREM. Find a Mea o-proportiohat- beenden | 
the given Random and the Difference between one 
fourth of the ſaid Random and the Object's Eleva- 
tion, which add to half the given Random and _ 
Sum will be the Diſtance required. 


Mr. Moſs anſwered this Problem by an algebraic 
Proceſs. 


ProBLem LXIV. Anſwered by John Turner. 


ConSTRUCTION. 
In the indefinite Right line AB, take AE FO 
to the given Difference of the Segments of the Baſe ; 


X E call os 
make EF perpendicular to AB and equal. to the 


given Difference between the Perpendicular and the 
4 | _ IEF 


5 * 8 4 bs us _ = * _— = 
EO 4 4 L x 
PEO PN ns. Dr" * 9 n I" K * W c * — — 9 , 4 . „„ . 
- 
1 
\ 
5 
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leſſer Segment, alſo make the Angle DEI equal to 


45%. and draw EK parallel to EI; mals EG to 


GH in the given Ratio of the Perpendicular to.the 
ter Side, and thro A draw AC, parallel to HG, 
FK in C; draw CD parallel io EE, then 
join E, C and make DCB=DCE and ABC will be 
the Triangle required. 
DEMONSTRATION, 

Since the Angle DEI is = a Right. angle and 
CD perpendicular to AB, it is evident that ED is = 
DI, therefore CD—DI (DE) = = CI.= (by reaſon of 
the Parallels) FE = the given Difference between 
the Perpendicular and the leſſer Segment by Con- 
ſtruction: Alſo, becauſe the Angle ECD is = BC 
and CD common, it is plain that EDB, there- 
fore AD—DB (ED) = AE = the given Difference 
of the Segments of the Baſe by Conſtruction. More- 
over, by reaſon of the parallel Lines AC, HC and 
GE, OD it will be DC: AC:: GE: GH, that is, 
in the og Ratio of * 1 * n 


Mx rnHop of gs LATION, 

Join A, F: In the Triangle GEH are given the 
Sides HG and GE (by Aſſumption). whence the 
Angle H= A is given: Again, in the Triangle 
AEF are given the two Sides including the 
Right - angle, whence the Side AF and the Angle 
EAF will be found: Moreover, in the Triangle 
AFC will be given all the Angles and the Side 
AF, whence the Sides AC and 2 — El will be 


found, and conſequently ED-= = Then it 


will be AD: ED: : Tangent ACD: Tangent ECD, 
wh-nce BC may be had. 
Mr. Moſs conſtrued this Problem, but in a dif- 


ferent Manner from the preceding. 
| Pa 0- 
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* 47 


„ 3: St 


L ron. 25 L be, Mr Will, Ei. 
Bath, 4 M 243364 * 
Lit HF ro the Tangent of the 1. 


AFB==m, the Sine = Cofine CE — = 


s and c, and the Sine and Coſine BY. n 


and y reſpectively; then will fox and - be 
the Sine and Coſine of BAG and - and ww 
the Sine and Coline <oline of ABG,' whence 5y—cy : 24; 


- "24 X 
| 9 14 eue ben. * 


26 x N — | 24 — - Bb 
1 2X08 1 Rad). 
e T £4 My _ 


Ay —25X 24XCYo-SX | 
en =Þ the Tangene Ara, and 4: er 


* 
T 8 23 17 


3:2 
— * 
"gy 8 
4 1 Ac % + £7 "> 


D . WT: E e, | and e. . de — 


— FE is 1-448 # 
bo 297 4 + SR. ww 


Fee Sand": 
. * * Ac. But x en, 3 2K 


| EEE >the vera Sine of gs car as 
A e 3 bas Ml n 

of he Angles Lal AG and ABC a Sil 

he "The Jams anfuured by Joh Tan. 127 


"12 


(i! AIGons +trveCT 1b. 154 Tre 72 
Upon any Righteline AB. let tuo Wn of 
1 be, deſcribed to contain the given Angles , 
FO their Centers O. 9, oy the Ling CDO. — 


7 


1 
„ 


12 
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AB in D; take OE=OD, and DR = 4 CE, then 
draw RF, parallel to AB, cutting the Periphery of the 
lower Circle in F; join A, F and F, B and through 
F draw the Right - line FHK, parallel to RC, cut- 
ting AB in H, the upper Circle in G and I and 


9h 


wa. 


Þ nc 3m we ro RD — es Tt (rt Le /s; 


| DEMONSTRATION» 
Draw OM and CL, parallel to AB, meeting FK 
in M and L: Becauſe of the parallel Lines, HF= 
DR = (&y Conflr ) +CE=3xxCD+2DO, therefore 
zHF=2CD+4DO and 4HF—4,DO=HF-+2CD, 
whence 2HF — 2DO : HF+2CD::1: 2. But 
HF + 2CD=FL (LK) + DC = HK, 2HF — 
2DO= GM (MI) — DO=HI, and by the Pro- 
perty of the Circle HEXHK (=AHxHB) =GHx 
HI, therefore GH: HF:: HK (HF-+2CD) : HI 
{zHF—2DO)::2:1, Q. E. D. * 


* 5.4 1 


| 
| 
N 
5 
$ 
5.43 


MeTHroD 


i | | " 
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1 Marnop of CALCULATION. 
As theC of the greater Angle + twice 


the Cotangent of the leſſer: Radius:: ZHG : AB:: 


CCC 
riangle 
N. B. . If both the Angles be obtuſe, HF will be 


=3xDC—2DO; - if both Acute, = 3X2 DO—DC3; 


if one acute the other obtuſe, O; if 
the greateſt be a Right-angle, = 2DOxX3 ; but, if 
the leſſer be a Right-angle then FH=3DC. 


Front LXVI. Anfevered by John Turner. 


 ConsTRUCTION: 


"Uzi any Point H, with an Interval equal to the 
iven, Radius. of the circumſcribing Circle, let the 
e ABCK be IIs in which apply the * 


Line AC equal to the given Side of the Triangle 
biſect AC with the indefinite Perpendicular NK, in 
which take IL equal to the Radius of the inſcribed 
Circle; through L draw L. M parallel to AC, and 


H 2 : upon 
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upon K the Point where NK interſects the Circle, 
with the Diſtance K A, deſctibe the reh AG cut- 
ting LM in G; then, if through & the Line KG 
be drawn meeting the Circle in B, and the Points 


A, B and C, B be joined, ABC will be the men, 
required. 


ener riod — 


Join H, C; A, G and G, C; and n 
pendiculars GD, GE and GF z alſo biſect the Angle 
ACB with the Line Cg mecting BK in g. and join- 
ing A, g draw the Perpendiculars gd, ęf and ge. 

Becauſe AK=KC (by Conftr.) the Angles ACK= 
ABK=KAC=KBC (by Theor: 9 and 10, Book 3: 
Simpſon's Geom.) therefore (by 20. 1. De.) gf: 
 ge=gd: But 9 255 3: ) AGC AKI=2 Ri 95 
angles, and (by 10. 7 AGC4-CAG+ 
ACG=2 e therefore AKI = CAGE: 
- ACG. Now AKI+KAI'KBA) S a Right-angle= 
(by Ax. 4.1.) KBA+ACG+4+CAG, therefore 2KBA 
+2CAG+2ACG=2Right-angles. Again 2KBA+ 
2ACg+2CAg=2 e (by Cooper. ) therefore 
(by Ax. I and 5.1.) 4ACG+2CAG=2ACg+2CAg, 
and ACG4+CAG=A +CAg ; whence (by Ax. 4. 
1.) AGC+ACG+CAG =AGC + ACg + CAg= 
(ey Orr. 1. 10. 1.) ee conſequently 

(by Ax. 5.1.) AGC=AgC hence it appears that 
the Points g, G as well as TX Perpendiculars gd, GD; 
gf, GF; ge, GE coincide, and therefore GE=GF= 
GD = (4y 23.-1.) IL the given Radius of the in- 
{cribed Circle by Conſtruction. Q. E. D. 


Mzrnop of | CALCULATION, 


In the Triangle CIH are given CH and 1c. 
whence the Angle CHI=CBA is found; then, in 
the Triangle KI C are given the Right. angle 1. che 
Angle KCI (=! ** and the Side IC, * 
| = 
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KC(zKG) and KI are had. Again, in the Triangle 
KGL are given the Sides KG-and KL, whence the 
Angle GL. equal to half the Difference * 
gles BAC ind BCA, will be found; and from 
thence the Angles themſelves and the Sides AB and 


BC are eaſily found. , 
ſent an Inoetigation 10th this Pro. 


Mr. Samuel Clark 
: tems abente is way be conſtrued.” 


3 LXVIL Arfwered by John n, 
Cons rRU (CT ION. | 


Yn the indefinite Right-line RS, aſſutne GH * 
pleaſure, upon which a Segment of a Circle be 
deſcribed to contain the e. Angle, and let the 


as 2BE to AD (Fig. to the Prob. make GK=GH, | 
and join K, I and1, G; alfo, in HI, produced, 
take II. BE and draw LM parallel to IK; then in 


1G, produced if needful, take IO: EF and through 


O draw MOF, parallel to RS, meeting LM in M 
and IH, produced if neceſſary, in Py and MLP. 
will be the Triangle required. | 


25 Dine TAT e 


Se (by Conſtr.) GH: AD:: IH: 2BE, we 
tall have 26H: 2AD::1H : 2BE, or by Alter- 


nation 
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nation 2GH (KH): IH::2AD : 2BE :: AD: 
BE; but by fimilar Triangles KH: IH :: NP: 
IP, therefore NP: IP:: AD: BE:: MN :1L; 
Eee wie ( by Conftr. ) therefore MN = AD. 


MeTHror of Cal curl Arion. $ 
In the Triangle HLQ are given QK, KH and 
LI, whence HI is found ; then in Triangle 
GHI will be given the two Sides GH, HI 
Angle I, whence the other Angles may be had; 
again, in the Triangle IPO will be 
Angles and the Side IO, whence OP and IP are 
alſo given; then it will be PL : LM : : PI: IN. 


be ſame anſwered by My. Moſs. 


ConsSTRUCTAI1ON. 


Make the Angle OIP equal to the given Angle ; 
in PI, profuced, take IL=EB, and in IO ſet off 
IO EF; draw LT parallel to IO, and upon O, 
as a Center, yith an Interval equal to AD deſcribe 
an Arch cutting LT in T; h O and T draw 
the Right line PM LP in P; take ON= 
OP, EU 


is done. 


„ | 

- Becauſe Ol beſects NP, LT is parallel to 10 
and ML to NI (by Confer.) it appears that LT bi- 
GE _ PSY wr g's. 9s MN AD. 


ME Trop of aeg 6. 10N. 


Join L, O: In the Triangle LOI ate "Iv the 
two Sides LI, IO with their included Angle, whence 


of 37 *; 
. 


LO and the Angle ILO may be {ound : __ | 
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Triangle TLO are given the Sides TO, — 
Angle TLO, whence the other Angles 
be Moreover, in the Triang le 107 wet 
all the Angles and the Side 10, 5 whence IP 2707 
become known, and conſequently TP (MTF). yy 


Mr. Samuel Clark confira#ed- this Problem fro 
Lemma in Me. 310 enn s VEG) 


W ee LxVILL Abend 1. Tho. Mola 
| Conroe eel g! 
' Let EFZAC and the Angle EFG r twice Bar 
(the Supplement of the eo Angle) Join E, G 
which ide in H fo that that GH : W EP: FG 


A * Bier 
1 _ 
e 3 a 145 . 7 "Ch 
F 


ef 

£ 

> £ 1 G * 7 

. % 4 
* 


een ca Erft. 
then to QA, produced, * the e 
BU R 1 


91 
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Denen Aue 


In HF, produced, er r ar, 
drow Eb and GW, and let ER and GN be each 
icular to HW, FS and FT to Eb and GW 
iwely : Since GH: EH :: EF: FG (by Conftr. } 
2 GH: EH:: GN: ERi(by m. Tria.) it follows 
that EF : FG::GN : ER and therefore EF ER 
«FGxGN, that is FbERAF WON; whence the 

Triangles bFE, WFG, and conſequently their 


Halves, are Alfo, becauſe the AngleCAQ= 
3EFH = IIS, the Angle Q=S, and the Side 
ACE 3 (EF), „it follows that, the Triangles CQA 


and FSb are equal and alike in all reſpects: More- 
over, the Angle BAP being = BAI—-PAI=BAI— 
CAQ4SEFG—:EFH=iHFG=FWT, and AB 
WT (FG) the Triangles ABP and WFT are 
kkewiſe equal and alike”; therefore, ſeeing the Tri- 
angles FBS and FTW are proved equal to each 
. the Triangles ACQ and ABP, which are 
reſpectively equal to them, muſt conſequently be 
equal to one another. E. * 


Mer nop of Caleurariov. 

In the Triangle EFG are given two Sides with 
their included Angles EFG, whence EG and the 
Angle FEG may be found ; then, from the Part 
EH being known, there will be given two Sides and 
their included Angle FEH, from whence the Angle 
EFH (2CAQ) may be had. { 


ProBLeM LXIX. * by My. Moſs. 


Let EQbe the Equinoctial, E the Sun in the Me. 
ridian, and Es? the Line deſcribed by the Sun's ap- 
parent Motion in half a Revolution, to which from 
the Zenith (Z) let an Arch of a great Circle be 


drawn, meeting EQ in 73 chen. it is evident = 
14 3 


lh. ac OaAwKK 
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| 25 is the Sue's neareſt Diflance.c Be Lon ap and 
that the Arch Er will expreſs ime from Noon 

anſwering to the — to determine 


5 | 2 
. 


88 


which we have given the Arch af — the- 
Sun $ Progreſs towards the North Pole in 12 Hours 
=11'..50”, which divided by 180 gives 3.944 for 
the Alteration (n) of Declination in four —— 
Time, anſwering to one (Ez) of the Equa- 
tor; therefore, this, becauſe of its Smallneſs, being 
conſidered as rectilineal, we ſhall have 3600 (EA): 


3-944 () :: Radius: Tangent of the Angle Eu, 

which the apparent Path of the Sun makes with 
the MOD, = = 3". 46”, which taken f 

leaves 899. I =the Angle ZEs : —— 

Radius: Co/. ZE : Tangent ZE : Tangent 'Es 

(or Er) 4. 44', anſycting to 15. 1 8 

required. | 


ProBLeM LXX. hd by Ms, Mok... 


Let P repreſent the North Pole, EQ an Arch of 
the Equator, S the Sun at the Time required, PBC 
and PAD the Meridians of the two Places B and A, 


GST and RSQ their os and * 
2 Me- 


and A the cwo given Places, and P the North Pole : 
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a Meridian paſſing through the Sun ; then the Arch 


D (Angle CPD) will repreſent the Difference of 
" Longitude, Now it is evident that BS and AS are 


P 


3 = go? 0 "and that the K made with the 
Equator by the reſpective Horizons will be equal to 


the Complements of the Latitudes of the two Places 
reſpectively; therefore in the Triangle STQ are 


given the Angles SQT, STQ and the Side TQ 
(CD) whence ST is WS and in the right- 


angled Triangle SFT are given the Angle STF 
(BP) and the Side ST, whence SF the n De- 


clination may be found. 


The ſame anſwered by John — 
Let S repreſen: the Sun at the Time required, B 


Then 


C 
tf 
1 
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Then in the Triangle PBA are given the two Sides 
PB, PA with their included Angle to find the Angle 
FAB, which being known its Supplement PAH will 


likewiſe be known; therefore in the Triangle PAH, 
right angled at H, are given the Side PA and the 


Angle A to find che Side — the Declination re- 
quired. 7; 


ProntEM LXXI. Anfered 5 John Turner. 
Let the Square of CQ be to that of CP as 1-+B 
to 1, and put r n, by the Property of the 


— 
1 EE 


Curve, vn Vi Nr 1, "and Karre 
therefore V VITE and TVSVIT EN 
I whence, _ ſimilar Triangles, TV : RV :; 

. — = , therefore CV: cx: 


of FS x" p | 
Ra 6 wo”. Fes = 1+B—Be 


which by — Queſtion muſt be a Maximum, con- 

quent l Flaxion Een = — a 
_ V 1+Bx*xXV 1+B— 

Bx: 


* I 2 


1 CX = 
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I 505 whence * 


1 _— & Ter 

3 1 — 
XS = g and * 2 
therefore RC = . 5071067, RT. 7133258, RV 
7101241, 1 VI=1.00652, CX 
043878, RVT 43. 7. 397, VTR=44%.52'.21". 
and CVX Ig. 3. 


ProBLEM LXXII. Anſwered by John Turner. 

Let the Coſine of the leſſer Latitude be denoted 
by c, that of the greater by C (Radius being Unity) 
and let the required Sine of the Declination be de- 
denoted by d and its Coſine by p; then (by Prob. 15. 
Pa. 180. Simpſon's Fluxians) the two principal Dia- 


meters of the Ellipſis deſcribed i in the former Tat- 


. Jun. be ET . and thoſe in the | 
e gag * , ; therefore, paring | 
24 22. 7 : 
7854, we have ____z 


— 


the Area of the mu dende in the ker La 


tirude, and = ( 60 Squire Poles) the 


An 1 


=( 3 20 ,0Squar Poles) 


— 1 


4 


ET + ee 66-8 Fa. Py 
= * \ * 8. * 
8 
- : 
A 89 1 
. _— | 


Area of the Ellpladeſeried i in the greater — 


E or” 2 2: f, br -: * 
ee, therefore Z*—C* d. Mo, Ae 


—6 A. H—I-—c + 
——— and p* (= — 59. — 3 
which Values being ſubſtiruted 3 in the former Ex- 
. p 2 5 . . 
reſſions of che Ajea, or 2 0 ves 
— SALINE 2 
S = | 8 


FL £5 Nac . 22002 . 
Ze ; e 10375.3» 

the leſſer Latitude = 747, 54. 26”, W 

tunde 765. 145 26”, and Declination= 17Y. 8.1 


2 LXXIII. Anſwered by John Time, 
- In the ſpherical Triangle ABC let AB repreſent 
the Equator and AC the Ecliptic ; then, putting the 


I 9 — 
"Wea 4 £ 5 70 
4 8 3 K : 
” 
F f 
vx _ » 
22 : 3 L = R 


Sine of A=d, its Coſine uy 4 and the Tangent of 
| BE(Detliv.) , we ſhall have the Sine 


2.4 


2 0 nen MAT I'CEAN:: 


'. - __ 7 2 . 


Ae ebe — FRET: E no, in 


the right · algled plain Triangle ABC, AB= 1 Ac. | 
the Arch AF=2, its Fluxion F G==, and CD=: ; 
chen 3 ip: 1 CE,. and ory 
A4: LET : £X14+Þ =#= CD. ey 
But in the ſpherical Triangle, if L be put for he | 
Tangent of the Sun's. Longitude from Aries, we — 
ſhall have Tangent AC : Tangent BC:: Radius: 
Coſine ACB: Tangent QC: Tangent CR: :L: as 
therefore-+=L% Ver, conſequently ; LN 
. - x II. Moreover, if the Tangent of 
Height of the Equator be put æ a. the Tangent of 


1 Sue 


the Sun's meridional Altirde yill be ng | 


1 Ty 1 1 My ESE , 3 


Maximum, hibifore its Fluxion = Zo, Of Fu 


zue — Z d. Tn NA ed * 
a ad 1 be found. 0 


N LXXIV. 7 . by John Turner. 
Let OB, CO =, and OF=x ; then by the 
Property of che Curve Ps OFF: ;FCXED-: 9 


Hams 2 
PCs ph! e, and: 


8 18 22 not 


= YO» 


z 2 E * FY 2 4 * 
: 1 + . „„ 
Ver. | 


- 20329 ay nn 4 ef of * 0 name! 9255 by 
. 3 but little from a Schere, "being inverſtly as 
the ge ny the Center. very 7 the wr 
with whi Body ends fro, from the Point will 


be tothe Force with och ie deſeende ſtom the Point 


am nn 210% 


B. 2 G5 ü OE br #0 


. decreaſing directly as the 
Diſtance, the II 
fourth of the . 
Radius is OA or GBR. 

"Loh therefore, the Time of Revolutionat the Equa- 


tor, which is known to be 1 H. 24 M. 36 S. be de- 
noted by 7; then, ſince the Periodic Times in Circles 
are 1 in the ſubduplicate Ratio of the cen- 


e . and the W 


DT: ORE B the Time of Reyolto in 


bc Circle whoſe Radius is OE with the == 


Moreover, the Force in either Caſe, as the Body 
of Deſcent will be equal to one 


324 The: M 


n irſelf B= 45%. 14 


Force at B: Therefore 9 * * 


qual to the Difference of the Times K ebe 
OG OO rn the given Time, whence a— 


f , and r 3 
therefore QF and FE are found 


to 495 


and 3591.7 reſpectively. 


Then, by the ty of Elliphis, OC: : OB; :: 
FO: FG (GE being icular to the Surface at 
E) and GF: FE :: Radius: Tangent of FGE the 
Complement of the required LA whence the 


” _ 


Io: - 


esl LXXV. 4 
| Suppoſe the Weight © o wone:in — 
an. * een expiclied, by Vsity ; let 


110 fi 2201 2447 e 


F g ; £ * - 5 5 : , a FRY 1 | 
+6 WS - itt, N Ip: HATS 7 3/79 HIIEOTYE 71 rp 


3 1 3 * 12 * 7 — ö > LY gt 4 
{3 tO S111 3 i 
% 4 -%, " 
art io aum 


2 Fa k Ly A 
. F" #4 


„ 
* 2 11 * #%. 


S 3+ 
95 "M 
_y * 
4 4 
FI 
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* 
* 8 5 RC 
- E x 
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0 Erez meet PQ in O, and let CS be 
to PQ; 2 Velocity of C in the parc: 
ndicular Direction CS, being to the abſolute. Ve- 
ocity as Radius to the Coline of CS (or the. Sine of 
the Angle SCO), will be expreſſed by the Sine of 
SCO, therefore the Momentum of the Weight C in 
the Direction 3 to the Horizon is Cx SCO. 
Moreover, the Velocity of C in the Direction CP 
(or the Velocity of A in the Direction of the Hori- 
Zon) being as the Coſine of PC (or the Sine of PCQ) 
will be by the Sine of the Angle PCO, 
and the Momentum of the Weight A towards the | 
Horizon will be A x Sine PCO, In like manner 
the 1 of B 7 the Horizon 55 be ex- 
preſſed by B x Sine of the Angle QCO. But, when 
the Weights are in Equilibrio, 'the Momentum” of 
the two former muſt be equal to that of the latter, 
or C x Sine SCO-+ AxSine PCQ=BxSine QO. 
Now, in order to get an Expreſſion for this in 
ic Terms, draw RF perpendicular to PQ, 
and PE and QD icular to RO, produced; 


then, putting RP==a, RC=4, RO c, and the Tan 


gent of FRO=x, we hal have ho Sine of FRO= 


2 
n a 
Sines of RE and PRF be Jenoted by x and m and 
their n wy p and gq GY the Sine of QC O 


hat of POO 
"Va TAN FE — r E 
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— * 
1 * 


4 
— 
D — 61 777 8 
B Xx 150 5 
R 


CoroL. 1. If C=o, then A x Sine PCO'= Bx 
Sine QCO, which is the Caſe of the Ballance of un- 
equal rachia z but, if A=B, then it will become 


the ame as the common Balance, and RO vill biſect 
N 2. If B=o, then A x Sine CO = 


Cx Sine SCO, in which Caſe C will be on the hs 


Side of the Perpendicular RF; therefore if A= C, 
the Line CO will biſect the Angle PCS. 


Conor. 3. But if I o, then Cx Sine SO 


B x Sine QCO ;, therefore when C=B, the Ay, 
SCO. will be S the Angle QCO. 85 : 


PzonLi LXXV I. Anſwered by John Turner. 
In order to give a Solution to —— it | 
will be neceſſary co fen fr len 58 


LIM NA. 


If a Corpaſele poſited in a Line, paſſing thro* the. 
8 fee to the Plane of the Circle BEC D, 
by every Particle of Matter in the Surface 

o* that Circle ith Forces that are as the 1 Power 

of the Diſtance-z then the Attraction of the whole 

Plane, or the Force with which the ſaid Corpuſole is 
impelled in the os 1 — be A ee * 


CI" 


For put 5 Hh==x, * ſuppoſe the circle 
berdb to increaſe continually ' ill it Nee with 


vs; then, if p be put = 3: 1416, Sc. becauſe 
3 He 


Ne MATHEMATIOI. _3%7 


for che Kh 7 whole 2 ar is 45 che 
3 of Matter or the Number of Particles acting 


\ b 
55 5 H ; 
dir che Corpuſcle at H in Directions ſimilar to 


Hi. Now the abſolute Force of a Particle in the 
Direction Hb being ſuppoſed as the » Power of the 
Diſtance, or expreſſed by & 5. we ſhall have by the 
Reſolution of Forces Hb (x) : HA ():: * (the 
Force in the Direction Hb): * the Force of the 
fame Particle in the Direftion HA which multiplied 
by (2gxx) the Number of Particles acting in ſimilar 


Directions. gives ah for the Fluxion ef tlie 
8 ken! in the Direction HA, whoſe Fluent is 


T5 Which, chen HS h henne 


8B, „ es 228 HE . T4 | 


244 Ad» n+1 x A 5 
| Ks Let 


„ * 
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Let BDC repreſent a Curve of any kind, in which 
AD, and AB= ; then, putting II-, the At- 


tradtion of the circular Plan TT PS 


*. 


—— * — —— a -. 
MES ©: n+1 1 TELA * 
Therefore Febis Expreſiion be muldplicd by 2 and 


* 
ll 
5 


e eee een ee 


n 
S . 
— mi . 

F EPPS 


Attraction; whoſe Fluent, being found by ſubſti- 


tuting for x or y their Values given from the Nature 


hc . 


© * wa 
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Conouz. Ka Ae E | 


Y 4 # > * & 4 * 7 ky | | | 
>» * £ 45 * 4 | | NJ b 


Fluxion of the And upon a EY 
Vertex; 7 a 
wm may be found. I ve 


PP - ” 
7 F : * * 


YET s by OSD oo 


* 


Le dle given Solid FEIN be a Cylinders then 


© * 1 
if Fa + +8 : 
WoL 2 4 _ . 8 3 3 a . 1 ; f 8 
3 > F +4 12 * "4 1s 
4 N 
Vo | ” I 
-%, | : 4 
* 41 * 
* 1 L 2 ? * # ! 
p 
[4 q 4 2 
"he «. 4.3 $5 * * MAY Yrs 77th 
* — $ By F © : hs * 4 13 
8 G y 7 
i » 2948 * 8 * 2 3 
J — . 3 * 
3 A - * 1. * 4 
© * — * : 2 
e * % nA et 
« * —— — 
* 8 ö 
s : 1 N 3 & "+ i KH 
. y * Y 1 * WL 2 
— 
2 S RS 80 " ns — 
— ks * 
"2% 
Saad | 


. —— 7 — —— 
* * Ver ; 


Gonwillbecome 


2 
— Bt — 
Cylinder BCEI; which, hen DA=DG, lber 
d. ng 5 Wn Sine" 85 1 2 3:6 HN 


5 | | . 
* ö AS 4 F a wa. 
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EN... non 2 An 5 1 


3 AN 8 
of the whole Cylinder, upon „ Corpuſcke & H. 
Cox oll. 1, If H coincide with D, or 4=0, 5 


3 
bb en became = DE" BG DG —.— 
ng Nr 
the Attraction. of the Cylinder upon a Corpuſcle in 
the Vertex. +; 

Cano. 2. H or the Force be inverſely 
as the Square of the Diſtance, the Attraftion upon a 
Corpuſcle at H will be as HI+IN—HN ; and at 
D, * 


. 
Let the gen Sod GBDC be a Sphere, 
and put — 2 23, and. AO c 


then y being = 
—— f Tp Ter 0 


* of the kungen; — «cont 
5 ; D - * 1 


IAT z bs ⁊c fs 
| 474 


FC OE Zine 
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5 1 2 © 
TEES 28 — > 12 "= 2 8 TIE ==; 


which; n 3 —— 


_ HG —— DH 47 


NIN 3X#+5 
the Actraftion of the whole Globe, 


| Conou. r. 1H) bs takes D, ore Avis 
tion of the Sphere upon a Corpuſele in its Surface be 


rr — 


when #.+ 3 is an affirmative Number will be as. 


| 2 , 

3 but otherwiſe o** 7 5 | 
es 
Denominator, and the Value fought will be infinite. 
| Corgi. 2. If n= —2, or the Attraction be in- 
verſely as the Square of the Diſtance, we ſhall have 


a FRO for the Artration at f, 1 | 
ge) a 


fe J Gor that at B. ö 


| l 3. Hence, it is manifeſt eh FE At- 
traction of any other Globe, whoſe Radius is B, and 
the Diſtance of rhe 2 from the Center Gr. 


will be expreſſed by 305 = therefore the Attraction 


of the two Globes, * Radij are ; and I at the 


| 5 * * 
Diſtance c and C, are to each other as A to EY * 
or as the Quantities of Matter A to the . 
1 0 E 


| | Conoun.. 
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CoroLL. 4. Therefore, if the Bodies be equal, 
or the Attraction of the ſame Body at different Diſ- 
tances be 3 then the Proportion will be 
barely as == S. or as C * 3 that is as the 


e 

Con oi. 5. But, if the Bodies be unequal, and 
the Attraction at equal Diſtances from the Center bo 
required; the Proportion will become as 32: B ; 
that is as the Bodies themſelves. : 

Conor. 6. If the Diſtances from the Centers be 
proportional to the Diameters of the Spheres reſpec- 


tively ; then, becauſe C. S g-, if gg. be ſubſti- 


tuted in the Proportion in Corollary ROI 
as 5: B; that is the Arbon in this Caſe vil be 
as the Diameters or Radii. 8 

Conor T. 7. It appears, that the Attraction of any - 
ſpherical Body will be the ſame on a Particle with- 
out its Surface, as if the whole Quantity of Matter 


in thar Sphere was concrafted into a fingle Corpuſcle 
in its Center. 4 
Conor L. 8. Hence, if inſtead of a ſingle Particle, 


we 


another Globe at any Diſtance from the 
Center O; then becauſe each Particle in the ſaid 
Globe is attracted by the Matter in BGCD the ſame 
as if it was all contracted in the Center O; and every . 
Particle in BGCD, in like manner by that other 
Globe; it follows, therefore, that the abſolute Force 
with which two ſpherical Bodies tend to each other, is 
as the Product of their Quantities of Matter applied 
to the Square of the Diſtance of their Centers. For 
the Attraction of the Globe wee 7 a ſingle 


Particle at H being expreſſed by =; et this Ex- | 


preſſion be multiplied by B*, or _ Number of 
Particles 


ien Ar teied 355 


beate of ile Globe hole Center b the Füihe FI. 


= —.— 1955 
"and there re will uiſe T1103 


Ratio bf e Arrdalol een by the Globe GBDC 
upon the Globe whoſe Center is E; which Expreſ- 
ſion, is manifeſtly as the Quantity of Matter in the 
Globes applied to the Square of their Diſtance, a 
CoxoLL. g. Tf r and R be the Radii of two other 
Globes, whoſe Centers are at the ſame Diſtance from 
each other, as thoſe of the two former; then be- 


cauſe the Ratio of their Attraction upon each 
272 R 


other, by the precedents; appears to be 5 


3 2 ; 5 
. be to e eee that is, the 


* Andbaict! Aa 2 Sn 


each other; is to that of any other tuo Globes, whoſe 
Centers are at the ſame;Diftance from each gther.as 
thoſe of the former, 57 the Product of tothe Quan- 
tities of Matter in the cho former, Totte Produ®'ef 
the Quantitizs of Matter in the two lattar- 
BA __ But, when the Dilance. of 55 
Centers of the two Gi whoſe Radi are r and K. 
is not equal to that o he. other two; then, calling 
that Diſtance C, the Ratio of dhe Katt dten wall 


be as 2 Ez 2B 3 thit is as the Product of the 


= 6 * 


Quantities of Matter oe b 1 17 
| Qua 1 of Mar i 9285 FR 28 55 0 
5 ne 
Letthe Point N be ſuppoſed with in a Sphere; then, 8 
ing 4, and the ey as before, we have | 
Gs 3c + IS s AE : * 
EW nu = Ko 
I-27 90 — TO 45: he 4 tie 
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the, Fluxion of the Segrnent BDC; whereof the 
ee, 


een | Fee is 


* 
SY ” 
141 p 
* 
Bs 
£ 2 
* 
- 
W 7 
: "I 
ö = 
4 7 
1 
? 
2 3 
- " pf 
1 8 i a * 4 
4 ' he ca * Peay _—_ a 
1 "W a 


r —.— 5 Den 
5 


e NN 5 
which, when x==, will by puting HI=d)become= 


: ; — — — "+3 
DH. +, xd the Attrac- 


— 
4 * 
} 
5 * 


Ea c xn4-3xn4+5- 
tion of the Segment KDI. In Ike wianges the" Ar- 
traction of the Segment KO will be found to be = 


Str Fr HI 2 
ee; Xn-+5x + Xa" 7 being = BY 


ede x05 
kli, 8 b es 


tending towards the Center will be * Dißkerence of 

. theſe two Expreſſions. _ 
ConclLARx. If the Law of Attraction be in- 
verſely as the Square of the Diſtance, we ſhall have 
GHx Dp Diigo he — for the 


Attraction of the 8 towards the Center, 
which 


- 


{ 


5 ( o 
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Rp Gr ids e cas — 
— — OE 


which reduced becomes = 22 2 that is as the Diſtance 


Ws 3 


* L o 
* * 


; ” 8 FF * * 3 
W 1 a 1 i. 4 „ 4+ * > Ty 
„„ Ex AMPIRE ITE: OD 


Let the given Solid BEGFC be 285 bebe, 
DG=24, EF=2c, Da then, "by the 


pt wa Y 7 * ky, * £ 
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7 UN 8 
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Property of the Curve 7 33 X2bx-=x*, and Ge 


4 LY ; 26; 5 C2 4 
„ Wh #32 x a * PD. "GEES +. 416% . 4 


— — — 2 
* = 4 * = * E 
© I. Pw# a «© - * 
- 
. FP 
*%Y eee 735% <F"*5 e 2 
. 4% 7 + 4 * 
- 
13 1 3 
. * my * 4+ 
4 3 Fo 25335 
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G * 
q | 
— £ £3 
br #7 r 
. EF 
*& * "Fe 17 4. 
5 4 p 
5 Ji FRAY 1 
— ” 1 bs, * 
— OR * £ 
a 
LF * 
'”" . 
* ta , * a * 
— 4 * 3 4 } 
1 4 8 * — + 1 
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n 1 pil 55 


at 
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f 3 — — = —_— AF. 


KENT - 
where, it a that, the Fluents of the firſt and 
laſt Terms may be eaſily. found though that of che 
ſecond cannot be hadi in Foite Terms, unleſs in ſome 
particular Caſes ; as when 1 Sc. reſ- 
pecttvely. Neither can it be found, dot under e 
. — a is So, in which Caſe the 


A 


142 
Exprſion does becom ö |» os 
* W"xn+1 + WT 
where 2p=2bc*, and hc +. 
greater or leſs than c. 


CoroLLary. If 58, "the E of the 
Fluxion at e e will be- 


bu 
come = — == whoſe Five, when þ is 


OO ; 4 


bean . 85 


Arch and the Sime of the Circle whoſe verſed ner 
x and Radius*, a which Gen ea bes 


r Wr 


| into ths Difference berveen the Arch and the Sine of 
. rs. hole verſed Sine is 26 and Radits 


But if 5 gente, wen the meren 


* 
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* 
> 1 * 
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F 
7 88 
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COLLECTION. 


nf 1 


PROBLEMS 


To be anſwered i in the next NUMBER. . 


ProsLe M LXXVII. 55 l Hammond of the Bank. 


3 HE Baſe of a plain Triangle being 
cual to 80, the ** Angle equal 
FS 5 to 84 Degrees, and the Sum of the 
= RENT. erpendicular and the lefſer Segment of 

8 the Baſe equal to 68 ; to determine 
the Triangle. 


ProsBLzeM LXXVIII. by Mr. Moſs. 
Todeſcribe a Circle, through two given Points, ſothas 
the Segment of the Baſe cut off by an indefinite right 
Line, given in Poſition, ſhall eontain a given Angle. 


ProBLEM LXXIX. by Mr: Moſs. 


The three Sides of a right-angled Triangle being 
2 100, 80 and 603 to draw two Lines, one 
them from the right Angle to the Hypothenuſe 
and the other from the Point where the former meets 
the Hypothenuſe to either of the Legs, fo as to divide 
the Triangle into three Parts, whereof that included 
by the ſaid Lines ſhall be a Geometrical Mean be- 
tween the other two. 
PROBLEM LXXX. by John Turner. 
What is the Declination of the Plane, upon which | 
the Sun, on June the 10 in the Latitude of 51* 325 
continues 9 Hours 30 Minutes? 
3 PrOBLEM | 
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2 LXXXI. John Turner. 
The Latitude of the Place being given; ro deter- 
mine the Azimuth Circle in which the Difference of 


the Alticudes of the Sun, in any two. propoſed Day 
of the Summer Half-year, all be 2 Hun of 


ProBLEM LXXXII. by Mr. 8. Aſhby of London. 
| A Gentleman deſires to have a Mount raiſed in his 
Park, in Form of the Fruſtrum of a Cone, Which 
ſhould be formed by the Earth to be tu out &f 
2 Diteh to ſurround the ſame: Now, ſuppoſſug that 
the Altitude of the Mount, above the Level-of the 
Horizon, is 50 Feet, the Diameter of the uppermoſt 
Baſe 40 Feet, and that of the undermoſt 200 Feet 
alſo, that the Breadth of the Duch at its Bottom is 
10 Feet, the innermoſt Side coincides; with the ſlant 
Side of the Fruſtrum produced, and that che outer» 
moſt Side makes an, AG gle of 1357 with the Plane of 
the Bottom; *tis did to determine the Altitude 
of the uppe! oft Bat: above the Bottom of the Ditch, 
and the Breadth'of the” Ditch. i in _the Plane e 
: Horizon:" x3 $2 * 11 WIOGE 2 15% 

Posen rt gen. 1 » 
Suppoſing two unequal eights, one of four 1 
the other ft two Pounds, to be ſuſpended upon a Pin, 
by Means of a String; to determine far the 
greater will deſcend and: the .lefler-aſcend in one Se- 
cond of Time, neglecting the Friction of the Pin. 
PaoBLEM LEXXXIV. by Mr. 8. Clark of London. 
I 0 determine that Curve in which, ſuppoſing the 
Abſciſſa to be taken from the Subtungenk, the Re- 
mainder ſhall be to che Lr as the Tangent to 

- "the Ode on Por Res 


; | ProBLEM LAXRV. 3 John Turner. 

To determine the Equation of a Curve, by: whoſe 
Revolution a Solid is generated, which at all Alti- 
tudes is exactly. three Tenths of its circumſcribing 
Cylinder. Tu gel — PROBLEM | 
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PxonLeM EXXXVI. by John Turner. 


To find the Equation of a Curve, to which, a Per- 
ar, to any Point in the Periphery . 2 N 


mall always be a Tangent. 
ProBLEM LXXXVII. 22 Mr.  Thomgs Pero: 


TW: I \ 
a a Wust. when Fi " ctr 
neee, , 10Þ-3Þ bl. 
-PrzosLEe LXXXVIII. 5 John T | 
Tde Random of a Piece on the Plane ecke <= 
. with a Siren Charge of Powder, ar dn Eleva- 
tion of 30 being 1300 Tards; to find the 
Elevation of the fame Piece, when planted at 44 
Yards above the Level of the Horizon, ſo that (the 

of Powder 


5 continuing the ſame): \che'Ball ina 
tally eee pollibile 1 wich Dü. | 
unn 


Font LXXXxIX. + Jobs T WD 
_ Os the Parabolic Conoids er 
given Cone, to determine that w Curve 

Sucks will de the greateſt poſſible. re 


r 


i d te -...PronLEM XC. & John Turner, ... oe; 
| a Ball ro be with a Velocity of 
a cet in a cand. at an Elcvation of 4.5%, ang 
that the ReGſtance: of the at its leaving 
the Mouth of the Piece. won ie ene of. e | 

in a given Ratio ( ſuppoſe that Equality); to de- 
termine the Diſtance the Ball muſt move before it 
arrives at its greateſ Alti: ude, its Velocity anſwering 
ro the ſaid Altitude, together with the Diſtance de- 
ſcribed by the Ball when its Velocity is a Minimum; 


ſuppoſing the Law of Reſiſtance to be as the 15 6 1 4 


of the Celerity. - ; * 
n ngen v. 


£ 2 
£5 # 


R tuo laſt Diſſerrarions, contain a 
large Account. of the Nature and De- 
finition of Fluxions, and the manner o 
. — 4 the Relations thereof, not 
only in Ma itudes purely geometrical, 
other kind of 5 . 

aical, logarithmical, or expo- 
* vary by or De- 
no to the third and laſt Part of our 
di. to ſhew, the Application and Uſe of 
: Its * comprizes the * 


7 . 


* 


* 
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of ir in the Solution of two general Problems | * 
ing to the abſtract, or rational Mechanics; won 
__ Tas” Florins, 2s 3s. now cold, 
amounts to this mechanical Problem, The 52 


of the Space deſcribed 222 
the Velacity. of 1he Motion at any Time Ala 
the inverſe Method of Fluxions has for its Founda- 


tion, the Reverſe of this Problem, which is, The * 
Velocity of the Motion phy” Armor Lay to find 
- the —ç— deſcribed at — Propoſed. So that up- 
4 Solution of 
Frag eee mary in Ml che Vis, be hp 
| due fir Drew, which in hi of 
Curves, viz. Au yy mare any 
Number of flowing £ 3 to determine the * 
Kon . very 
HFle does not this, as is uſually done, & 
ing Quantity being given, to find oe its Faxjon,s for | for this 
gives us too th vague an king, 
and does not ſufficiently ſhew that 2 which 
à here always to be underſtood. Fluents and Fluxions 
are things of a relative Nature, and ſu two at 
leaſt concerned, whoſe Relation or Relations ſhould 
always be expreſſed He requires 
therefore, that all ſhould be reduced to Equaric 
by which the Relation of the flowing ; Quangities 
*- be exhibited, «ped ann hp, f des wi 


J ff 3 


be more callly eim... 
_ © To fix the Ideas of his Readers, he illurate 
Problems, by a particular Example.” If two 


Spaces x and Any < fine Adm Points, in ſuch 
manner, that the — — 
in the Nature of ime, and its equable-* Velocity 
being repreſented by the Symbol # z and if the Space | 

7 increaſes incquably, but after ſuch a Rate, as that 
* me rx ſhall always determine the Rela- 


9 * (or & „ 


»# 
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ven, as having any certain Value, y will thence be 
1 known, by the Rules of common Algebra) 
then the Velde of the Increaſe of y ſhall always be 


by ars. That is, if the Symbol re- 


preſen the Velocity of the Increaſe $y then will 


the Equation j=2xs always obtain. For the Fluxions | 5 


of equal flowing are equal, and by Diſſer- 
5 tation atb. p. 403. the Fluxion of xx in 2. + 0 
. Now from the . uation xx, or, which 
— os Space and.) wee 
*, (i. e. me, or its R n- 
tative for Time, 2 be repreſented by a Space 
. ) being continually given, hs Re- 
2 the Velocities xx is found, or the Re. 
— the Velocity 3, by which che Space increaſes 
to the Velocity +, by which the Repreſentative. of 


relation of the Spaces y | 


the Time increaſes. And this is an Inſtance of the 


Solution of the firſt general Problem, of which, how. 
ever, we will more ly explain in the Opera- 
tion, by giving. the A n and illuſtrate ic 
W th | 


RULE 


| Lat each Term of the Ejuatios be — by the 

75 of the Power of every flowing Quantity | | 
that Term includes, and in the ſeveral dialen. | 
| tions, inftiad of the Root of any Power of each, fab 
fine its Fluxion 3 then will the Sum of all thoſe 
T 


1 


a. £5» 
2 1 


 XAMPLE 1, „ 
* * 


rion tate, * 4 5 6 are ſtanding 8 1 
ties ; and x, y, K,. z, flowing ones. Since x is in only 


wo. Terms of che Equation, multiply thoſe Terme : 


Exporcacs of nn, TT 


den che reſpetitive 
3 2 


yy * 
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_ which are 3 and 1, and we ſhall have zx Lxyy; and | 
| wog in & Fluxion, inſtead of the Root of thoſe 
Tn of x, (that is, inſtead of x itſelf, or & of one 
Dimenſion) we ſhall then have 9&**—xy. If we 
"proceed after the ſame manner with the quantity y, 
"The. Reſult of that will be—2 % and if with the 
ity z, we ſhall have as. So that the Sum of 
al the Products, with their reſpective Signs, is 
ar-, - . Put this Expreſſion S, then 
will their Equation give us the relation of the Flux- 
tons of the flowing Quantities, (as ſo combined and 
-relatedin the Equation propoſed) or in other Words, 
this Equation will be the fluxional one of the other; 
- which may be demonſtrated from the Doctrine of 
Moments, explained in our laſt, thus: If at the pre- 
. fear Inſtant, the flowing Quantities are 2, y, x, at 
the next Inſtant, (when augmented by their reſpective 
Moments) they will become z+0z,9+03;x4+0+. Sub- 
ſtitute cheſe A . (in the Equation propoſed) 
iin the room of 2. y, and * reſpectively; and then 
5 that Equation, which will ſtill be a good one ®, will 


If the Truth of this ſhould be doubted, let the 
Texms be expanded and reduced to 3 Orders or Columns, 
.according- as the vaniſhing a 0 is of none, th or 
mere Dimenſions; 'S. YR | 

Here the Terms of the 
firſt Order or Column re- 
move or deſtro one ano- 
ther, as being abſolutely 
equal to nothing by the 8. | 

ven Equation. \ . 
They being therefore ex 5 the remaining ER 
may be all divided by the common Multiplier 9, whatever 
it is. This being done, all the Terms of the third Order 
will ſtill be affeticd by o, of one or more Dimenſions, and 
may therefore be e, as infinitely leſs than the others. 

1 _ there will only remain thoſe of the ſecond Order, 

1 mn 3 *— eee gra" _ * + o 
Suxional aa required;2 e STR} | 
£5558 . x : | | appear 


pe * J bas 
H —ozy*. i 
ere * 1 
* Ta -e. EL, 6 


! 
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eppear thus, viz. x*+ 3 054+ 3x0*5* 40" g)maxyfoom 
ba ir ere ok mm er : 


3 

„Tbe Equation propolat being com orebanded,. in 
this ſubſtract that from this, and dende the Re- 
mainder by the Quantity , and then it will be, 8 


. 'o+ 3x05 — = 209 h—X0) . ⏑ +608 
s. Nom iet the Quantizy o be diminiſhed infinite- 


ly, or ſuppoſed to — 5 and then all the 2 


into which it is multiplied, alſo vaniſhing, there will 


remain -gx*#——y*5*—2xy;+aa:Z6, the fluential E- 
quation, which determines the Relation of the Flux- 


ions, as far as it can be determined from one Equa- 1 


tion, only including the flowing Quantities. 
This Proceſs is in effect the lame with chat 3 
| has been ſo often mentioned before, for determining 
the Proportions of Fluxions ; viz. the laſt Ratio'of 
the Increments : To raxe it as plain as poſſible, Mr, 
Dice de an Equation according to both Me- 
:ompares the Reſults, Let the uation 
be ee or a8z=xYy.: Then accor ing to 
the Rule above, the fluxional Equation will be ages 
—yi—2yx=0. Now, if by che other. Method, 
we take the laſt Ratio of the Increments 
in a given Particle of Time, that will give vs the 
Proportion and Relation of the Fluxions of any fluent 
| 22 propoſed. To ſtate the Increments right - 
congruouſly, we are to conſider, that in the 
en Time the Quantities , 3, and 2, 


flow into x4+03, y, and 2 3 and in the ſame 


Inſtant that y becomes Y becomes yy-209jþ - 


1 003* Cake the ſame nſtanc "ine 2x GT 


203j4-00/*, the Quantity yy becomes ; 
x005 TD 23005640159 3 and the Quantity az be- 
comes aaz-+ag0z, Therefore the Augments of ayy 
and aa generated in the ſame Inſtant, ate 10 09+ 
vag Ley . Layei Co, and aas; and | 
e one do another, as ANIONS IM 
{? 3 * 


n finite, is a Ratio of 


* Rule above. The Meaning of all this muſt be, that 
. whenever a and 5-denote the Velocity 


3 which is undeniable. to a 


_ __ the Relation or Ratio of thoſe contemporary 
- nents, when they are 
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I And for the laſt Ratio of them let 
the augmenting Quantity o vaniſh ; and then they 

| will be as 20. He to 4a, which is the Relation of 
- ed. — 
8 gane in « given Dictiels of Fe 
equal z f. e. The Ratio of thole Incrercnts obſidered | 
3 and therefore. the 

Ratio of thoſe Inerements conſidered as naſcentia, or 
evaneſcentid, Hall be a Ratio of Equality; andthere. 
ſore the Ratio ofthe Fluxivnsſhall be a Rario of Equa. 
ny; that is, 2y94+y95=a4s, and conſequently aa 
es, which is the Equation found by rhe 


of flowin 


in the dome — werck DS ELVES 
In this way of arguing, there is no- AM 
mne but what is juſtitable by he rackived Me- 
thods, both of the antient and modern Geometri- 
- Hits We only deſcend from a general Propoſition, 


Inn which. £ 


ay included in it. 


are naſcent or evaneſcent, l 
ginning, or juſt to bez. in a Wotd, OG 
they arc Moments, or vaniſhing Quantities. * 

To evade this Reaſoning, en 
that no Quantities can be conceived leſs than allipgn- 
able 4 thar the Mind has not the Privilege bs 
of conceiving Quantity as perpetually diminiſhing fe 
Jie 4 — of a vaniſhing Quantity; a 


2 Moment, an infiniteſimal, Cc. includes a Contra- 


nn. In ſhort, —— e 
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cally) diviſible ad infinitum-; for, to that the Contro- 
verly moſt be reduced at laſt. But it will ba a very. 
difficule Matter to extort this Principle from the Ma- 
thematicians of our Days, who have been ſo long in 
quiet Poſſeſſion of it, who are indubitably convinced 
Ecke Evidence and Cercainty of it, who coniiundlly 
and _— apply it, and who are ready to ac» 
„ extreme Uſefulneſs of. 


31 N frm per Tg els the Reisen af 
clicks F concerning which we have laid fo 
much) in None je us rake another Example, 


The fluential Equation is 2y*—2*-+4*=o, the. 
of which, according to the above 


_ fluxionary 
Rule, will be , enrich this reduced to 
an Analogy ſhews the Relation or Ratio of £07 


= fn the firſt of theſe Equations ex» 


dels the Relarinn of the flowing Quantities tics 2 and. 
: Times, e and the = 


r lar determinate Vale fer ach the 
e 25 d. 


the Fluxons as & ar different Values of che Fluent) = _ 


 hewhbolly known. | KAY . 
ſuppoſe chat any Tims 2883 3 then _ 


C2 We Mad IE 6. ES _ 


For Inſtance, 8 
eg 24 for 2, in the Equation Mn 


3 e eee | 5 
U Nag man ting 


it becomes 5 — 4+ = | 4 _V/97260 


58 2 

| Wholly a known Quantity. Which ſhews, that at 
What time or place the variable Quantity z becomes 
m the known determinate Quantity 24, the Velo- 
city with which z flows at that Time, is to the Ve- 
locity with which y flows at the ſame Time, as the 
cube Roots of 97200,, and 117649, ate to one an- 
other. And it z be taken of any other Value, an- 
other known Relation of = and 5 will atiſeGQ. 
Hence it appears, that when a fluential Equation. 
is. propoſed, containing two variable or flowing 
 Quantinies only, the Relation of the firſt. Fluxions. 
of theſe two flowing Quantities, may always be 


had in Terms containing the two variable "Quan« = 


tities, and known Quantities only; and there- 
fore by aſſuming one of the flowing Quantities at 
Pleaſure, the fluential, Equation by the Rules of ; 
common Algebra, will give a . 

Value of the other, flowing Quant 


ty: Wherefore 


1 the Relation which. the Fluxions of theſe two Quan- 


tiries bear to one another at that Time, will be fully 
known and determined, by ſubſtituting the particular 
determined Values of the flowing, Quantities, in 
of them in the fluxionary Equation... And one 
of the Fluxions, (whoſe Fluent flows uniformly) 
being taken for Unity, or of any determinate Value, 
the Value of the other may be exhibited by a Number, 
which will be a compleat Determination. 
For another Example, let the fluential Equation 
-s be propoſed, which belongs to the com- 
mon Parabola; x being the Abſciſs; y, the Ordi- 
nate; and p, the Parameter of. the Diameter,» The 
fluxieoary Equation thence ariſing, is p#+—2y5=0; 
| whence 3 :: 29:2 ; vis, the variable Ratio 5 | 
= * ä and 
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| and 5, will be at all Times, and in every: Place, as 
ewice the Ordinate in that Place to the er. 
Now ſuppoſe we would know, . — that Ratio 
would be, when xp, inſert 2 for x. in the Equa- 
tion .- , and it becomes -, or = 
ſo that when the Abſciſs is = the Parameter, 6 
is the Ordinate likewiſe. Wherefore inſert p for y, 
inthe Value of the Ratio of : to j, and itis#5$22Þ:9:22: l. 
So that, at that Time, the Velocity with which the 
Abſeiſs encreaſes, is double the Velocity with which 
the Ordinate increaſes. - And fo by aſſuming other 

n rely * Relarins ef 


. 
tion only. But the Relation of the Fluents in he 
fluential and of their Fluxions in the 


: 


fuxionary one, will no be fully determined, unleſs 
another Equation he given. As if it were 


that x—ay42=0. From whence we de- 
duce 47. L=, for another Relation of the Flux- 


ions, beſides the former. Therefore by comparing 


exterminate any one of dhe Bowiag Quangitiee, an 
alſo any one of the Fluxions ; and thereby we may 
obtain an Equation, which will entirely determine 
the Relation of the other two, whether ' 


Dd OE luxic 
6 # 


thetwoduencial eee de evo: | 


flowing 
as 9 if you want a0: _ 
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the Relation of > and 3 fully determined, the firſt 


fluxional Equation gives 2 === q the other, ” 


which, is deduced from the ſecond fluential Equa- 
tion, Ec. either given, or aſſumed, will give c. 


; therefore by equating theſe Values of x, we have 
5 gs, - Again, by means of one of 


the fluential Equations, as off x—ay+2=0, take a 
Value of z ; viz. , and put that in Place 


of z in the Equation e, and it 


becomes e ee eee or #:; 

: : dc%—2by : a—cay-+ 26x. Where, if you take x 

at pleaſure, the fluential Equations will give y, and 

ſo the Relation of * and ; will be entirely detor- 

_ mined. Or more ſhortly thus. From the fluential 

Equation ax+by*—cxz=0 propoſed ; and the other 

„z , either given or aſſumed, find another 

Equation free of z, which will be ax4+by*=acxy—cx*; 

and from that you'll have wt eat N 
-2cxx, as formerly. 

Wie may obſerve, chat when there are three flow- 
ing Quantities, and but one Equation to determine 
their Relation by, the Fluxions, as well as the Quan- 

rities themſelves, admit of an infinite Variety of Re- 
lations, (like indeterminate Problems in common 
Algebra,” which admit of various Anſwers) in that 
Caſe we muſt aſſume another Equation, as above, 
whereby to determine one of theſe Relations only ; 
for there ought always to be given as many Equa- 
tions ſave one, as there are flowing Quantities, And 
further, the Fluxions of homogeneous Quantities are 
Mill to be conſidered in relation to one another; for 
without ſuch a Conſideration, we can make nothing 
of the Doctrine of Fluxions. Therefore, ſince every 
ä — contains tho Fluxions 80 two 
ä owing 
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ities at leaſt, either expreſſed or un- 


_ flowing Q ti 
derſtood ; and thereby determines only the Relation 


of - theſe en it is left at Liberty, to ſuppoſe 


one of theſe flowing Cs to flow or change at 
any rate; FOE * 
ing to any Law of Acceleration or Retardation, we 


think fit to frame or ſuppoſe : becauſe ſuch a Sup- - 
poſition. never alters the Relations of the 2 | 


or Velocities of flowing. Hence our 


the Relation of Fun will then be moſt Gear 


diſtinct, when we ſuppoſe one of the flowin ny eh 
ties to flow with an uniform and invariable 


and call it Unity. For thereby that uniform Fog 
is made a common FP by 


* to meaſure the reſt. 


Thus in the Equation of a. common Parabola pr ; 


e, from which the fluxionary Equation px— 
' 2Yj=0 i deduced : wo ſuppoſe the Abſciſ x to flow 


uniformly, and put its Fluxion #=1 z by this means, 


fo that-the- Flurion of the Abſciſs being 
NN F r 


by the Quanti 


Ca 3 


the Axis, chat the Velocity with 
inate increaſes, is always invatiably 


Oulu 


be kame, and call it Uaity; then Pian, be 


comes pim=2y=0 or i=Z i i. K. in ſuch a Caſe, the 


i Velocity with which the Abſciſs flows will be my 


| expreſſed * And fo of others. 


The A n | 
tenſive, f . ä 


. To 8 


RS: Problems 7 . 1 


y and uniformly ; or accord- > 


thefluxional Equation becomes p—2y/=6,1. e. 55 | 


always | 
_ 
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t. To determine the Maxime and A of | 
+ J dw Timm th al Sortsof Cutves, whe- 
2 geometrical or mechanical. © 
3. To determine the Poims of contrary Flexure, 
RO a tbe che ti 1 
: To determine the icy of ene r 
ven” Point cf 4 per j . e. to find the 
L 
this may be com 
Points, where a Curve has any given Degree of 
Curvature ; where it has the greateſt or leaſt, and 
the Locus of the Crntre of Cyrvature. | 
| I What tas thu fl] Witte Inſtance or 
| two, of the Do&rine of Maxima and Minims, (tho : 
Mr. Fermat 4 Century ago, and Mr. Sages, in 
his Elements of plain „ has folved ſeveral 
| Probletns of this Kind, yet the Method of Flaxions 
comprehends and improves all others, eſpecially che 
moſt difficult) for the famous Rule of 
which multiplies the cmcrca Prog when properly di 
, extends not to 
Farah Ge win "Quantiries. .Some of 
, 1 . 
Dae cb tes Ce termed 
only one way, 28 Point in this Arch, 
where the Tangent becomes parallel or perpendicu- 
lar to the Abſciſs, then the greateſt or Jeaſt Ordinate 
 paſſcs-thro”. this Point: the Writers upon the prac- 
tical Part of this Doctrine oommonly diſtinguiſh 
theſe, by is eee la 2 
| ſerving whether the Fluxion of the Ordinate be poſi , 
tive, before the Abſciſs arrives at another certain 
Point, and becomes negative afterwards : vr is firſt 
negative, and then becomes poſitive z it is a Maxi- 
mum in the former, and a Minimum in the latter 
ie "The Rules they give for diſcove hd 


des us —— 


= 


the remaining Terms, when- mode = 0, a Valar f 
the Abſeiſs will be found, when the Ordinate is a 


£ * 4 the + wp ## 


F " Py 
4 * & * „ Re 
L 4 = g 2 * 
A #4. E £38.74 


yl 


2 above directed: To 


thematics nothing 
Charms, or pocus Tricks, we will endeavour 


to give the Rationale of this Matter thus y let KCL 


be a Curve deſcribed, with the Baſe AD, and Ordi- 
nate BC, on both Sides of which the Curve extends : 


” "#1 

F * 75 2 2 8 Ty : 28 Y 5 7 * & Þ 2 : on ©. # p.7 

28 4 fot SE eee / ß ßß̃ KEE Azz 
A 7 . . 7 2 3 7 


4 
N vs 


- n * © " 2 * * — . - 4 * I A 2 £24 


PEST ER — 5 = , > * 2 2 * + * n * , 4 8 
3 1 "y „ „ 
1 is * * * 2 1 * 
; * - ; 4 
7 ” 8 a; ** 
« 4 ; : S 4 F 


F< . 8 * 5 2 3 
- 989 „ Ph £2 ; - £4 
et 


' While the Abſcifs AB encreaſes, as at Fig. 2 1 n 
the Ordinate BC enercaſes together with it, undi! 


X, 


BE Fo 


to be effected as it were by 


— 


* — 
'” Io —U— . —Uñjͤ— 2 
1 * o . 


K K————ᷣ— 
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it attains a greater — than in the Times or 
Poſitions a little preceding or ſucceeding, — ** 
fore ĩs called a Maximum : thus circumſtanced, 

a ſtanding Quantity, having no Velocity of Increaſe 
or Decreaſe, conſequently no Fluxion, or its Flux- 
ion is =o, and therefore whatever it is . multiplied 
wich is =0, as at Fig. 1. or elſe is infinitely great in 
of the Fluxion of AB, as at Fig. 3. 0 


dit from: being paũtive, it could not become 


— 3 1 BC | 
_ diminiſhes, —— — 8 
ns therefore in n 


Reaſons — muſt either be Do, as at Fig. 2. or 
be infinitely great, in compariſon of the Fluxion of 
AB, as at Fig. 4. 

Hence it is evident, that we cls the Abſcis, nd 
; y the Ordinate of à Curve, when the Fluxion of y 
vaniſhes, the Tangent becomes parallel to the Ab- 
ſciſs, as in Fig. 1 and 3; and when the Fluxion of 
vi inſinitely great, in compariſon. of the Fluxion of 

, the Tangent coincides. with the Ordinate, as in 
Fig. 2 and 4. (Points of contrary W and Re- 
are not here conſidered.) ) 
Wherefore an Equation being cial, Including 
two unknown Quantities x, and y, which may be con- 
ceived as the Abſciſs and Ordinate of a Curve, the 
laſt of which is to be determined at its extreme Va- 
lue ; find the Relation of their Fluxions, or fluxionary 
Equation, as before ſhewn ; (vu garly called throw- 


| ral xpreſſ Ae en, then e e 


1 it would have been a Minimun "N= one > had 


l \ es 3 


The MATHEMATICTAN. 355 
becauſe by the Nature of the „ and for the 
| Reaſons above, it muſt be ſo ; f the Equation 
thence reſulting, compared with the fluential 1 


tion, we may exterminate the unknown 
and get a new Equation, including only the other, 


æ, whoſe Root or Roots will ſnew the Point or Points 


of the Abſciſs, at which an Ordinate or Ordinates 
being applied, will thro a Point or Points of 
the Curve, where 


the Ratio of the Fluxions) and proceeding the ſame 
way, we may diſcover the Points of the Curve, 
where the Tangent coincides with the Ordinate. 
Sometimes the ſame thing is done by putting the 


Reciprocal of the Fluxion of the Quantity, whoſe 


extreme Value is to be determined S. 

Let y+x*—24x—#=0 be an Equation propoſed, 
and it is required to determine the extreme Value of 

I. The Relation of the Fluxions, or the fluxionary 


Equation, | is . Now ſince 3 is ne- 
ceſſarily So, therefore 7 =? 022628, ow: ec 


have x=8. . To find Ade 7 be at an treibe Va- 
lue; and if ſo, whether it be a Maximum or Mini- 


mum, put x4+p, and x inſtead of x, in the Equa- 


tion Y + 2ax—x*;, whence we have firſt, y=b 
+244 +24p—x*—2Px—þ*. And ſecond, y=Þ*2- 
24%-——2ap—x*+2px—p*. From which two laſt Va- 
lues of y ſubſtract 4*4-2ax—x*, and the Difference: 
are, firſt, +2ap—2px—p* y and ſecond, 

2Px—þ*, where if for x, its correſponding Value 2 
be inſerted, and the repugnant. Terms throw out, 


„ Ithe reſulting Differences are on both Sides the Ordi- GO 
22 15 nate —p*, therefore y is a Maximum, ſince both Dif- 


ferences are negative: had they both been poſitive, 


\ J i 
* 


Tangent is parallel to the 
| Abſeiſs; and again, by putting o, (i.e, changing 


been 


—— - _——— — — — — 
r ˙ r! , 9 PR 294 —— — 
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pan. and the other negative, there would have 
. 3 6 

Cryin he t. 75 = =0, 


— }=0,. which, can on. | 
N =0 y 


: here no Maxi- 
happen Wege din bike fare: for while-the Di 


T 


Gribe in an en Trian- 8 
in 78 . 


* 
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After the ſame manner you might determine the 


inſeribed Purallelogram to à Mavimum, if CAE had 

bern a Segment of any known Curve: thus, if ie 
had been a Portion of a Parabola having AB for the 

Dante, and CE an Ordinate 3 the Fig: 


then becauſe per Conics0: 125 e — 


| auer fo oe this reſſi _= when mult lied 
9 — fe FG op . the Bets v de te- 


| 755 * = —__ the 12 of the Fluxions, ot 
en Equation, and forthe Reaſons above make 
* Nt | +44 


7 . | then web have the Fluxion of ed 
or, which is the ſame thing, (by dividing t th the "5s 
— ns = nothing z/ _ 3 


FL „ when by reduting 700 kind 5 
4. « which n ase from ther Principles, Under Ho hi 


this ; £127 are com great Lane — curious 
and important Prob Mechanics, Afr doo, 
and Phyſics. 


We OE nas thee. 8 1 _ 
plied his firſt general Problem above, to the drawing . 
of Tangents — nah Curves, not to geome- 
trical ones only, where s Method reaches, 
but thig extends even to mechanical Curves alſo: 

1 manner of Operation herein eaſily follows, 

ak. was 403k oved in Diſſertation 5th, p. 

he Relation of the Fluxions os 
For ſince it appears, by call- 
ay” Al », the Ordinate y, and the Subtan- 
gent 4, that ;: :: Ordinate: Subtangent.. Hence 
the general Formula or Expreſſion for the Subtan- 


nnn 
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the Curve, we find the fluxionary Equation ; and if, 
inſtead of the Ratio of the Fluxions in the Formula, 
we ſubſtitute the Ratio equal to it, which reſults 
ſrom the fluxionary Equation, and is compoſed of 
other Quantities, freed of Fluxions ; we ſhall then 
have an Expreſſion for 5, in Terms of the — : 
and other known Terms. | 
Let y* u define the Nature of the Curve; 3 
this put in Ar as it is commonly phraſed, will be 


AP mal =_— . = 3 multiply this by 9, 
ths inſtead of the general fey ry above, we have 
(== J- the Length of the Subtangene 


but if we would have the Subtan ent expreſied i in 
Terms of the Abſciſs, inſert for ygits Value =, 
from the Equation of the Curve, and we have ax 
5s: wherefore if we take 12, the Equation will be- 
long to the common Parabola, and fo the Subtan- 
gent will be'twice the Abſcifs. If 1 be 3, 4, 5, Ge. 
which gives a Series of Parabola's of different Or- 
ders, we ſhall have the Subtangent equal to 3 times, 
4 times, 5 times, Sc. the Abſciſs reſpectively. 
Altho®” the Curves, propoſed were mechanical; 
viz. the Cycloid, common Spiral, Sc. wherein one 
of the flow ing Quantities is a curve Line, and whoſe 
Relation fo the other cannot be generally „ ee by 
an algebraic ation, yet may Tangents wn 
to them; 10 that i 33 is © find the Rela- 
tion of the Fluxions of the Abſcifs and Ordinate, 
expreſſed by finite Lines from the Property of the 
| Curve, and ſubſtituting the proper Expreſſions thence 
l — reſulting i in the general Formula for the Su 
| above. The fiſt general Problem; whoſe Uſe we 
have exemplified in the Maximis and Minimis, and 
in drawing Tangents to Curves, does likewiſe ex- - 
tend to other Branches, ſuch as the finding W 


* 

* 
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of contrary Flexure ; and the Evoluta of 
| which have their Uſes in mathematical Philoſophy ; 
and this by means of ſecond, third, and ſuperior 
Orders of Fluxions. Altho' Sir Iſaac, in his Me. 
tbod of Fluxions and infinite Series, purſues the above- 
mentioned Speculations, which require the Uſe of 
ſecond Fluxions, or higher Orders, and has there 
very artfully contrived to reduce them to firſt Flux- 
ions, and to avoid the Neceſſity of introducing thoſe 
of ſuperior Orders, Yet in his other excellent Works 
of this kind, as he makes expreſs mention of them, 
we will attempt to diſcover their Nature and Pro- 
perties. When a Fluent is not augmented or dimi- 
niſhed by an uniform, but by a varying Velocity, 
then its Fluxion or Celerity of flowing, being diffe- 
rent at different times, is iſſelf a variable, indeter- 
minate, or flowing Quantity, and therefore admity 
of a Fluxion, called the Fluxion of the Fluxion, ' or 
ſecond Fluxion of the Fluent, If this ſecond Fluxion 
be conſtant and invariable, there is nothird Fluxion; 
but if qtherwiſe; that variable Fluxion or Celerity 
may be itſelf conſidered as a flowing Quantity, and 
therefore admits of a Fluxion, as well as any other 
variable antity ; and is called the ſecond Fluxion - 
of the firſt Fluxion, or the third Fluxion of the flow. 
ing Quantity ; and ſo on without End. For the 
Fluxion of any flowing Quantity, being nothing eMe - 
but its CORY of flowing ; and Celerity being itſelf 
a Quantity; there is no reaſon why, when it is va 
riable, it ſhould not be conſidered in the ſame lighe 
with any other flowing Quantity ; i. e. as having a 
Fluxion, which expreſſes the ſwiſter or ſlower Mu. 
tation, with which that Celerity flows or cha N 
A * the two Fluents AR and CS, whoſe a e 
compared at p. 201. in Diſſertation 4, where AR 
being denoted by x, and CS by ca; the Fluxion of 
AR, pen to the Fluxion of CS, rhe Proportion ot 
* to ca , orof 1: * Here it is evident, that 
; 2 555 
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the Antecedent of this Ratio being a fixed Quan. - 
tity ; vis. Unity and the Conſequent epx%, while 
+ flows, à variable one, unleſs when vi; the 
Fluxion of AR does not bear to the Fluxion | of CS 
always the ſame Ratio. If v=z2,. that Ratio is as x, 
to the variable Quantity 2cx 3, and if v==3, that Ra. 
tio is as 1 to 3cx*, ſtill varying from the former Ra- 
tio. Therefore if AR be deſcribed with an uniform 
Velocity, when © is any Number greater than Uni- 
ty, CS is fo deſcribed oh a Velocity continually 
accelerating, that when. v=2, this Velocity aug- 
ments in the ſame Ratio as AR itſelf. increaſes, (for 
ac a ſtanding Quantity alters not the Ratio at all) 
and when g, it j in the Duplicate of that 
Ratio, , 

Here therefore we ſee, that while one Quantity 
flows. uniformly, the other is deſcribed with a vary- 
ing Motien ; and the Variation in this Motion, is 
called the ſecond. Fluxion of this Quantity. It is 

farther evident, that in this Inſtance, when v=2, the 

ariation of the, Velocity is uniform, for the Velocity 
keeping always the ſame Proportion as &; while x 
increaſes uniformly, the Velocity muſt, alſo increaſe 
after the ſame manner, But when v==3, ſince the 
Velocity is every where as *, and x* does not in- 
creaſe uniformly, neither will the Lane augment 
uniformly. So that it appears the Variation in the 
Velocity here with Magnitudes increaſe, may alſo 
vary; and theſe Variations are called Fluxions of 
Fluxions: this Conſideration of Velocities os per- 
petually varying, and their Variation if changing 
is an uſeful Speculation, becauſe it 1 in fact, 
moſt bodies in nature we have any Acquaintance 
with, actually moving with Velocities thus modi- 
fied ;. witneſs the true Theory of the Deſcent of Bo · 
dies, the Motion of the Planets in their elliptic Or- 
bits, the Motion of Light at the Confines of different 


W Medion, and the ee vel pendyloys b 


— 
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In ſhort, an uniform unchangeable Velocity, is not 
to be met with in any of thoſe Bodies, that fall un- 
der our Cognizance: fot in order to continue ſuch a 
Motion as this, it is neceſſary, that they ſhould not 
be diſturbed: by any Force whatever, either of Im- 
pulſe or Reſiſtance; but we know of no Spates, in 


which at leaſt one of theſe Cauſes of Variation does | 


not operate. Wherefore'the Velocity of a Velocity, 
how. uncouth ſoever it may ſound to the Author of 
the Analyſt, will excite no abſurd Idea, whenrightly 


conceived ; but, on the contrary, will be a very ra- 


tional and intelligible Notion ; and ry ae 
that of ſecond, third, and higher Orders of Flux- 
ions, muſt. be admitted as ſound and genuine: and 
every Order of them is aſſigned from the next lower, 
in the ſame manner as the firſt Fluxions are affigned 


* 


from their Fuents. 


Me now proceed to the ſecond "geneialt and 3 
damental Problem of this Doctrine, which contains 


what is called the inverſe Method of Fluxions, and 
is borrowed from the Science of rational Mechanics; 
which is, from the Velocities of the Motion at all 
times given, to find the Quantities of the Spaces de- 

ſcribed ; or to find the Fluents from the given Flux- 


Propoſed, involving the Fluxions of Quantities, to find 
ibe Relation of thoſe. Duantities to one another, This 


taken in irs full Extent, is juſtly called moge = 
& omnium di ſicillimum Problema, The 5 10 a 


ventor firſt gives a particular, and then a general So- 


lution of it. His particular Solution extends to ſuch 


Caſcs only, wherein the fluxional Equation pro- 
ſed, either has been. or might have been derived 


from ſome finite algebraical Equation, which is now 


required, Here all the neceflary Terms being pre- 


ſenr, and no more than what are neceſfary, we may 


by a Proceſs, juſt contrary to the former, return 


back again to the original Equation, Tho? to 20 2 


* — 
- 
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the Fluentio finite Terms,when it can bedone, requires 
ms Expedients. But it will moſt commonly 
if we aſſume a fluxional Equation at 
ure ; or if we arrive at one, as the Reſult of 
Calculation, that ſuch an vation 38 20 be re- 
ſolved, as could not be derived from any previous 
finite algebraical Equation, but will have Teims ei- 
- ther redundant or deficient ; and conſequently the 
_ algebraical Equation required, or its Root, muſt be 
had by Approximation only, or by an infinite ſeries. 
In which Caſes, we muſt-haye recourſe to the gene- 
12 Solution. The Precepts ſor this particular Solu- 
tion are theſe: viz. 
. Strike out the fluxionary Letter, add Unity to the 
of the flowing Quantity, in the Expreſſion, 
and divide by that Exponent thus increaſed by Unity. 
_ Theſe muſt be done for every one of the flowing 
G in the given Equation. Thus the Fluent 
the Expreſſion a ⁰νiνι is 2 FibattF 
We may be affured it is right, if from the 
Ns found, we return to the Fluxions given. 
Here it was that Sir Tfaac had occalion to muſter 
ſo much Force of Intellect, to exert ſuch Efforts 
amazing Sagacity, ſuch Subtilty of Invention, 
ſuch Variety of analytical Expedients, as far ſur- 
all former Experience, for moulding and form- 
ing the . moſt crabbed Expreſſions of mathematical 
Quantity, into ſuch familiar Shapes and Transforma- 
tions, as would render it equally manageable, as by 
the few and eaſy Rules of his direct Method. 
When this particular Solution will not take place, 
and there are only two flowing Quantities in the E- 
ation with their Fluxions, it is required that the 
L be reduced to ſuch a Form, as that on 
one Side may be had the Ratio of the Fluxions, 


12 (Ae ge e Side the 
= 9 Value 


we MATHEMATICTAN 
Value of that Ratio, 
Terms. The Antecedent of the Ratio, or its Fu - 


ent, will be the Quantity to be extracted, and the 
Conſcquent for the greater Simplicity may be made 


Unity. Thus the Equation za is 


uc to eee: So the Fang jo— | 


4 Sk „ Raule 


ponents 

KI nds 
thus bald ar any 22 is denominated by a com- 
pound Quantity, or is radical ; or if that Ratio be 
the Root of an affected Equation, the Reduction 
muſt be 
of Roots, or 
5 If in the 


the Reſolution of an affected Equa- 
above we reduce the Term 


2 denominated by the compound Quantity a—x 


— Tr 742 9LE £1 
Sc. by dividing the Number 3 by the Denominator - : 
a—x, we ſhall haveZ=1+Z ++ SEALED &c. . 


by the help of which the Relation berween x and ys 


to be determined. 


For the ſake of Perſpicuity, JOY" to fix the Ima- 
gination, Sir [aac introduces a Diſtinction of Flu- - 
ents and Fluxions, into Relate and Correlate. The 
Correlate is that flowing Quantity, which he ſup- 
poſes to flow equably, and is given, or may be af- 
Inſtant of Time, as the known Mea- 


ſumed at any 
ſure or Standard to which the Relate Quantity may 
be always compared. It may therefore very pro- 


perly — Time; and its Velocity or Fluxion, 


being an uniform and conſtant Quantity, may be 


made the fluxional Unit ; or the known Meaſure of - 
the Fluxion (or. of the rate of flowing) of the Relate - 


363 
expreſſed by ſimple algebraic 


performed either by Diviſion, or Extraction 
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Quantity. The Relate Quantity or Quantities 8 
that or thoſe, which are ſuppoſed to flow unequably, 

with any Degrees of Acceleration or Retardation; 
and their Inequability may be meaſured or reduced, 

as it were to Equability, by conſtantly comparing 
them with correſponding Correlates or equable Quan- 
ties. This therefore is the Quantity to be found 
by the Problem, or whoſe Root is to be extracted 
from the given Equation. And it may be-conceived 
as a Space deſeribed by the inequable Velocity of a 
Body or Point in motion, while the equable Quan- 
tity, or the Correlate, r reſents or meaſures the 


Time of Deſcription. Thi may be Reed ON 


dur common mathematical Tables of Logar 


Sines,, Tangents,  Secants, £2 In. the 7 +; | 
Logarithms, for Inſtance, . the Numbers are the 
correlate Quantity, as proceeding equably, or by 
equal Differences; n as a re- 
late Quantity, proceed ere and by unequal 
Differences. the Arches or may be con- 
| fidered as the correlate Quantity, becauſe they pro- 
ceed by equal Differences; while the Sines, Tan- 
gents, Secante, Ec. are as ſo many relate Quanti- 
ties, whoſe Rate of Incteaſe is exhibired by the | 
Tables 

In reſpect of this — cy Equations. may be * 
ſtinguiſhed into three Orders; Firſt,- in which two 
Fluxions of Quantities, and only one of their flow- 
ing Quantities are involved. wi ne In which 
the two: flowing, Quantities are involved, together 
with their Fluxions. Thirdly, In which the om | 


7 wan two are ee e nh 


Serorlon of Casn Fiſt, 


. Suppoſe the flowing Quantity, which aloas is 
contained in the Equation to be the Correlate, and 
the Equation. being -accordingly diſpoſed, (i. e. by 
making on ge by: * the Ratio of the 

EN 43 * | _ Fluxion 
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TherdorsZ v= 112 ere blur We. 
a co 


nſequeritly ee. 
, &c; 2s may calily be by the diet Me- 
thod,. Tb here that Mie. Lulſen explains an uſeful 
 Ruleby which an infinite Expreſſion may be always - 
avoided in che Conciuſiom ; he explains and applies 
the Difficulties and Anomalies in the Solution of the 
otlier two Caſes, which is chiefſy performed by in- 
troducingg ſeveral new and ſimple Methods of Ans : 
lyfis,- ant by applying the Inventors ri fog 
_— x Paralleiogram to theſe, 
ns: 

Series are determined; and their initial 8 
tions; but Ike wiſe all the Series: may be ſound;:that 
can bo derived from the ſame fluxionali Ec * 3 
2 $2 very. good gentra 
ſolving all ns, whether algebraical or 

tonal; Founded on the Uſe and Adwiſſi, of the 
higher Orders of Flunions. "LR 
Various are the Methods: conerihed for. beg i 
Fla according to the of the Artiſt, and 


} 


which-rheans-not only 8 of the. bo 7 
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Treatiſes, which contain the Doctrine; Preparation; 
and A lication of Fluxions; to which we refer the 
Reader for practical Rules therein; à minute Detail 
here id confiſtent; both with our Deſign and 
Compass. But as we have not yet touched: upon 
that extenſive and noble Step for the finding of Flu- 
ents, called the Quadrature of "Curves, we will-con- 
, dude this — 8 nen Nature" and 
the Line A0 10 5e _ re- | 
| ſame, while the Ordinate BC flows with a 
| 9. continually accelerated or retarded in its 
perpendicular Direction, but uniformly» along AB, 
(ſee Fig. p. 271, Diſſertation 5.) therefore the Areas 
of the Curve and Parallclogram ABC and ABDG 
deſcribed in the ſame time, are likewiſe flowing 
Quantities, and their-Velocitics of Deſeription, or 
their Fluxions, muſt neceſſarily be as their reſpective 
| — ing Lines BD an BE, from the very Defini- 
. of Floxions,' as is chere proved. Let; AG or 
4 BD be linear Unity, of « covftant known right Line, 
to which all the other Lines ate to be compared or 
_ referred ; juſt as in Arithmetic, all other Numbers 
are tacitly referred to 1, or to numeral Unity, as 
being the ſimpleſt of all Numbers. And let the Area 
ACB be ſuppoſed to be applied to BD, or linear U- 
nity; that is, be divided by it, by which-ajeans the 
- Area uill be reduced from the Order of Surfaces | 
to that of Lines; and let the reſulting Line be called 
2. That is, make the Area ACB=2xBD z-and if 
- AB be called x, then is the Area ABDG=xxBD. 
Therefore the Fluxions of theſe Areas will be BD, 
and 5D, Which are as as 4 and . But the Flux- 
ions of theſe Areas were before to be as BC 
to BD. So that it is : 4: BC: :BD= 1, 0 „ 
BC. | Conſe in any Curve, the Fluxion of 
| the Aten will be, as the Ordinate of the Curve mul 


5 oC ah Hai 5 h Thus 


22 


27 „ eee ity in the 6 abs 
the Latus Rectum, » he the Ordinate, and, æ the Ab- 
ſciſs, then by the Property. of che Figure 9 a, 
= gia fame will hold FRG in general, W 


lad 4 SE: =ax iA ; therefore the Fluent" of 
this muſt be the Curve, which by the Rules before | 
laid down, muſt be *axi=*xxaxz; that is, + of the N 
Abſciſs multiplied into the Ordinate, gives the Area, 
which we know to be true by other Methods. 
By this Method, when we enquire into the Area 
of any Curve propoſed, that Area may be exhibited 
either ari/bmetically, as above, or geometrically, by 
finding and deſcribing other more ſimple Curves 
with which it may be I. The great In- 
ventor has conſtructed a Table or Catalogue of 
Curves, that are capable of being compared geome- 
trically with the Ellipſe and Hyperbola, fo that their 
Areas may be exhibited by the Deſcyption of theſe . 
Figures; and conſequently Siren, when theſe 55 
gures are gien, 
We might produce a Mokdplicity of Examples to 
verify the above Doctrine of the inverſe Method of | 
Flaxions, but the above is ſufficient to prove the 1 
Rationale of it. | 
This ſecond general Problem branches ieſelf out 
to a great many noble and uſeful Purpoſes in Me- 
chanics, A, and Phyſics; ſuch as the Recti - 
fication of curve Lines, the plaining of curve Sur- 
faces, the Cubature of Solids, the finding Centers of 
+ Grayity and Percuſſion of all Lines, Surfaces and 
Bodies; and, in . to the whole 0 of 
Motions. 8 
And now we h our Deſign is com > 
pecially to the Satisfaction of the Candid z which was 
0 0k what the modern CER IRE e 
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=_ 5 then CG=214-x, and (55 Sim. Trian,) CF: 
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1 th 03 54 Dane +. 10 2} | . 
B the 42d, EB ' NSNSP ON therefore 
NS: Oa:: aT: SP. But Ns is leſs than Oa, there- 
fore aY is leſs than SF, and conſequently the Point 
1 i heare-20 the Curve th r es * D. 
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If the 8 — and Curve be — pro- 
duced, they will never concur, _ 


1 


Shin the two firſt Analogjes' of Propoſition 42, 
it follows,” that I-: M:: IT:“; that is, 


CG? : GN*:: AGxBG:Gr*, But (9 6 E. 2) 
CG* is greater than AGXBG, therefore GN* is 


greater than G, and GN greater than Gr; ond. 
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the Point of Contact, is to its Parameter, fo is the 
Square of the Semidiameter to a fourth - 
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46, N, c) engen 

„ But n "is leß thin 
2 therefore 7 ies chan ur, and conſe! 


* 


m MATHEMATICNS 3 
the Point' is nearer the Curve than the 8 5 
62 | 22 n RJ) > 


Pere Nn 
| The Aſſymptotes, produced thro” the Extremi- 
ties of the M r R ou main 


% 


1 Go . 8 8 ** ; 
Fl 


< Dias he nfs 7 
1 the DT. +PD=2f= =FP*; and . ; 
Tian.) Vu: :; (FP*:CF= 2; PD:2D*: +) 
P: D, alſo (by Propofition 32) F: YbxFb:: P: 
D; therefore 0 : YoxF6b:: .: 5 
Fer But (by 6. E. 2) C * is gester than T 


Fb. therefore bw" is greater than 53 " and Ito greater e 
than bs ; conſequently whenever hs Point ww be + 


taken, in CP - ren it will u by: without the 
Curve. 2 * 
2 . 
7 8 Prorosrtion | 4 6 + 
If Ordinates to any Diameter be produced; both 
Ways to the Aſſymptotes; then the external Parts 
between the Allymprores and the Curve are wry | 


that 25 3 8 85 wt * 1 + {Wd 


| Diable Ee i oy 

By fim. Tran. PF: BO; 4b; dn But PF= 
FQ, therefore Im n, from. which, if vou take 
TED the — 9 Ty will remain mM. 


i Een” Fran 


1%) 4 eee tot pram pak ds +1» 
* 3 5 2 
Pre os} on 1. een t 


If the right Line rt be drawn 1 to the Dia- 
meter EV, then the Square of the Semi · diameter 
CF thall be equal to the Rectangle contained under 
the — leaſt * ** 


4 
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hat Line from its adjacent Aſſymptore 3. that 
e el oY _— ”» 


\DzMonsTRATION,. #1 


Put FO=PF=« Ft, mr, . . 
and dag then, becauſe the Triangles mrp, 8. 


1 ESS = nn er 255 


25 es. But 2 Yo beet 


or CF*=rdxrp. Q. 


# wp, 1 * E * 4 
e 8 a. * © a 


= +243 ON 10 * 1. e 
Ik a right Line be drawn to any Diameter 

and cut t  oppolite ek oy Dime 
that Line intercepted between the Curves and Af. 
ſymptotes are equal; ſhat is, rp 10. 25 
pine Aro | 


"Mike the. Abſcifla, Ta; 3 
* n chen on * 


1+ 


1 
* £33 W 7 Th 


1 ay; | 1 bk 
no 7% 24 54 Con CL 


But mi 1 9 — Hereror 


Hy by at 


6 MATRHENATICIAN; 357 
merger (PFS EQ: FC: YR: Y C5: 8% 1. 
. 8 D. 


PrxorosirioN LIL | | 
i through any tvs Points (L, M)'i in the Curve, 


; then; the ReAangles under each of 
Line: and the ache Diſtance (66 the Af. 


2 4 &.#4 p: 


252 2200 Domonsrnapion; - 17 
thePoints L., NM, draw che right Line LM, 
REEZy, W 8 N=. 


dict) bris 


ö 
inn OTF 4 
* 1 8 * 

* 8 8 ' 
N o beni 

F * 1 _ ; ? 

* * 8 
11 1 K 
5 9557 0 i 

3173. 7 $333 4t3 % 3 

4 k * * : 4 * * . N 
Ts Dat (cf WY TT ION 
: I; | * I A 
3 1 FF * m1 *s, *y F341 . 0 
w 7-08 75 "17 e 4 


— 


* 
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equal to each other. Becauſe, by the ſame. is 


ſoning, 28 in this Pro re 
of them equal to the n 


x Tx 


Cones bans. U. 


Fach of the inſcribed Parallelograms Te 87, Ee. 

is equal to the Square of a right Line (as BS) 
3 from the Vertex B. parallel to the Aymptote 
R. For (by ibis Prop x) each of them is equal 
. BS (C) XSC ; but (by the Genefts) the Angle 
BCG S the Angle BCS, and (by Parallels) the An- 
gle BCG = the Angle SBC, therefore e 
and e g 6. E. 1.) BS. . 3 E als each of 
= or BS: rams e * is equal to BS 


NR. Sende wo. 
Right Lines (as ig, r, &c,) drawn from one 
Aſſymptote, parallel to the other, and terminated 
by the Curve, are called Ordinates; the Diſtance of 
thoſe Lines from the Center (as C, C) Abſciſſas; 
and a right Line (as BS) drawn from the Vertex 
parallel to the Aſſymptote, the Parameter of the ex- 
terior Hyperbola; alſo if p be put for ſuch Para- 
meter, & for the Abſciſſa, and y for m 
. then (by hyp Corol.) 2 . 0 


Poros iz 10m Lin. 


| 1o Kent hs mptotes (as CF) da ite 
- Center right Lines (as CD, CE, Cr) Mal ſer off in 
continual Proportion ; and if, from the Extreritics 
a l theſe Lines, there b& drawn Ie (as DG, EH, 
FI) to the other Afſymptote, and continued 
to the Curve, ſhall likewiſe, be in continual 
ee that is," if CD, CE, CF be in conti- 
Proportion, chen DG EH, FI ill bo-nteor 
. 13 eie 2d os Fllen 
e Fats JIE: rat! I 3099 ts RE, PR. 2:7 * 
ur | 4 1 | 11 on 


/ 


\ 


* 


” * J 
LA : Þ ; 4 8 : 7 8 - ; 5 £9 
8 7 + N 4 . - FL ; : 9 7 0 5 * 
f | ; | | NS 
: cite ** 166 ty 9 : <P x : 7 a 
7 


Le MATHE/M ATICIA 
| ” 2 * 773 SOT „1 ff 
113A 5 nan} 310 ns 


""DaMonsrRATION. N 


By 8585 GDxDC=HEXCE, and CEXEL= 


c alſo ( Sehnen CDxCF=CEx( 


YA ROLE tea 


$2153? T6347 TI 


F f 
1 4 
* # þ 1 3 Ms YI HT] * 
— ＋ e 4 1 
Sx * * Os 3 * . # 1 * 4 7 1 1 
2 A. L nt * R i 1 +» * 4 * 
_ 7 - 2 _ Ls | : : * 5 — 
" rs K 4 £8 « -- 6 6 * bo þ % 
1 4 * 2 7 124 3 * & 1 4 . * * 3 
3 d 
ö . 
I A wy 8 £4 7 5% 
* 3 F by $ 
* 2 4 | ; 7 8 > 
\ » | E& {+1 8 2 1 
; * 
F - 
fs MAT GEE *= 4 r - 
5 - 4 i ro 
a w 2 : 3 a 
Wr 1 0 20.24 B47 
A 


| therefore DG : HE: _ DC: 2 CE: 9 


's 
» 


"= Fl. E. 5. 1 * G '$' | 
«£2 } _ Prorpsr Tao | Lr. nnn 
l, on either Aſſymptote, there be ſet off 
Parts from the Center; * if right Lines be ſe 
off from the Center in continual arithmetical Pro- 
(as CM, CN, CO, CP, Sc.] and from 
xtremities bf theſe, there be drawn right Lines, 
* ry NS, OT, PV) parallel to the other A. 
ymptote, and continued to the Curve, theſe ſhall | 


bei in continued harmonic Property... 1 


3 . - A 
R 


Dzuensx AT I on. n 
mn (CK) * :CM=NSxON= Or c =VPx 
P, therefore _ 


CM: CN-++NS/:MR) «©. (4CN 
CM: CO:: TO:MR> ; but CM=4q+ CO 
CM:CP::VP: _ 6 Ta. "Wo + CP 
2109 = x MR; „amt, hen 


4 


4 Bu 144 


* 
= 


: 


ps ea 


r 2 a VE 


Fo w# © 


EH: KH: :FI 
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Wr, OT, VP=;> 3. which (being the Reci- 
procals of continued ati 

e harmoruc 


W wt : * £758 + 3 ; 
Cc v5 Fx wo oy 2 * 


eee i, Lv. 5 


If from the Center on either Aſſymptote, there 
be ſet three continual (as CD, CE, 
CE) and from their  Extremities right Lines (as 
DG, EH, FI) be drawn to the other Aſ- 

ptote, and continued to the Curve; alſo, if on 
the Curve through the Ends (as I, G) of the Ex- 
. as LM, be drawn, then I ſay 

2 Line, drawn from the Center through (H) 

nd of the Mean, ſhall biſect that Line ; that 
is, O biſects 10 in O. = 1 


* bs 4 = = 3 * 8 — * a . bo - * * 


=. 
% 


4 


\ RE 14 414 
Draw HK lel to LM ; then ( fim. Trian.) 
LI; and EH: N:: DG: 1 


* - 
* 1 2 i " DOE 
Ns G „ „FF 14 
© 7 3 . - 1 75 * 3 14 Fr g * ; = . 4 & 4 
AI Bp — 3 3 we i Wy % a 4 : > % « ; 9 * 
e +. | 7 
ah * 1 4. * g 
% oF N 
3 C 
* ” 


5 * * 9 

5 N 

8 * 

f 1 

: 2 a IF > 1 * 

4 4 * ” 
PIES 2 E. ** 


L. OF a 3 * 2F Fs 71 * 5 2 ; 2 * 4 
TE a. f . Fs 
+ wt ISIS x XA 3, a; To * 
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bro rt :: FlxDG: LixGL. But 
=FIxDG,. therefore HK. Lx 
N (by the 46) KH is a_ Tangent to the 
Point H; confequently 10 (=OG, being parallel 
to it) is an Ordinate to the Diameter CO. A. p. 


ProyosIT1ON LVI. 


Tf CD, CE, CF on the Aſfyt ymptote (and conſe- 
quently, by the 53, DG, EH, 55 be in continual 
10 then the Spaces (HEDG, EHF I) be- 
tween the Curve and Aſſymptotes on each Side of 
the Mean (EH) to the Extremes N and _ 
ol e JJ Re OCR 


07 Dn wonrTaatron ; 


a Through the Points I and G, draw the Ss 
Link LM, and, through the Center and H, draw 
the right Line CO; then (by —_ 55.ud 49) LO 
SOM, therefore (by 1. E, 6.) the Trian. MOC= 
Trian. OCL. But the Space OGH = the 

OHI, becauſe each is compoſed of an indefinite 
Number of equal Ordinates, conſequently — 
CHGM = Space CHIL ; and — away f 
each the Triangles MGP+ NHC=T 


FLI 
Fan.” EU ws Space NHGP = = Space 
. Bu be u CG and EN are equal 


by 4.5 e 2 NG, RC, and 
DG, EHI ual 
by the fo Pre, "pre NHG F. Space H HG 

ll RE = Space HRO'+ Pavel NO) ans & 
qui. . Bo 


Pixoros ITION 1vit 


If on either Afﬀymprote be ſer off onde Ne- 
jonals; and from their Extremities right Lines 
drawn parallel to the other Aſſymptote, then the 
E 19a theſe Lines ſhall be as oe guns 


= a 
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of the Ratio's of the Lines which. x hound 1 
That js, if Ca, Ch, Ce, C4, Sc. be in continual 
Proportion, then the Space ackf If is as the Logarichr 


of the Ratio of ct to of; and the | as 
Lahn ofthe Rat of to) Ke. e 


DzMONSTRATION. 4 


| Let the Spaces between the Parallels be 4 A, B, c | 
D, Sec. (as in ibe Figure) then (by Seppyiion) 


Ca Ch | 5 

c therefore (by Prop, 56.) ASD, and = 

: Ca CB Aer 

85 therefore B=C, Sc. ar * 1 Te * 
Cd; | 


=x; &c. then A=B=C=D, &c. whence the 


Spaces are a Series of continued arithmetical Propor- 2 


tionals, fitted to a Series of continued geometrical 
Proportionals; and conſequently the Addition of 
one anſwers to the Multiplication of the other, 
which nen, 15 1 Fa woah 


1 51 
| | Maliphy the grometrica S S ere | 
duct o wile (E= by Prop, 35 and add the 


corre arichroetical Series, and the 8 | 


. (A+B=) the Space achf; con 
2 the Logarithm of te Rata of of > to + 


Poros lr ON. LY, 


The Areas of the two. Hyperbola's, . the 
kme (IE A N Ba nen 


2 5 0 34 £ 2 $ 
5 - 4 2 7 #5 2 , By & 8 5 4 
e as ee benen 
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Ti: ao 
3 & 4711 at 


: 2 © 
TE 3697.9 5 f uE 2 917 A 5 bas NE. 


Wee Þ 
. "Ot: 5 * 5 Let FB, FB he: two bin- 
FA 1 in 7 31 140 's deſcribed to the ſame 
| 8 | tranſverſe Axis AB; then (by 
i uw A! Prop, 1.0 GE BGA: — 


=; . 50 cee 8 Hind 
* 1 75 
E:: CM: BD; 


P An: de | )- 

[ . 2? 55 2 d (by a 69). 8 . 

BI. — 9 — 

"| all the GF, G f do e 

© Ba F conſtitute the Areas of the 
: NINE BFG; 

therefore Gy KB. Ane 

Jagate Axes, Q. E „ > 


8 Lx. Foe. iP - 


1 circumſcribing any Diamerers or 
an 1 E | equal. 


4; vg 
From 'the Vertex of the Diameter, e 
Carly MY FI, 8555 3 to the 77 0 el 


2s,” — 


— — — — 


q „„ . — 


— 


CO, and to the other 2 e let fall 
iculars FG, BD. Put TC=x; Fl=y, 
and CTI, then (in. Trian.) FP: F 


10 bar PF=FQ,; therefore PISIC, and C 


1 ”"_ 


400 FG a the ſim, run lin. GIF, is) = 


# £4 


3 2 
| P . 
4E 02 +. * © iS ; 8, Bri ? 8 14 a 9 F: * 1 5 


. , X _ 1 1 f £ * a * 
* * 3 * FE #24 9 ww F 3 n _— 
% - „ 25 +. * 8. "x ? 
* * Ss E n 5 4 1 * 7 
8 — - 2 3 
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6 7% 8 2 I . "©. 9 £ £ 
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* 1 
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+ Ny : 
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D=c, 


(C3; 1 
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Aire tee ee, 
2 8 2 Nt 2 
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The Properties of the Parabols,-Ellipſe 


ET ABC be a Cone, ſtanding on a 
circular Baſe BC, and IEM a Section 
thereof, made dy a Plane inclined to 
the Baſe; let KILM be any other Sec- 
— — tion parallel to the . Baſe, and meeting 
| the former Section in HI; =, it ABC be a third 


and wn prob and the net in. the 1520 le 
ABC; then producing EH (Eg. 3. ) till it meet A 


in D, draw EF and 1 N to KL, * % 


We On by cutting a . 


*. * N A TH We A | lei en. 


ah, ER Be ge Done Bl, 
 EDH, we have ED: DG:: EH: HL alſo, 


becauſe of the ſimilar Triangles DEE, DAK, DE: 
penis (Cx as. TY cif in Fig. 3.) 
ci 1 


l. will be=HI; oe — and if 


p be a fourth Proportional toc; and, the = 85 


en (by Sabtituton) EEE — . all, if K d 
T be pur for any ocher Abſciſls and Opdinate » then, 
pA | 

by the ſame Reaſoning, : . Hence, 
1 Wk Oms bes” Plane, which in- 


+ terſefts bath its Sides (4s *n By. 2.) then/the Pro- 


4 


chat in Corollary to k 


perty of the Curve, y the Plane of that Sec- 
tion, will be ſuch, "that: n: „:: e:: 
: 2, which is the fame Property with 
fo yur ion 2. of. che Ellipſe 


2. - = Plus cn e and. Side ef » 


Cone continued from the Vertex, (as in Fig. 3.) the 
, PoE of the Curve, made by he Pies ef that 


Section, vill be ſuch that c + xX x : 5 :: (e:9p::) 
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* 7 to one of | 
its Sides (as in Fig. 1.) and if AF, HK=5, 
the Abſciſſa EH , and the Ordinate IH=y, then 
(hn Trian. AFE, EHLY AF: (FE)- H 


putting T and 2 for any other Abſcila and Ordi- 
nate, by the ſame manner of Reaſoning pA 
whence N: : (pX:px::) T: x; which is the 


fame with * J. Prop. 1. of the 5 Fo: 


y 


5 


; 5 
2 F 2 = £3 MS 


* 5 p — e * 3 1 e eee V6; - 
y * * 
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Sum ; upon AB let 38 
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PROBLEM LXXYVII Anſwered by John Turner, 


e e 


RAW the indefinite Behr Ki 
which take AB equal to (80 | 
—B — ER 8 

F a Circle be de- 


© 


* 
y 4. 5 1 
5 
3 
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ſcribed to contain the given Angle (=84*). and 
make the Angle AEC equal to half a right Angle; 


Circle 23 let the Perpendi lar FD be drawn 
ue . F cen APP will be the Tring 


© 
Fd 


1 £4 DzuonsT AAT, ne matt,» 
Since ABE equal eib ee e and 

FD 8 to AB ( Cant.) it is evident, 

that DF=DE, and 8 AD HDF AD 


DE. , the given 
Wo. f CNT 
8 5 . 


care 71 oN. 


Thro' I, the Center of che Eircle, perpendicular 
to AB draw LG, cutting EC in K; join B, I and 
F, I and draw FH parallel to Kg. 

In the Triangle BIG are given all the Angles 
and the Side BG (=2AB)>-whene&GI/ahd/BÞ> ate 
found equal to 4. 2 and 401 2 reſp 
the Triangle FIK are given H, IK GK (GE) 


SI andthe Angle K. -whence IFK will De found 


224 8% Which added to KF TI N gives 
the Coſine of the Difference of the — A 


Baſe; from whence the Angles e and 
— chr I, wo deckt. 


enk and. Date 


* 

* M: 46 
7 * 2 F -E -Þ 
* 1 1 


Lite given RET * 


1 , ” * 
Hs 65 * 242 I Sus * # 0 * v2 
s 4, IM : FESZ * oe x 6 13 31 


85 Fg 4” A 3 1 2 
Am ee e ee 


- . 8 a 
* . » 1 ES * * * . K Bas * . r 1 
CF as Fr hpte © : „ „ £1 £34 1 :-4% 
s +. 3M M19 ALS 7T# IIS 4254S R al 10 py 
F F , * E 92 4 F . 
3 S 7 Y 4 


E, the Point, where EC cuts the Arch ot the 


ively then in 


| 1 BY v5 
1 HE a BB. 
Wy Tg cos Ne 


288 n. meme, 


1295 8 8 ths Fo. F { 
: 8 A wig Con 2 Abri M. aA in 224i 2 

Abb biet AB in E, d Ex . 
to AB 1 "from the Point of 1 


4 5 * * 1 


85 3 
EE 
"= N * 4 EY 1 — 


, 


þ 
85 
£ 


ol 
„ „ 
(EN WIL £ > MICs 
< . * 
N * r 
* 9 FA + 4 |: {> ol 
P hi + £1 1 4 
8 * 1 * b 
r 47+ S643 2 | 
# Gag Fa 4 
; ; en 
0 i AHL © 1 
„ 
EE TY 


* 4 * 
B. — 1 4 4 4 es 7 SA 8 
5 £1 wth bis: 1 


r of 
which produce wind © fromiany 
Fane m BE draw 1G making an Angle with 


DG, equal to-what the given one is either above 
+ make I FIG, from A dra. 


to Wh; BR TEIN be the-Center of the | 


[ $2 22298 
£2 FS | : 


Law LA, 


— . 
% 2 * 1 471 ©, wh Pe : Thy % © | 
- 0 # a S& $-.# 44 tl * 4 2 ' "Fj kJ 
* 5 5 pes 
; x # 5 N 47 E: 
4 M$ _ 2 1 
4 a r „ Fer: LY” 7 oy * # 4 6A 


* "Dzmonsr BAT 1.9% wer's © 111 
parallel to GI, and j he Points s H,B 
© Frittigles FIL,” AHE, arc fimifar, 4 alſo” arc 
L.:: AH: HL, and GL: CL: t Ls HL: Cos 
ſequently Ff: AH: :1G: CH, but FI=IG (by 
Conſtruction therefore AH=HC=AB, 2 


* 


bod of CalcuraTioN. 


From the given Poſition of GD the Line EL | 
„ ELG may be found, whence the 10g. 


. 


HA MATHEMATICHAN, 58g 
thenuſe AL becomes known; then in the Triangle 
16 L we have all the Angles, and a Side (IL being 
taken at pleaſure) given to find 10 . IF; and in 
the Triangle IEL we have. ſuſßicient to find FI., 
bn he be FL.: det arr uri * re 


N * 8 M K AM. 
5 *. 


* w og a ea ag, * fn * 
sz LXXIX. 4 ee by John Turner: | 
Couns rut Ti 
Pb the indefinite Right Line LN. in which 

| ake AK equal to 97 the e 


n 1 z $33 7{307-& £1 #7 
4. aa? 1 * 4. 
2 7 1 LF By 4 48 1 * kt 2 I £5 N A* 


* OW 3.4.3 > (tts p sbb DIAS 


4 


4 g » 


DR OD» Bin Ge. 


aud Pros Vibe gr, take NK to 
NA, as (1680)' the Sum Wie Areas of the two 
Extremes to (720) the given Atea of the Mean, 
| (fee the Errata) and upon KN let the Semicirele . 
KN be. deſcribed : biſect KN. with, the Perpendicu- 
lar OP, in which-take OR NA; draw RQ, pa- 
rallel to LM, meeting the Semicircle in Q. and 
draw QS pe rpendicular to L Ni. Upon AC let the 
gle gages T — ABC d whereof 
the Side BC is equal to (60) the given Perpen ndi- 
cular, and the Hypotheneuſe AB equal to AK. „ 
make AF NS, BE RS, and join C, F, and C, E; 
then take AG a fourth Proportional to AE, AF, 
ana — 2 Es: * 2 55 EG will be the 


- FIC - ; 3 * IP $1 
Fig "WW ” 8 4 1 . * 1 ee 4 1 9 * 
35 04.5 +a. 0006 444545 


LS 2 1 : F 
8 9 | 
HR; :, -. Wane 


Ems - 


S 73 a? 14 7064.24 


rot oy bn on 47 R - T1 K ? | 
Done Ah CD... 


399 1. M 6 B4 LAT, 1014 N. 


Becauſe AK== AB, KS=BE, and SN AF, its. 


evident chat NA=FE; bur, by the Property of 
the Circle, (NA (=SQ) is a geometrical Mean 
between KS and SN, therefore the Triangles FCA, 


FCE and ECB having ths fame Altitude CBB 


are to one another as their reſpective Baſes; conſe- 
quently. the Triangle FEC a geometrical, Mean 
between the other two. CODED (by Conſtruc- 
tion) AG is a fourth Proportional to AF, AF, and 
AC, therefore AEXAG=AFxAC, or the Trian- 


gle 2a , conſequently CEG=CFE. W, 


re 


8 Serge 4. 
Join O, Q. 


By br Triangles AB: CB: 
45 r 


given) the 
Baſe FK will de found go, conſequently AF+EB 
= KN = 70 then in. the, Triangle QOS are 


given PR Qs, whence. OS will be found = 
VS. ag 3 3, KS (=BE), =53-0277563,. and SN 
AE) =1$6-9722437 + therefore AG=28. * 


e LAST. Auſeered by Jc ohn Ne EY 


ff the given Place, and QZS-an 


the Zenith, and interſecting we 
1 "7 Arches PS, PO in 8 and ; bif 

SQ with the Perpendicular PR, then 

it will be as Radius to the Coſine of 

=. RPS (4SPQ) ſo is the Tangent of 

sb to the —.— of RP=32*, 47', and as Sine of 


yo un of RP, 8 Rule io the Sine of 
* '6 xx | RZP 


| ke: d 5 


| Let P be the-Pole, Z the Zenith | 
Arch of à great Circle paſſing thro 


is 


rn IOI 
R2P the Angle required, which e 0 60*> 
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Let HZON be an orthographic Projection of the 
2 in which P N 9 of _ 


* * 47 
25 S m4 > 
1 rs I 


122 — PC op: PB 3 the 8 of ** two 
nations Bo, and Ce, the Parallels of the wo. 
' Declinations,' and ZDN an Azimuth Circle; then, 
the Arch (de) of the Meridian included between 
the two Parallels deng always the ſame, it will ap- 
pear that the Arch 78 
2 when the Angle POZ is a Marimum. 
But (per Spberics) 8. FO: S. PZ: 28. NZ: S. 
Pez., whence it is evident that the 
a Maximum, when de Sine of PZO is 8 
Re Regs is a right Angle. 


= BC=10=4, and BF=s then 9: 62. PL. 
; a 


=FG, and the Content of the Solid deſcribed by 
the Triangle BEG (2 being put=3.1416) will be 


8 1 allo the Content or the Sand de. 


- - 


* 
7 * ö * : . en 
* 4 8 & * 
, Y W-! 
; I * 5 f 
1 * 8 
7 * * 


30 


of the Azimuth, will be a 


Angle & will be 


XII. Anſwered by John Turner. 
- Let — Al= =20=6, GH=30 


DEE vill be 2pad+ 


6 


e x, and that of the Solid deſeribed t 


4 ö 
85 * „ W N p * 8 We PE IS. Ws 
4 . \ * J ST, 5%, IEP WF. 8 * n 
* 
— . , 
2 { 3 * * * an } \ *a 75 4 1 
5 3 i P * 14 ul 1 4 p 7 
* * * , F - - * 
- 4 ** 1 
* * 3 * x , q 5 0 * t * 
14 3 4 18 14 Fe 
* 4 R 
8 * 
: 1 
1 
* | 1 
3 = 
5 1 3 4 * 
4 - 4 
S 2 
CY 
* 


the Triangle DCE= r bn r z con- 


ſequent! q . Ie pie 
1 A che given N undes. 


1 2 
accelerated. But the Diſtances | deſetnded- in equal 
Wx W— wu 


ARR WIT I 


» ap 
34 N 
<> 96-4 / 


PROBLEM LXXXIV. r 


11 all Curves” Ein an Expt No "Wes 


c, where x iv any Abſtifs, and y its correſpond 
==: and 47, ©, rt) 2 T. Ia 


4 be expreſſed by Sf 499 


F # 
way 2 | 
x HFI* =3.* x g x* 5 
5 xx and Aa =o, the Fluent of which i IS — 
< 
CY -_ 
8 : Ty 
* » 9 = # _ * 
s « F , *. 5 8 2 A gn 
+ 7 2 : | 
ol W 
. , 
F \ >» I Y 
* 4 — 
* 
* - l * 75 * 
3 13 £15 FOES © 7 _ 
* 3 0 « bs # v hd tas 
* a % . * 
- * * 
Ce * K - 9 
7 * 113 -F 
» 8 +> Ap oy I 
i wine ivy Ee * 4 LE — 7 833 Fe 3 
4 F %# 3 TTY 
* * 
: FO? 
3 3 3 
— * 
8 % 


ha deferibed by the Rowtion ofthe 
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— — cre Ales! Hnfeered i) J. n 
By the Problem DA: PB :: AC: 1 


e N 5 e t 


vet edn „„ 


fore, fince. FAE and FBE 
5 33 r 8 
niequently: — 1 W 


— * 0 


1 IXXXV. 83 . 
Let the Altitude of the Curve be repreſented by 
4, and the Ordinate by y,. then & will be the 


Content of the Cylinder, ang 2222 ha ofthe 80. 


1 | 
T EP, 10 FS? $1 0 


. the Thonet he Cylinder, , whence 65 = 


about its Axis; therefore its Flurion 


=, * conſequently the Fluent 6 Log. y=j Log. w 
And * =7, which ſtir in che Exprſions of 


the Solids gives py" | and 2. 
PRO - 


- 


6" - 4 . * Mo . 0 
— > * E. 
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PROBLEM, LXXXVI.  Anfwered J. Turner. - 
Let the Tranſverſe (2AC) be denoted by a, the 
Con Jugate (250) by c, the half Parameter (AP) by 


* 


+ 64 4. *$ bh +2 $96 * +. %.# ] 
4 4 n TEX 
* — 
WIR e e $5.7 Wu : 
*. PTR = 
5 ＋ 
—— m ; 
* 4 8 . tog * 
AF} ator of Haier 
=” : F 
1 2 — 5 Wa 
= -, the Abtei Add by's, and" ' Ordinate-NR. k 
f > . o - 1 
E ö ö 
ü 1 12, vo A 
y 93 alſo put PE, the Ablciffa * the" 1 6155 1 
i || 
urve=s, and its Ordinate OE=w, then will ww I 
if 
1 
4 
1 
It 
if 
# 
| if 
[t/ 
& 
: * 
# 
a . a 
* $ 
: ; TD ? 
i 
: o 
- * \ 5 
# 4 * : 


rr, etl Ro ry 


| Toes, Sine of 60% 


© ILY oy 6 TA AY: Wee OY te. on reef 
» 


. F OC an eee = r 4 2 av 
0 N A 
. : 4 


e bo 


#4 

f 25 
1 ; 

| - 
. % . 
"4 


LAY 4 of 7 # : . y 1 4 8 3 7 ; 6 | N V 1 7; 5 Py + F4 * * * 
; 7 1 1 y E 8 5 ' . 5 * 5 Y 7 
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ProBLEM IXXXVII. "Anſwered by Ms. Perryatn; 
It is evident, chat the given Expvelſion will be 


Maximum, when 0s 5, or — X Log, « is a Maxi 


mum; in which Cale ts Fluxion —_ — = 


and Log. = 1, whence x = 2.718. Moreover, 


by puttingy S A the Expreſſion will become , 


which is known to be a Minimum, when * 
Log. „= —1, or y = 0.36768, &c. - 


reste LXXXVII. e 
- By Simpſon's Laws of "rake Yi * 486 0 rt 


0 2 — 3-9 2 


* eee „ * ” * 


* En gd iZ * * 
4 * 
2 BY 1 * 3 
n e as «ay 2 5 
3 * N ee IG A 
f 8 f 
* 
a mw 4 * —— 
by RR bas. 
* 5 — 35 wad 
* B+ ? i% Wy 
WA 4 2 * x _ — 
W 2 44 = EY # * . = — — — 
pd * 
» % 4 
£ IP: > 4 2 , 25 
. ö F 
5 2 . 2 | 3 8 
* a oa 4 © 2 . 
* 12 
* Las 4 
* 2 5 2 . 


8 1500 o fe given Rake: : 178005, 5, the 


ampli 
Let SA be the Height if the” Pte above te 
Herzon ST,” and upon A with a Radius equal to 


4 the Sum of the given Height and great- 


itude, deſcribe an Arch interſecting ar 


Han C. draw AF parallel, and CB 


Gdicular to ST; and make CG = SA; I raw 
8 perpendicular to AC, interſecting AF in O, 
h 


will 
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will be the Elevaion required which will be found 


to be 44* 17 24 8 
The Demonſtration whereaf will appear in the 


Tranſactions above quoted. 


Pronuam LXXXIX. a John Turner. 1 
Let TB, berg and AD SAT) = „ 


n a F = DE, whence the Pargmeter 


- 5 


TA FF 
EX. = = EN ws | 05 
De confequeny BF: (= AB 
x Paras) rer, b Ta 
values of the Parameter and Ordinate be ſubſtituted in 
(= 3 —9 the general Expreſſion of the 


ber, (as found in fon 8 Fluxions). we ſhah 


2 50 3 2 * * 


PEE, or (throwing off the conſtant Quanaiies, | 


@od ſubſtituting x for #7 nil d for TRIES TY 8 


q for the Value of the Surface, 


l * Fluxion 4 36 x W 
; I meduced 
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reduced, becomes, (by reſtoring the Value of F3) 
r We 
W e eee r k 73 


Conortany, 


n=. then 16 l. and x = 


_ =. 


2 


"PROBLEM * i Acne by John lh 
AS ET: EH: : Vz: 3 8 282.8426, the 
Velocity in I . Direfion of the Horizon, which 


; | 'H N 5 2 
t , a wy a be the Velocity with which F 
Feb and Body is equal to its Gravity; then 


(by Art. 373. Simpſon's Fluxions) the N at 
4 


the Vertex A will be expreſſed by 


| | and the Diſtance or Arch EA by 34x 4g Fa 
4 22D, ee Qin equilto fe *+3 


* Hyp. Log. 0 1+w*, (0 being the Tangent 
* 


ol thegiven Elevation) and = 327 ; therefore in 
ne andw= 1, the 


eee r the” 72 


7 Z % Top ah 
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a b 
EA= 877 x Hyp. Log, 1X0 = = 1901. 14. : 5 
4 1 . 


Let (193) the Velocity at A thus found be de- 
noted by c, then the Velocity at any other Point B, | 


ac 


in he Diredtion. PB, vin be oped by IE. 


r 


and he Arch AB bp 2% Hyp. Log. 1+ 2 
0 e the alle: 4/ate of the Geass ABP and Qu as 


5 ac 


. — the ale « Vl at B, which wil 


EP Q. 


Therefore its Tinea rr ax 
; RN Q= 9, rg 2 | = * * 


eee, Log. wb, . 


„ 


: 


* 
* * 1 
— 2 "1 
. n 
e — — 


* 7 and conſequently 
422 3 
0 4 V1 + w + ww 77. 4.29, whence w== .227= oe 


the Tangent of 12* 48/; therefore the leaſt Velo- 
city is = 188.24, the Diſtance deſcribed from the —-_ 
Vertex = 239-25, and the whole Diſtance deſcribed 2 
= 2140.30. | ; 


*. « \ 3 6 
— — — 
. cbs war rig 
—— 
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'E RRATA in the Diſſertations. 


. | Diff 1. p. 2. line 7.. for alias ren mathematical. 
P. 3. lines 22, 23. for the univerſe to influence read the i- 


and their P. 16. line 21. ound 
—_ 2 influence. for found read 


-. Diff 2. p. 60. lines 10, 11. for e read 
r 
Diff. 3. p. 130. line 25. for 40 into ao read am into am. 
Dif. 4. p. 196. line 3. for by read be; line 30. for S 
read /=tv ; line 33. for V=v then T f read Tt, then 
Ji: u. line 37. dele then; _— RC 
39. dele =. P.198. line 1 would read might ; line 
22. for as.R, S, be the read 5 RS, ri: Eg P. 200. 


| lines 10, 11, 14. dele Hitherts' we 2 | 


uni motions only, when both the g e ee, 
N P. 209. laſt line, ſor Tringle read riangle 22 | 

Diff. 5. p. 262. line 4. for where 1 P. 250. 
line 30. for evenaſcent read evaneſcent. P. 273. line 37 
for in Algebra; the Evidence read in Algebra; and 1 ," 
Evidence. P. 274. line 3. for yet it is read yet fince it is. 

Dif. 6. p. 343. line 19. dele in. P. 344. I. 10. for 
their read this. P. 345. lines 6, 7. ſor 39 + 3 + 
* - — 2x3} read 3 L + of 4227. 26— 

f M ee F. 34. ling 22. for that un 
hs molar ora 0 


ERRATA.. 


i Pch 19: Pap: dh, for 4 W. £1 Phy agg 
for m read m*, and for pat wr peat Pay | 


the 1 55 in the zoch, 72 — rah 95 read ; 


5 —+ 5 
5 Py a 


77 1 NOSE 
8555 —— e PRY read 2 
In Problem. 60, Line- 4, after 2 2 2 3 

Ship. Page 256, for LVII. read LXVII a 
Line 2d, Prob. 67. after" tba dele 48. | 
Se a. em the Bama, fn 
| E age ! 15 Ms. . I | 2 
Prob. 68, Page 3:5; Line iſt, aer AC read W 

AB. In the third Line of the Lemma, Page za 
for Surface read Plane. In Cor. 8 ane 221 
D 5 — (in Line 6 
ſtances. r. 9, Page 333, for 4 
read abſolute... In 985 337, Line laſt, for m! 


its Area = 720 3. wg 


9 85 + 55 xr 8 7 + * + * i . A 


thereof. Aue the at Nord in Prob: 79 Nad 2d x 


3 A 
St * 0 
** » 
2 * 
= 1 4 E As 
1 0 * 
4 * * 
a 
a x * : 1 
* F £5 © 
s < 
2 . * 1 
* 
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: JP - i 6 LA 
* — CSS . 1 
" I. * ; 9 * 
| 8 * 
4. 8 


Books Printed for þ W. "an fol 5 Tao. 
8 Wu cox, is the ** and t Krrra, 


| * at Mercer” $ Chapel, 5 
1 io's Architecture, in 4 Books, being all the Works of 1 
8 that inimitable Author, —.— 226 Folio Cuts, 1 . 10:5. * 
JF % 2. The Antilogarithmick Canon: Being a Table of Num- OY 


dem, conſiſting of eleven Places of Figures, correſponding to all 
.--_* Logarichms under 100000. ' 'Whereby the Logarithm for any 
Number, or the Number of any . each under twelve 


2 Places of Figures, are readily foun — Precepts and Ex- 
"FR 5. , 4 Uſes of the moſt 


Logarthims 

| | 2 ä — 'Cales . 
..-—-» Antnaities, Menſuratiop, &c. Cammunicated by Milian Tones, 
: 8 7 = F. R. 8. never beſore publiſhed. By James Dod/en. 125. 


2 The Modern Nen — Compleat. Tator ; or. Navi: 

45 e * 3 Uubty and Curiokiy | * 3 
. * VO. „„ ; 

&. Builder's Sure Guide ; or, Pris of Archite@ture 

' y, with eighty Copper- Plates By 


£ 5 8 ebay are or, the Marrow of Architecture: 
a2 ͤ new Method e 7 the Five Orders of Columns in A 
8 chitedure. By W. Halfpemy, 4 5. 

. The Calculator : correct and neceſfary Tables for. 
Domputation, adapted to 8 Pleaſure.” By; 
65 I Ws Los —4— Accomptant, 5 5. bound. 
Aden Treatiſe of the Conſtroftionand Uſeof the Seftor. 
3 By . Can; reviſed by Ed. Stone, 35. 6 4. 

„ . The Elements of-Euclid 1 and demonſtrated i na. 

1 net and more eaſy Method than any hitherto extant written 
3 Chales, and very mach improved in Egli, 

9. Syſtem of the Planets, demonſtrated. by Infruments. . By 
_ Clarke les Leadbetter, Teacher of the Mathematicks. 4to. =. 
180. A compleat Syſtem of Astronomy, 2 vol. $vo, LEY 
1 11. Astronomy of the Satellites, 8 vo. 22. 


12. Treatiſe of Eclipſes for 35 Years,* with -the Tate of 
Venus and Mereury over the Sun for 29 Years, and the Con- 
Junction of Jupiter and Saturn for 120 Years, 8vo. 25. 

' __ - 13. A Demonſtration of the Equation of Time, with new 

> _ . . Aſtronomical Tables, from Dr. Hall, &c. gro. 65. 

"235 0 14. A Deſcription of Gunter s Quadrant, the two Foot Rule, 

| Ring Dial, &e. 8 very uſeful Book, 1 +. Theſe ar by Mr. | 


t Treatiſe of Menſaration, in an entire new 
Method than any extant, with Cars, by 


=... 


7 e, BR. 8. 2d Ed. 2. 694. 
16. * Rules made eaſy, for the Uſe of Mecha- 


. Building, with Cuts, by J/acc Gadn, 11. 64, = 


5 : 
" ” CE 1 8 42 
8 x, 3 
- * . UG 


Langh, 40. 125. 1 


N 


F 


